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Spectral polarization measurements by use of the
grating division-of-amplitude photopolarimeter

Shankar Krishnan, Scott Hampton, James Rix, Brian Taylor, and
Rasheed M. A. Azzam

The grating division-of-amplitude photopolarimeter �G-DOAP� is an instrument that exploits the
multiple-beam-splitting, polarizing, and dispersive properties of diffraction gratings for the time-resolved
measurement of the complete state of polarization of collimated broadband incident light, as represented
by the four Stokes parameters as a function of wavelength across the spectrum. It is a compact,
high-speed sensor that has no moving parts and is simple to install and operate. These characteristics
make the G-DOAP well suited for in situ spectroscopic ellipsometry �SE� applications for monitoring and
controlling thin-film processes. The design and performance of a prototype instrument are presented.
Precise SE measurements, to �0.04° in � and �0.1° in �, are demonstrated in the 550–940-nm wave-
length range. © 2003 Optical Society of America

OCIS codes: 120.2130, 120.6200.

1. Introduction

Four-detector photopolarimeters have certain advan-
tages relative to rotating-analyzer photopolarim-
eters. They have no moving parts, allowing
extremely rapid measurements of the polarization
state of light. They are complete polarimeters and
yield four Stokes parameters, S0, S1, S2, and S3, or
any four equivalent properties of analyzed light, such
as the total intensity, the p:s intensity ratio, the p:s
phase difference �, and the degree of polarization P.
Rotating analyzers yield the magnitude but not the
sign of �, do not yield the degree of polarization,
and are less accurate than complete polarimeters
in ellipsometric application to very thin films. Fur-
thermore complete polarimeters are required for
Mueller-matrix ellipsometry, which yields a complete
description of the change in the polarization state of
light on reflection from real surfaces.

There are at least three basic types of four-detector
photopolarimeters. The four-detector photopola-

rimeter1 �FDP� employs a sequence of four suitably
oriented planar detectors that detect an incident
beam of defined wavelength and reflect the beam onto
the next detector in the sequence. The division-of-
amplitude photopolarimeter2–4 �DOAP� employs a
single phase-shifting beam splitter and two Wollas-
ton �or equivalent� polarizers to deliver monochro-
matic light to four detectors. Division-of-wave-front
devices5 are also employed, but they are less accurate
than the division-of-amplitude device. The novel
technology presented here is based on a polarization-
state sensor known as the grating division-of-
amplitude photopolarimeter �G-DOAP�.6–9 The
G-DOAP is based on the multiple-beam-splitting,
spectral dispersion, and polarization characteristics
of light diffraction by gratings. It yields rapid and
complete polarization-state measurements over a
wide spectral range.

We describe the operating principles, construction,
calibration, and testing of the prototype G-DOAP in-
strument and the specifications for spectral polariza-
tion sensing. The paper is presented in four parts:
�1� introduction and technical background, �2� de-
scription of the prototype instrument, �3� results of
measurements, and �4� discussion of results and fu-
ture work. Additional information about related
DOAP technology for measurements at discrete
wavelengths is presented by Krishnan and
Nordine.3,10–12

The key results demonstrated here are the follow-
ing:
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• G-DOAP can measure all four Stokes parame-
ters of arbitrarily polarized light over a 550–940-nm
wavelength range.

• Stokes parameters are measured to an absolute
accuracy of better than 0.01 over this wavelength
range.

• Precision in measuring the azimuth and ellip-
ticity angles is of the order of 0.1°. A spectral reso-
lution of approximately 2–3 nm has been achieved.

• Full spectral measurements can be obtained at
�2 Hz �i.e., two full spectropolarimetric scans per
second� or better.

• Calibration methods for the G-DOAP are fully
developed.

A. Background of the G-DOAP Technology

The spectral characteristics of grating diffraction are
well known and widely exploited in spectroscopy.
Light incident on a grating is dispersed into a spec-
trum, enabling spectroscopy with a slit and grating
rotation mechanism, or with a stationary grating and
an array detector that intercepts diffracted light.
The spectrum is usually measured with the fan-out of
only one diffracted order, typically the �1 diffracted
order. However, the existence of multiply diffracted
and dispersed orders can be exploited to achieve si-
multaneous spectral and polarization measurements.

The polarization characteristics of the grating dif-
fraction are less known and exploited. In general
each of the orders of diffraction contains different
information about the polarization state of the light
incident on the grating. Therefore, by simulta-
neously measuring the spectra of four or more orders
of diffraction, a grating spectrometer can be designed
to yield the complete polarization state for the entire
spectrum of light. In practice, polarizing elements
are placed in front of two or more detected orders to
enhance the sensitivity to the polarized state.

Figure 1 shows the general concept of a G-DOAP
instrument. A collimated light beam incident on the
grating is dispersed into multiple orders that are de-
tected by multiple linear array detectors. At least 4

orders are measured, and at least 2 orders require
that polarizers be placed in the beam paths.7 The
four detected orders provide four independent projec-
tions of the unknown Stokes vector of incident light,
and measurements of the spectra of the 4 orders al-
low the incident polarization state to be determined
as a function of wavelength. In Fig. 1 we have in-
cluded four polarizers that are placed in the four
diffracted orders. Other requirements for unambig-
uous detection of the complete polarization state
when a G-DOAP is used are described in Ref. 7.

The relationship between the detected intensities
and the incident polarization state is determined by a
calibration procedure described in Section 3. The
diffraction grating disperses light in each order �ex-
cept the zero order�, so that a single grating achieves
polarimetric and spectroscopic discrimination of
light. Thus the G-DOAP is well suited as a complete
polarization-state detector of a spectroscopic ellip-
someter. It can also be used as a spectropolarimeter
in other applications such as particle-scattering mea-
surements, Mueller-matrix measurements, and gen-
eralized ellipsometry.

The design of the prototype G-DOAP instrument
described here employs a variation of the concept
illustrated in Fig. 1 and is shown in Fig. 2. This
design employs a retroreflector that returns the zero-
order beam back to the grating, and the �1 and �2
orders of diffraction are measured for both the inci-
dent beam and the retroreflected zero-order beam.
Two orders are detected on each array as shown in
Fig. 1.

B. G-DOAP in a Spectroscopic Configuration

Before this work the G-DOAP was not applied to
polarization measurements over a continuum of
wavelengths. When a collimated, broadband light
beam strikes a grating, it is diffracted into multiple
orders and dispersed within each order. The diffrac-

Fig. 1. Schematic drawing of G-DOAP showing the grating, inci-
dent and diffracted beams, linear array detectors, and polarizers.

Fig. 2. G-DOAP design implemented in the present research.
The first diffraction produces two detected orders while the retro-
reflected beam produces two additional orders. The location of
the arrays with respect to the common plane of incidence is also
illustrated.
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tion efficiency depends on the order number and is a
function of wavelength within a given order, and
these differences are readily absorbed into the instru-
ment calibration.

The angular characteristics of planar grating dif-
fraction are described by the grating equation

sin��i� � sin��� � i	�g. (1)

Here �i is the angle of diffraction of the ith order, � is
the angle of incidence �all angles are measured from
the grating normal�, 	 is the wavelength of the inci-
dent light, and g is the grating period, which is equal
to the inverse of the grating spatial frequency.

Although there are several possible schemes by
which the G-DOAP concept may be reduced to prac-
tice, we have chosen a specific design that accom-
plishes a compact instrument. The design of this
instrument is described in Section 2.

2. G-DOAP Construction and Characteristics

A. Overall Design

Figure 2 shows the G-DOAP design that we devel-
oped. The �collimated� incoming beam is incident on
an Al-coated, asymmetric sawtooth �3.6° blaze angle�,
150-groove�mm diffraction grating at an incidence
angle of 68°. A planar diffraction geometry is used
and all diffracted orders are nearly in a common ver-
tical plane. In these conditions the positive orders of
diffraction are evanescent and only the zero and neg-
ative orders propagate. The first two negative or-
ders ��1 and �2� are focused by a spherical mirror
onto detector array 1. �A fraction of the �3 order
also reaches the array.� The zero-order beam is re-
troreflected back onto the grating by using a partial
�90%� reflector, and two additional negative orders
are directed onto array 2. The spherical mirrors are
slightly tilted so that the two arrays are displaced by
8° relative to the common plane of diffraction. Ap-
proximately 10% of the light striking the partial re-
flector is transmitted and focused onto a CCD
camera. The image from the CCD camera and the
entrance aperture allow precise alignment matching
during calibration and measurements.

Four dispersed orders are delivered to the two lin-
ear array detectors. Dichroic sheet polarizers of spe-
cific orientations are placed directly over the
detectors in the different orders. The alignment was
performed by illuminating the entrance aperture uni-
formly while tilting and pointing the instrument such
that the beam transmitted by the retroreflector was
centered on the position sensor. The mechanical de-
sign assured that the return beam was coincident
with the first-reflection zero-order beam.

Figure 3 shows the locations of the different dis-
persed orders and the corresponding pixel-element
numbers on a given array. Each array consists of
1024 pixel elements of 25-
m width in the dispersion
plane and 2.5-mm height. The optical design pro-
duces an identical distribution of wavelengths and
orders on each array. The locations of the polarizers

are also illustrated in Fig. 3. There is an approxi-
mate 80-pixel gap between the first and second order
to facilitate placement of the polarizers. The gap
arises because the spectral range of light entering the
G-DOAP is between 550 and 940 nm and the second
diffracted order at 550 nm begins 80 pixels after the
first diffracted order at 940 nm. This also reduces
the effect of radiation scattered from the edges of the
polarizers. We adjusted the spherical mirror sup-
ports to locate the spectra on the arrays by using a
reference narrow-band interference filter in the beam
path and adjusting the mirrors so that the spectral
line was centered at the design pixel locations.

With a minimum design wavelength of 550 nm the
second-order diffraction spectrum at 	 � 825 nm be-
gins to overlap with the third-order diffraction begin-
ning at 550 nm. The third-order blocking filter is
designed to block the shorter-wavelength third-order
light, and its placement is shown in Fig. 3.

B. Pixel–Wavelength Relationship

Initial experiments with G-DOAP used an analytical
relationship between pixel and wavelengths. How-
ever, subsequent experiments showed that use of a
high-order polynomial function was an excellent way
for the relationship between pixels and wavelengths
to be described. Accordingly a series of narrow-band
interference filters was placed in the light path, and
the pixel numbers corresponding to the peak inten-
sity for each case �in each order� were recorded.
Typically a set of seven or eight well-characterized
filters was used for this wavelength calibration pro-
cedure. The center wavelength of each filter was
separately characterized with a laboratory spectrom-
eter. A third-order polynomial of the n � A	3 �
B	2 � C	 � D type was used, where n is the pixel
number; A, B, C, and D are the polynomial coeffi-
cients determined from regression; and 	 is the de-
sired wavelength. Interpolation between adjacent
pixels was used to account for the fractional pixel
value returned from the polynomial function. The
polynomial coefficients determined for the four dif-
fracted orders are given in Table 1.

C. Mechanical Design

Figure 4 is a combined view of G-DOAP and the
polarization-state generator that was used for cali-
bration. A central optical breadboard holds the ar-
rays, grating, and all the optics that make up the
G-DOAP instrument. The instrument is supported

Fig. 3. Location of the first and second diffracted orders on the
linear array detectors. The wavelength range is 550–940 nm.
The location of the order-blocking filter is also shown �see text�.
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by a translation and tilt assembly for alignment pur-
poses. The optical components of the G-DOAP are
two array detectors, one grating, two mirrors, a ret-
roreflector, a CCD camera, and two folding mirrors
that deliver light to the CCD camera. The optical
path length to the CCD detector was long, providing
high positioning sensitivity owing to the long lever
arm. In the calibration mode a fraction of the light
flux incident on the G-DOAP sensor was reflected at
a small angle �5°� by a beam splitter onto a refer-
ence detector. The output of the reference detector
was used to normalize the array outputs during cal-
ibration.

The dimensions of the G-DOAP prototype sensor
are as follows: length, 8 in. �20.3 cm� width, 6 in.
�14.7 cm�; and height, 6 in. �14.7 cm�. Two timing
cables, two video cables, and one signal cable are
routed from the sensor to the digital signal processing
�DSP� module.

D. Component Selection for the G-DOAP System

The G-DOAP system consists of the light source and
calibration optics as well as the G-DOAP sensor and
its electronics.

1. Light Source and Calibration Optics
All measurements were obtained with a 20-W
tungsten-filament lamp. Arc-lamp sources were
considered and were not used because of the large
variation in intensity over the spectrum. Collimat-
ing optics achieved a beam divergence of �0.8 mrad.
The dispersion plane of the grating is vertical. In
these conditions the G-DOAP received sufficient light
to use integration times of �100 ms for data readout
from the array detectors. A larger horizontal diver-
gence can be used within the G-DOAP without affect-
ing the spectral resolution.

A Glan–Thomson crystal polarizer with very low
beam deviation was used as the linear polarizer.
The polarizer and the quarter-wave retarder �see be-
low� were mounted in 0.001° precision rotation
stages.

The most stringent requirement for the G-DOAP
calibration is the use of a quarter-wave retarder
�QWR� to measure the last column of the instrument
calibration matrix F �see Section 3�. It has been
shown13 that an ideal QWR is not needed to achieve
an accurately calibrated polarimeter system. How-
ever, there are only a few achromatic QWR designs
commercially available that operate over the entire
wavelength range of interest.

The Fresnel rhomb is the most achromatic of all
QWR designs. For the present work a four-
reflection BK7 Fresnel rhomb from Halbo Optics was
used. Although the rhomb does have some disper-
sion, the variation in retardance over the wavelength
range of interest was sufficiently small that it could
be used to calibrate the G-DOAP. However, rotation
of the rhomb did cause some beam motion.

2. G-DOAP Components
Two different gratings with 150 grooves�mm were
tested. A �sinusoidal-profile� holographic grating
was found to be unsuitable owing to a strong Wood’s
anomaly14 in the 560–640-nm region. A ruled and
blazed grating was found to exhibit a less conspicu-
ous Wood’s anomaly. All the results presented here
were obtained by using the ruled and blazed grating
�away from the Littrow condition�. Ruled and
blazed gratings are common and inexpensive but gen-
erate faint ghost diffraction spectra owing to small
variations in the groove spacing and can also yield
greater intensity in high diffraction orders than the
holographic gratings.

The linear detector arrays were two Hamamatsu
1024-element, 25-
m pitch, 2.5-mm-high n-type
metal-oxide semiconductor �NMOS� self-scanning
photodiode arrays. These are the most expensive
components of the G-DOAP.

Corning Polarcor glass polarizers were used. The
average spectral transmittance and extinction ratio
of these polarizers are shown in Fig. 5. The rapid
reduction in transmission and extinction are evident
at the ends of the spectral region.

Two position sensors were used. The first was a
quadrant detector. Later a CCD camera was em-

Table 1. Polynomial Coefficients for Wavelength Calibration

Detector,
Diffraction

Order A B C D

1, �1 �4.334 � 10�7 7.923 � 10�4 0.425 �398.9
1, �2 �1.007 � 10�6 1.871 � 10�3 0.348 �121.3
2, �1 �3.278 � 10�7 5.322 � 10�4 0.629 �451.3
2, �2 �2.907 � 10�7 2.848 � 10�4 1.49 �391.6

Fig. 4. Schematic drawing of the system used for G-DOAP cali-
bration, verification, and ellipsometric measurements.
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ployed. The CCD camera provides a full image of
the beam with good sensitivity for use in position
detection and alignment.

E. Electronics, Timing, and Data Acquisition

1. Electronics and Timing
A DSP-based platform was used to perform array tim-
ing, data acquisition, and data transfer. The DSP
system was designed and fabricated by Indus Instru-
ments, Houston, Tex. A schematic block diagram of
the various components of the DSP system is shown in
Fig. 6. The DSP generates timing pulses to drive both
the arrays and the master clock, start and stop pulses,
and all the clocks required by the arrays.

The DSP board included 16-bit analog-to-digital
converters �ADCs� for the array outputs and 12-bit
ADCs for the outputs of the quadrant detector and a
reference detector used during calibration. Digital
outputs from the DSP board operated a mechanical
shutter �placed in the light path� for background sub-
traction. The DSP board included sufficient on-
board memory for temporary storage of as many as
100 scans of the array outputs.

The DSP allowed variable integration times and
on-board averaging of the data. The integration
times and averaging could be set dynamically from
the host PC. For all the measurements reported
here an integration time of 100 ms was used for three
of the orders and an integration time of 300 ms was

used for the other order. The integration times were
cycled in rapid succession.

Future operation of the DSP could include a lookup
table to convert the pixel position into a wavelength,
storage of the instrument matrix at each wavelength,
and direct conversion of the data into Stokes and
ellipsometric parameters. These facilities would
eliminate the need for a host PC to operate the sys-
tem.

2. Data Acquisition
A serial communications scheme was used in the
present work. Data transfer over the serial bus oc-
curred in �1 s. Incorporation of a Universal Serial
Bus interface would reduce the data-transfer period
to less than 20 ms.

Data were displayed in real time on a PC operating
in Windows 98. A custom program was used for cal-
ibration, alignment, measurements, and other tests.

F. Typical Spectra

The spectroscopic polarization data from the
G-DOAP consist of the two array detector outputs.
Each array has 1024 pixels shared by two dispersed
orders of diffraction, thus providing four intensity
measurements at each wavelength. The dispersion
in the second order is twice that of the first. The
spectral resolution of the G-DOAP was limited by the
divergence of the light beam incident on the grating
to �2 nm. The dispersion in the first order was
slightly greater than 1 nm�pixel and smaller than the
spectral resolution.

Our convention refers to the first two orders of
diffraction generated by the incoming light beam and
detected at array 1 as orders 1 and 2 and the first two
orders generated by the retroreflected light beam and
detected at array 2 as orders 3 and 4.

Figure 7 shows spectra obtained with the G-DOAP
for incident light, which is linearly polarized parallel
and perpendicular to the plane of diffraction as well as
incident right circularly polarized light. The four dif-
ferent orders of diffraction are identified in each part of
Fig. 7. The Wood’s anomaly occurs in the neighbor-
hood of 625 nm and is most pronounced in the parallel
polarization response, as expected. Note that the de-
crease in diffraction efficiency occurs in two of the four
orders; fortunately neither order has zero or near-zero
efficiency in the region of the anomaly.

Spectral resolution of the order of 2–3 nm was ver-
ified by locating the pixel positions of the different
diffracted orders with incident monochromatic light
at 633-, 685-, and 900-nm wavelengths obtained by
inserting calibrated narrow-band interference filters
in the light path.

G. Choice of Polarizer Azimuths

There are numerous orientations of the sheet polar-
izers that may be used in G-DOAP, but there are only
a few orientations that provide a robust �nonsingular�
instrument matrix and high accuracy in measure-
ments of the polarization state at all wavelengths.
The choice of polarizer orientation was narrowed by

Fig. 5. Transmittance �right axis� and extinction of the Polarcor
�TM� sheet polarizers used in the G-DOAP.

Fig. 6. Schematic block diagram of the electronics system show-
ing the ADCs, DSP, and serial communications: EPROM, eras-
able, programmable ROM; UART, universal asynchronous
receiver transmitter.
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two independent methods. First, the Mueller ma-
trix of each order was measured with a Mueller-
matrix ellipsometer at 532 nm, and the instrument
matrix was numerically computed and optimized for
different polarizer orientations. The second ap-
proach involved inspecting the results after the in-
strument response was measured without any
polarizers and then making educated guesses. For
all the research presented here the G-DOAP em-
ployed polarizer orientations of 90° in order 1, 45° in
order 2, �45° in order 3 �first-order diffraction onto
the second array detector�, and 0° in order 4 �second-
order diffraction onto the second array detector�. A
birefringent retarder sheet �140 nm of retardance�
was placed over the polarizer for order 2.

3. G-DOAP Calibration, Verification, and
Measurements

A. Principles of Polarization Measurements with the
G-DOAP

Light enters the G-DOAP as a beam reflected by a
sample in an ellipsometer configuration or straight

through from a polarization-state generator during
calibration, as shown in Fig. 4. The polarization
state of this light is characterized by the Stokes vec-
tor S � �S0 S1 S2 S3�t, where t stands for the trans-
pose. The response of the G-DOAP is given by four
voltages �intensities�, I � �I0 I1 I2 I3�t measured by
the four detectors on four orders of diffraction for a
given wavelength. The intensities corresponding to
a given wavelength from each of the orders yields the
intensity matrix I, which is related to the input
Stokes vector S through the instrument matrix F:

I � FS, (2)

where F is a 4 � 4 real matrix that is a characteristic
of the instrument. If F is known, S can be calculated
from I by using the inverse relationship:

S � F�1I. (3)

Once F is known as a function of wavelength, the
G-DOAP can be used as an analyzer in a spectro-
scopic ellipsometer. The measured Stokes parame-
ters are related to the ellipsometric parameters
through simple trigonometric functions that depend
on the choice of incident polarization state.

Any photopolarimeter, including the G-DOAP,
measures the polarization state of light that is char-
acterized by the four-element Stokes vector, consist-
ing of the four Stokes parameters S0, S1, S2, S3. In
practice, the normalized Stokes parameters �NSPs�
S1�S0, S2�S0, and S3�S0 are sufficient to describe the
polarization state.

B. Calibration Procedure

Calibration of the G-DOAP is achieved by determin-
ing the 4 � 4 real matrix F at each wavelength of
interest. The calibration setup is shown in Fig. 4.
The calibration is completed by a two-step proce-
dure.13

During the first step of a calibration the retarder is
removed and the polarizer is rotated through 360° of
azimuth. The first part of the calibration deter-
mines the first three columns F0, F1, and F2 of the
instrument matrix F by inputting linear polarization
states of azimuths ranging from 0° to 360°. The re-
sponse of the G-DOAP can be written as13

I�P� � F0 � F1 cos�2P� � F2 sin�2P�. (4)

In Eq. �4� I�P� is the four-element vector of normal-
ized intensities for the four orders of diffraction. F0,
F1, and F2 are determined by a simple Fourier-type
least-squares fit to Eq. �4� of the voltages �normalized
by the reference detector voltage� obtained for each
order intercepted by the G-DOAP.

The second step of the calibration determines the
fourth column F3 by measurement of the response of
the G-DOAP to right- and left-circular polarization
states. The Fresnel rhomb QWR is inserted into the
optical path and rotated to �45° and �45° relative to
the polarizer transmission axis to produce these
states. The Stokes vectors for right- and left-
circular states are �1 0 0 1�t and �1 0 0 �1�t, re-

Fig. 7. Intensity of the four diffracted orders versus wavelength
for top, incident parallel p polarization; middle, perpendicular s
polarization; and, bottom, right-circular polarization.
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spectively. The corresponding relationships for ob-
taining F3 are

I�RCP� � F0 � F3, I�LCP� � F0 � F3, (5)

where RCP and LCP refer to the right- and left-
circular polarization states, respectively. Therefore
F3 can be obtained from

F3 � 0.5�I�RCP� � I�LCP��. (6)

A separate consistency check on F0, the first column
of F, is also obtained:

F0 � 0.5�I�RCP� � I�LCP��. (7)

F0 obtained from Eq. �7� should agree with that ob-
tained from Eq. �4�. In practice a multiplicity of
nominally right- and left-circular states is generated
by rotating the polarizer and retarder together to
several optically equivalent positions and averaging
the results. A total of 18 right- and left-nearly-
circular states was used in the current work. The
averaged results were used to compute F3 from Eq.
�6�.

Figure 8 shows typical results obtained in the first
step of calibration for a wavelength of 700 nm. The
symbols correspond to the measured intensities �nor-
malized by the reference detector intensity� of the
four individual orders versus the polarizer azimuth.
The solid curves represent the least-squares fits to
the curves represented by Eq. �4�. The coefficients of
the fits make up the first three columns of the instru-
ment matrix. Equation �7� was then used as a con-
sistency between the results obtained with linear and
circular states. In practice the two measurements of
F0 always agreed within 2% or better over the entire
wavelength range.

To evaluate the performance of G-DOAP as a func-

tion of wavelength, the F matrix is normalized ac-
cording to

Fn � �
1 F01 F02 F03

1 F11 F12 F13

1 F21 F22 F23

1 F31 F32 F33

� . (8)

In Fig. 9 is plotted the elements in the second, third,
and fourth columns versus wavelength over the
range of interest. The reduced extinction ratio of
the polarizers at both ends of the spectral range
causes corresponding changes in the elements near
550 and 940 nm. Wood’s anomaly14 contributes to
the variations near the 625-nm wavelength. A
smooth variation in the calibration matrix elements
with wavelength is observed over the entire spectral
region.

One measure of the polarimetric sensitivity of
G-DOAP is given by the absolute values of the four
normalized projection vectors15 �NPVs� whose com-
ponents are the nonunit elements in the four rows of
the normalized matrix Fn. Figure 10 shows the
spectral dependence of the NPV magnitudes. The
deviations of those magnitudes from unity are caused
by the nonideal behavior of the dichroic polarizers
and increase at the short- and long-wavelength ends
of the spectral range.

The overall quality of the calibration matrix of the
G-DOAP is assessed by computing the determinant of
the normalized matrix Fn. The determinant of this
matrix determines the extent to which deviations in
the intensity measurements couple into deviations in
the derived Stokes parameters. Larger determi-
nants produce smaller errors in the Stokes parame-

Fig. 8. Detector responses, normalized by the reference detector
intensity, for the four diffracted orders versus the polarizer azi-
muth for a 700-nm wavelength: symbols, measured points in 20°
polarizer steps; curves, least-squares fits to the data described by
Eq. �4�.

Fig. 9. Elements of the normalized calibration matrix Fn versus
wavelength for the G-DOAP. Note the strong dispersion in the
vicinity of 625 nm, caused by the Wood’s anomaly.
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ters.4 Figure 11 presents the determinant as a
function of wavelength. These results suggest how
the precision of measurements can be improved by
changes in the instrument design. The decrease in
the determinant near 550 and 940 nm is a direct
result of the limited extinction ratio of the Polarcor
polarizers at those wavelengths. The dip in the de-
terminant around 650 nm is related to the Wood’s
anomaly and may be diminished by an appropriate
grating design.

Note that the theoretical upper limit on the mag-
nitude of the determinant is equal to 16�31.5 � 3.0792
�see the derivation in Appendix A�. The maximum
value of the experimental determinant in Fig. 11 falls
short of this theoretical limit by a factor of 2. This
result indicates that there is further room for optimi-
zation of the G-DOAP design.

C. G-DOAP Verification

The ultimate verification of the performance of the
G-DOAP will be assessed by integrating the system
in a spectroscopic ellipsometer and using it for real-
time process control applications. Here we describe
verification of the G-DOAP performance by using the
calibration matrices obtained at each wavelength to
measure laboratory-generated polarization states.
The Fresnel-rhomb retarder was rotated through
360° to produce a continuum of linear, circular, and
elliptical states from the linearly polarized state
transmitted by the Glan–Thompson polarizer.
When the retarder fast axis C rotates through 360°,
with the linear polarizer fixed at the P � 0 azimuth,
the resultant NSPs are given by

S1 � 0.5 � 0.5 cos�4C�,

S2 � 0.5 sin�4C�,

S3 � sin�2C�. (9)

The procedure was as follows. First, the outputs of
the linear array detectors were measured over the
given wavelength range as a function of the retarder
fast-axis azimuth. Then the calibration matrices
obtained above were inverted, and Eq. �3� was used to
compute the Stokes parameters. The results were
then compared with the polarization states deter-
mined by Eqs. �9�.

Representative results from the rotating-C test at
700 nm are shown in Fig. 12. The solid symbols are
the NSPs, S1, S2, and S3, measured by the G-DOAP
for retarder fast-axis azimuth steps of 10°. The
curves are values predicted by Eqs. �9� for an ideal
linear QWR. Clearly the data are close to the pre-
dicted values but some departures are observed.

Figure 13 shows deviations of the NSPs from the
predicted values for the same 700-nm wavelength.
Since the retarder azimuths of C and C � 180° are
equivalent, one expects the deviations at these azi-
muths to be identical apart from scatter in the mea-
surements. This is nearly true, although slight
noncyclic trends with azimuth are also seen.

Fig. 10. Magnitudes of the NPV’s of the G-DOAP.

Fig. 11. Determinant of the matrix Fn as a function of wave-
length. The reduced magnitude of the determinant near 625 nm
is due to Wood’s anomaly.

Fig. 12. Measured values of the normalized Stokes parameters
�NSP� versus the retarder fast-axis azimuth for the rotating-C test
at 700 nm: symbols, measured points in 10° fast-axis steps;
curves, predictions for an ideal linear retarder.
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The systematic variation of the deviations results
mostly from imperfections in the retarder �in partic-
ular, deviation of the retardance from 90°� and also
from beam-deviation errors. These deviations can
be fitted with the imperfect-QWR model of Azzam
and Lopez.13 The solid curves in Fig. 13 are derived
from the model applied to the present data. It is
apparent from Fig. 13 that fits to �S1 and �S2 are
quite good while fits to �S3 are not as good. This
arises because the model13 for �S3 does not have as
many parameters as for �S1 or �S2 and does not
contain a dc term.

The model also provides a measure of the retar-
dance of the QWR. The actual retardance that we
obtain with this model is plotted versus the wave-
length in Fig. 14 and is compared with the calculated
dispersion of retardance of the BK7 Fresnel rhomb,
which is shown by the dashed line. Although the

model retardance shows the general trend of falling
off as the wavelength is increased, there is a system-
atic upward shift in the estimated retardance value of
�1.2° and some fluctuations of retardance with a
wavelength of the order of �0.3°. A line showing a
linear fit to the experimental data is included for
clarity.

Figure 15 shows the average absolute value of the
deviations of the NSPs as a function of wavelength.
The data in Fig. 15 were obtained by summing the
absolute values of the residual deviations of the data
from the model fit �see Fig. 13� for each wavelength
and taking the average value. If one excludes the
short- and long-wavelength ends of the spectrum, it is
apparent that most of the deviations fall below 0.01.
There are also some higher deviations near 775 nm
caused by light scattering from the edge of the order-
blocking filter.

D. Spectroscopic Ellipsometry Measurements

If the input polarizer is fixed at �45° with respect to
the plane of incidence in an ellipsometer, the ellipso-
metric parameters � and � are unambiguously ob-
tained �including the signs� if all four Stokes
parameters of light reflected from the sample surface
are measured. The ellipsometric parameters are
then given by

� �
1
2

tan�1��S3
2 � S2

2�1�2

�S1
� , (10)

� � tan�1��S3

S2
� . (11)

Figure 16 shows the ellipsometric spectra of � and �
as obtained by spectroscopic ellipsometry that em-
ploys G-DOAP as the polarization-state detector from
an oxidized Si wafer �a SiO2 layer thickness of �913.7
nm� at a 75° angle of incidence. The least-squares fit
to the data in Fig. 16 yields a film thickness of 913.5
nm.

Fig. 13. Deviations of the NSP versus the retarder fast-axis azi-
muth for the rotating-C test at 700 nm from values predicted for an
ideal linear retarder. Note the asymmetry in the deviations
across the two 180° segments that are due to imperfections in the
retarder. The solid curves are fits to the deviations when the
model for the retarder described by Azzam and Lopez13 is used.

Fig. 14. Calculated retardance as a function of wavelength de-
rived from the model and comparison with the calculated disper-
sion curve for, dashed line, the BK7 Fresnel rhomb. Solid line, a
linear fit, included for clarity.

Fig. 15. Average deviation of the NSP over a wavelength range of
550–940 nm. The deviations are the residual errors that remain
between the model fit and the data in Fig. 13.
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E. Precision Measurements

To assess the precision of G-DOAP in the measure-
ment of the Stokes parameters and consequently of �
and �, a series of experiments was performed with
laboratory-generated polarization states. The preci-
sion is determined primarily by the precision of the
intensity measurements. The data-acquisition sys-
tem was set to acquire 50 sequential measurements
at high rates and with no signal averaging. The
intensities were recorded and normalized for each
wavelength by the intensities recorded in the first set
of measurements.

Figure 17 gives the distribution of the NSP values
at a 700-nm wavelength for the case in which the

signal levels on the arrays were optimal. From
these results we estimate the standard deviation to
be of the order of 0.0006, 0.0010, and 0.0013 in S1, S2,
and S3, respectively. The measured Stokes param-
eters were used to extract the values of � and �. To
estimate the precision in � and �, two separate ex-
periments were performed in which the overall light
intensity was varied by adjusting the light intensity.
Two cases were analyzed:

Case 1: Signal level on order 2 was 90% of full
scale; signal levels on orders 1, 3, and 4 were at �20%
of full scale.

Case 2: Signal levels were 45% of the signal levels
in case 1.

Measurement of the NSP requires measurement of
four different orders on two different arrays to extract
the Stokes parameters. Thus the noise characteris-
tics of each array contribute differently to the overall
precision. The noise on array 2 was somewhat
larger than the noise on array 1. The approximate
noise standard deviation on array 2 was �7 mV,
while it was �5 mV on array 1. Taking the smallest
signal on array 2 and correspondingly the largest
noise value, we can compute an approximate �or ef-
fective� electronic signal-to-noise �S�N� ratio and
compare it with the approximate standard deviation
of � and � for the two cases of large signal �case 1� and
small signal �case 2�.

The results are in Table 2, assuming that the pre-
cision is determined purely by photometric precision
and furthermore that the smallest signal on array 2
dominates the precision. While this assumption will
not be strictly accurate, there is a more refined
method to assess the precision of the data, the anal-
ysis of Brudzewski.4 We have chosen not to employ
this method here since only an estimate is needed.

The second case in Table 2 is not a realistic mea-
surement situation, since three out of the four signals
were less than 10% of full scale and the maximum
S�N �electrical� is only 100. We believe that the
noise floor can be reduced by factors of 2–3 so that �
and � precision better than �0.05° will be possible
over the entire wavelength range. Signal averaging
�not used in the present work� could also be employed
while a data rate of one to two full spectroscopic
ellipsometry measurements per second are main-
tained. In these conditions the G-DOAP offers a

Fig. 16. Measured values of the ellipsometric parameters � and �
as a function of wavelength for a thick SiO2 film on Si at an angle
of incidence of 75°. The derived value of the film thickness was
913.5 nm compared with 913.7 nm obtained with a commercial
spectroscopic ellipsometer.

Fig. 17. Distribution of the NSP values derived from a series of 50
measurements for a 700-nm wavelength.

Table 2. Relationship between Electrical S�N and � and � Precision

Wavelength,
�nm�

Case 1, Higher Light Level Case 2, Lower Light Level

Electronic Precision Degree Electronic Precision Degree
S�N � � S�N � �

550 65 0.16 0.23 25 0.37 0.4
600 95 0.06 0.18 40 0.1 0.3
700 270 0.03 0.06 95 0.06 0.1
800 170 0.03 0.047 100 0.04 0.12
900 130 0.06 0.33 70 0.1 0.6
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precision in � and � measurements of 0.1° or better
over the entire wavelength range.

Table 2 shows that the S�N values change by a
larger amount at smaller wavelengths when the total
intensity is reduced. This difference resulted from
the method used to reduce intensity; i.e., the lamp
power was reduced so that the intensity changed by a
greater fraction at smaller wavelengths than at
larger wavelengths.

The standard deviations in � and � increase near
the ends of the spectrum. The deviations increase
because �1� the signal levels decrease and �2� the
determinant of the instrument matrix decreases.
The precision can also be increased by reducing the
electrical noise in the detectors. The 7–10-mV noise
represents a maximum electrical S�N of only 1000:1.
The sources of the noise are discussed in Section 4.

In summary the G-DOAP has a reproducibility of �
and � measurements of the order of 0.1°. The pre-
cision �and the absolute accuracy� in � and � are
independent of the value of � or �, and the precision
is determined purely by photometric considerations.

4. Discussion

A. Accuracy

The accuracy of the G-DOAP is determined by the
accuracy with which it is calibrated, and this involves
measurements with rotating polarizers and retard-
ers. Since the retarders contain imperfections, the
accuracy cannot be established by assessing the de-
viations in the rotating-C test, although it is known13

that a perfect retarder is not necessary to obtain an
accurate calibration. Independent assessment of
the G-DOAP accuracy will be obtained by taking
measurements on well-characterized reference sam-
ples.

Given that the crystal linear polarizer used in cal-
ibration is nearly ideal, the deviations relative to the
predicted values for the NSPs may be used to esti-
mate an absolute accuracy over the wavelength
range. Based on an average deviation of 0.005 in the
NSP over the wavelength range of interest, we esti-
mate that the absolute accuracy of the G-DOAP
based on polarimetric measurements alone is �0.1°
in � and �.

B. Precision

The results from a series of precision measurements
show that the repeatability of G-DOAP measure-
ments of � and � values for a relatively low S�N �in
the range of 100–200� is �0.1–0.2°. The precision
can be improved by signal averaging, by using a
brighter light source, increasing the light collection
efficiency, and reducing detector noise. At present
the integration times were �400 ms �total�, and this
would permit a total data rate of approximately two
complete spectroscopic ellipsometric measurements
per second. If the overall light level were increased
by a factor of 4, the precision could be increased by a
factor of 2 by averaging the signal and keeping the
data throughput the same.

The measurements were done with a beam of
rather small divergence from a relatively low-
brightness light source. We can also achieve in-
creased intensities without reducing the spectral
resolution by increasing the length of the slit at the
light source. This change would increase the hori-
zontal divergence of the beam received by the
G-DOAP but would not change the divergence in the
plane of diffraction.

C. Sources of Noise

Three sources of noise were identified: broadband
noise from the array boards, clock noise, and detector
dark current noise. Our data show the difference in
the noise level of one array board compared with the
other in spite of the two boards having identical gains
in the optical-amplifier stages. We estimate that
the overall background noise level can be reduced to
�3 mV �a reduction of a factor of 2�. This reduction
would permit electrical S�N values of 300:1 for sig-
nals at 10% of full scale, a typical minimum signal
that may be encountered in real measurement cir-
cumstances.

D. Order Blocking

Figure 3 showed the layout of the various orders on
the detector arrays and the order-blocking filter that
prevents overlap between the �3 order in the 550–
627-nm region with the �2 order of the 825–940-nm
range. One problem yet to be overcome is the scat-
tering of light at the edge of the blocking filter. This
scattering gives rise to a deterioration in performance
in the vicinity of 775 nm �Fig. 15�.

E. Control of Light Source

In calibrating G-DOAP the intensity measurements
were normalized by the total intensity received by the
instrument. This was accomplished by the refer-
ence detector, as illustrated in Fig. 4. There is one
additional requirement that was not controlled in the
calibration, i.e., that the lamp spectrum not change
during the calibration measurements. Although a
highly regulated lamp power supply was used, it was
not demonstrated that the lamp output was constant.
Changes in the lamp output would result from
changes in the filament temperature, and these
changes would be larger at small wavelengths than
at large wavelengths. Therefore normalization of
the G-DOAP measurements by the total intensity is
not strictly correct.

F. Future Research

In the present paper we have provided a detailed
description of the design and performance of the
G-DOAP instrument. It will be followed by papers
on application of this instrument to ellipsometric
measurements on thin and thick oxide films on silicon
wafers and in Mueller-matrix ellipsometry. The re-
search has identified design issues for further devel-
opment of this instrument technology, which include
�1� changes to the mirror assembly to increase the
precision with which the spectra are located and fo-
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cused on the array detectors, �2� improvements of the
DSP code to permit real-time integration switching,
�3� PC board level improvements to the array elec-
tronics to reduce broadband electronic noise, �4� eval-
uation of higher brightness light sources, �5�
evaluation of trade-offs between size, spectral reso-
lution, and the precision and accuracy of polarization-
state measurements, and �6� the use of multiple
gratings in a design strategy that would allow mea-
surements only in first order and eliminate the need
for order-blocking filters.

Appendix A: Maximum Determinant of the Normalized
Instrument Matrix

In this appendix we determine the upper limit on the
determinant of the normalized instrument matrix of
G-DOAP and other four-detector photopolarimeters.
To simplify notation, the components of the four nor-
malized projection vectors are written in the form �xi,
yi, zi�, where i � 0, 1, 2, and 3. Hence the determi-
nant is given by

D � �
1 x0 y0 z0

1 x1 y1 z1

1 x2 y2 z2

1 x3 y3 z3

� . (A1)

When the elements of the first row from the corre-
sponding elements of the remaining rows are sub-
tracted, the determinant is unchanged and is reduced
in size to

D � �x1 � x0 y1 � y0 z1 � z0

x2 � x0 y2 � y0 z2 � z0

x3 � x0 y3 � y0 z3 � z0

� . (A2)

The determinant in Eq. �A1� can be written as a triple
scalar product of three vectors:

D � A � �B � C�, (A3)

where the components of the three vectors, A, B, and
C, are the elements of the three rows of the determi-
nant of Eq. �A1�. Thus the magnitude of the deter-
minant equals the volume of the parallelepiped
whose three neighboring sides are A, B, and C or six
times the volume of the pyramid with these same
sides. With the ideal polarizers in front of the de-
tectors in all diffracted orders, the vertices of this
pyramid are on the unit-radius Poincaré sphere.
Consequently the maximum determinant corre-
sponds to six times the maximum-volume pyramid
circumscribed by the unit sphere. It is simple to

show that the latter volume equals 8�32.5, so that the
maximum possible determinant is given by

Dmax �
16
31.5 � 3.0792. (A4)
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