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Application of plasma resonance condition for prediction
of large Kerr effects

A. De and A. Puria)

Department of Physics, University of New Orleans, New Orleans, Louisiana 70148

~Received 19 April 2002; accepted for publication 24 July 2002!

Resonance like enhancement of magneto-optic Kerr effects~MOKEs! have been attributed to
numerous effects, one of them being plasma resonance of free charge carriers, which is analytically
and numerically investigated here. Analytical expressions for frequency dependent enhancement of
MOKE are obtained in the general framework of the Drude model, which are then applied to well
known expressions describing MOKE. The derived expressions are numerically tested for various
optical constants. It is known that for certain materials, the resonance like enhancements in the Kerr
spectrum occur in the near vicinity of Re@«xx#51, which is generally near the plasma edge. This is
seen to be true when the plasma frequencyvp is greater in magnitude as compared to the cyclotron
frequencyvc , i.e., if vp@vc , whereas in the event of a large reflection edge split, i.e., ifvp

;vc the resonance like peaks will occur near Re@«1 .«2#'1, which is a relatively more general
condition as compared to Re@«xx#51. Second, we see through model calculations that the spectral
proximity of the MOKE resonance peak to the plasma edge is also subject to the magnitude of the
background dielectric constant. Results are explained analytically and numerically. Good agreement
is obtained between the expressions derived here and the numerically observed occurrence of
resonance like peaks in the Kerr spectrum. ©2002 American Institute of Physics.
@DOI: 10.1063/1.1507816#

I. INTRODUCTION

In the last half of the 20th century, a vast amount of
research has been carried out in the field of magneto-optics.
Numerous experiments have been devised to study the band
structure of various semiconductor materials making use of
various magneto-optical effects such as magneto-plasma re-
flection, rotation, ellipticity, cyclotron resonance, Faraday,
Kerr, and Voigt effects. Of particular interest, is the magneto-
optic Kerr effect~MOKE!, particularly the polar Kerr effect.
Its importance pertains mainly to the optical readout of mag-
netically stored information and to other technological appli-
cations.

It is worth noting that the classical model proposed by
Drude,1 nearly 100 yr ago, has been carried over essentially
intact and can still be used to quantitatively explain much of
today’s MOKE experiments. Excellent agreement between
the calculated spectra, based on the Drude model, and ex-
perimental data has been seen forn-type InSb,2 paramagnetic
silver,3 and for Y–Ba–Cu–O crystals.4 Calculated Kerr rota-
tion ~KR! spectra of NdS5 and thulium monochalcogenides
~TmS and TmSe!6 were found to be in good agreement, by
taking the cyclotron frequencyvc as a free parameter to fit
the experimental data. Explanations on the origin of large
band-splitting effects seen at 3.3 eV for Bi substituted yt-
trium iron garnet~YIG! samples7 have been provided based
on the Drude model. There are of course fine structure and
new effects of an oscillatory nature, which can only be ex-
plained on the basis of quantum theory. For a qualitative

comparison of different methods used for calculating the
magneto-optic spectra one can refer to Delinet al.8

The appearance and prediction of high KR peaks in the
MOKE spectrum has generated much interest. This has been
attributed to various physical origins such as interband tran-
sitions and spin orbit coupling.9,10 KR enhancement in the
case of ferromagnetic layers embedded in metallic matrices
has been more widely attributed to plasma resonance of free
carriers in the nonmagnetic noble metals11,12 and also to
sharp surface plasmon resonance of noble metals in total
reflection geometry.13 In the case of a single substrate, Feil
and Hass~FH!14 have suggested a different explanation for
large MOKE. They have shown through model calculations
that large MOKE occur wherever Re@«xx#'1, which accord-
ing to them is in the vicinity of plasma resonance frequency
of free charge carriers. FH’s condition for MOKE resonance
was, however, disputed by Schones and Reim.15,16 Objec-
tions were raised on issues such as the validity of assuming
«xy to be a constant, which was said to be inconsistent with
Kramer–Kronig relations.

The purpose of this article is threefold. First, we wish to
address some of the issues in Refs. 15 and 16, specifically,
the role of the damping constant in Im@«xx#. This is carried
out in the framework of Drude model-based dielectric tensor
elements, to be self-consistent with Kramer–Kronig rela-
tions. It is also shown numerically and analytically that the
spectral proximity of the MOKE resonance peak to the
plasma edge is subject to the magnitude of the background
dielectric constant~especially at lower values!.

Second in view of the above-mentioned points, we ob-
tain an expression using the classical Drude model and the
FH condition which enables us to predict the optical fre-
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quency at which resonance like enhancements in the Kerr
spectrum occur. This analytical expression is then compared
against numerically obtained spectral locations of the MOKE
peaks over a range of optical constants, to cover various
possibilities. This comparison is also extended to the«6

51 condition, which corresponds to the reflectivity minima
of right/left circularly polarized light and is in close spectral
vicinity of the MOKE maxima.

Finally, in the process of comparative numerical analy-
sis, it is shown that the Re@«xx#'1 condition is inaccurate in
predicting the spectral occurrence of the MOKE peaks in the
event of a large reflection edge split. An immediate implica-
tion of this is that the much used MOKE expression, which
is instrumental to the FH condition, has its own shortcom-
ings whenvc;vp . Alternatively, it is shown that in the
event of a large reflection edge split, a derived expression
based on the Re@«1«2#51 condition is more effective in
predicting the spectral occurrence of MOKE peaks. Analyti-
cal explanations are provided, wherever necessary, for a bet-
ter understanding of the numerical results.

II. MAGNETO-OPTICAL KERR EFFECT AND THE
DRUDE MODEL

It is well known that dielectric response of the medium
can be described by Maxwell’s equations. The propagation
of an electromagnetic wave in a material can be described by
the electric and magnetic permeability tensors« and m. By
ignoring nonlinear effects in the material response and as-
suming thatm 5 1 at optical frequencies, the complex di-
electric tensor can be simplified~due to symmetry of the
problem configuration! and expressed as

«5

«xx i«xy 0

2 i«xy «yy 0

0 0 «zz

. ~1!

This leads to the following expression for the complex index
of refraction:

ñ6
2 5«xx6 i«xy5«6 , ~2!

where, the1 and 2 signs, respectively, represent right and
left circularly polarized modes of propagation of an electro-
magnetic wave in a longitudinal magnetic field,ñ6 is the
complex index of refraction given byñ65n62 ik6 , n6 and
k6 are the refractive and absorptive parts, respectively.

In the polar Kerr configuration, the magnetization is per-
pendicular to the surface and parallel to the direction of light
propagation. The eigenmodes are left and right circular po-
larizations and therefore the KR can be expressed as the
phase difference between left and right circularly polarized
light17

uK52 1
2 ~D12D2!. ~3!

KE is expressed in terms of the complex reflection coeffi-
cients as

jK52
ur 1u2ur 2u
ur 1u1ur 2u

. ~4!

The phase difference for left and right circularly polarized
light is given by

D65tan21S 22k6

n6
2 1k6

2 21
D 52 j log

r 6

ur 6u
, ~5!

where the Fresnel’s reflection coefficient at normal incidence
is given by

r 65
12ñ6

11ñ6

. ~6!

Assuming that (D12D2) is small and (r 12r 2)2

!2r 1 .r 2 , expressions for the complex polar MOKE given
by Eqs.~3! and ~4! can be approximated to18,19

Qk5uk2 i jk5 i
ñ12ñ2

ñ1ñ221
. ~7!

By using the properties of the material’s dielectric tensor and
further assuming that«xx@«xy ,18 one obtains the widely
used expression for the MOKE

Qk5uk2 i jk5
i«xy

~12«xx!A«xx

. ~8!

The Drude model is used here to describe the diagonal
and off diagonal components of the dielectric tensor. In the
Drude model, the application of a magnetic field splits the
plasma reflection edge into two. The spectral separation be-
tween the two reflectivity minima increases linearly20 with
increasing magnetic field, thus changing the complex index
of refraction and inducing magnetic circular bifringence, and
magnetic circular dichroism. In the Kerr configuration with
the Poynting vector SiB0 and E'B0,the complex dielectric
tensor is expressed as1

«65«`S 12
vp

2

v~v6vc2 ig!
D , ~9!

where,vp5(4pNe2/m* «c)
1/2 is the plasma frequency,vc

5He/m* c is the cyclotron frequency,g is the scattering
frequency~or damping constant!, and«` is the background
dielectric constant, H being the magnetic field, c the speed of
light, e the charge of an electron,m* the effective mass, N
the doping concentration, and«c the dielectric constant of
the medium.

The diagonal and off-diagonal components of the dielec-
tric tensor can be obtained from Eqs.~2! and ~9! and are
expressed in terms of their respective real and imaginary
parts as

«xx5«`S 12
vp

2~v22vc
21g2!

~v22vc
22g2!214g2v2

1 i
g vp

2~v21vc
21g2!

@~v22vc
22g2!214g2v2#v

D ~10!
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«xy5«`S 22gvcvp
2

~v22vc
22g2!214g2v2

1 i
vc vp

2~v22vc
22g2!

@~v22vc
22g2!214g2v2#v

D . ~11!

It is apparent from Eq.~8! and as pointed out by FH14

that for a non-negligible«xy , a large resonance like enhance-
ment of MOKE is expected in the frequency region where
Re@«xx#'1 and under the assumption that Im@«xx#'0. We
illustrate this point by using the simple Drude model and
closely examining Im@«xx# from Eq. ~10!. By inspection, it
can be deduced that in order for Im@«xx#'0, the damping
constantg needs to be small. In the numerical example in
Ref. 15,g was chosen to be 1 eV~as pointed out by FH,16

which invalidates the assumption that Im@«xx#'0, and there-
fore no MOKE enhancement was observed in the vicinity of
Re@«xx#51.

Presently, we are interested in obtaining an expression
for the optical frequency at which large resonance like en-
hancements in the Kerr spectrum occur. This is initially done
by using the FH condition and obtaining an expression by
equating Re@«xx#51 in Eq. ~10!. By solving for the roots of
v, we obtain

v5Fvp
2

2x
1~vc

22g2!6S vp
4

4x2
24g2vc

2D 1/2G 1/2

, ~12!

wherex5121/«` .
By ignoring g2 terms in Eq.~12! and choosing the root

with the 1 sign, we simplify the above expression and de-
note byvo1 ,

vo15Avp
2

x
1vc

2 . ~13!

The following expression where theg2 terms have not been
ignored will also be used in our comparative study for the
sake of completeness. We denote this asvo2 and choose the
root with the1 sign,

vo25Fvp
2

2x
1~vc

22g2!1S vp
4

4x2
24g2vc

2D 1/2G 1/2

. ~14!

It is interesting to note that by choosing the root with the2
sign in Eq.~12! and assuming that 4xvc .g!vp

2 , we obtain

v5Fvc
21g2S 4xvc

2

vp
2

21D G 1/2

'vc . ~15!

Finally, it is worth noting that the spectral location of the
reflectivity minima is always in close proximity of the
MOKE maxima, hence an expression forv, where zero re-
flectivity occurs, is of interest for a comparative numerical
analysis. This can be obtained by equatingñ651 ~or «6

51) in Eq. ~9!21,22 and is denoted here byvor

vor5
1

2 F6vc2g 6S 4vp
2

x
1~vc2 ig!2D 1/2G . ~16!

Equations~13!, ~14! and ~16! will be used in the numerical
analysis and comparison to follow in Sec. III.

III. NUMERICAL RESULTS AND ANALYSIS

It is instructive to calculate and plot the MOKE spec-
trum over a wide range of optical constants and parameters.
In this section we carry out a comparative study between the
expressions used for describing MOKE and its actual nu-
merical spectral occurrence. Conditions responsible for the
resonance like enhancements and their limitations under the
framework of the Drude model are subsequently discussed.
The real and imaginary parts of the diagonal component of
the dielectric tensor were obtained from Eq.~10! and the
off-diagonal component was obtained from Eq.~11! in order
to maintain self-consistency. Wavelength dependent refrac-
tive indices, computed using Eq.~2!, were used to compute
the MOKE spectra using exact@Eqs. ~3! and ~4!# and ap-
proximate expressions@Eq. ~8!#.

In Fig. 1 we have shown the calculated KR, KE, reflec-
tivity, and dielectric tensor elements as a function of incident
photon energy. For illustrative purposes we choose the fol-
lowing optical constants:«`510, g 5 0.1 eV, vc50.2 eV,
and vp52 eV. Figure 1~a! shows the computed MOKE
spectrum, using Eqs.~3! and ~4!. In Fig. 1~b!, we plot the
MOKE spectrum using Eq.~7!. It can be clearly seen that the
MOKE line shapes of Figs. 1~a! and 1~b! are similar, except
for that in Fig. 1~b! a marginally larger MOKE enhancement
is seen and that the KR peak occurs atvo852.64 eV, whereas
in the case of Fig. 1~a! it occurs atvo52.66 eV. For lower
values of vc the line shapes of Figs. 1~a! and 1~b! were
identical. Notice in Fig. 1~f! that at 2.64 eV, Re@«xx#51, and
Im@«xx# is small but not negligible. Nevertheless, as pre-
dicted by FH the KR is indeed optimum wherever Re@«xx#
'1.

Next, the above-mentioned condition is tested over a
range of optical constants using Eqs.~3! and ~8!. We find it
useful to discuss the case using Eq.~8! first. The optical
frequency at which the maximum KR occurs using Eq.~8! is
numerically obtained and is denoted here byvo8 . This is then
normalized tovo8/vc and plotted as a function of«` , for
fixed normalized plasma frequency (vp /vc), as shown in
Fig. 2. In order to illustrate general trends, this is done for
vp /vc51, 2, and 10, respectively. The purpose here is to
compare the occurrence ofvo8/vc , as obtained by using Eq.
~8!, against the results predicted by Eqs.~13!, ~14!, and~16!
~which are again normalized tovo1 /vc , vo2 /vc and
vor /vc , respectively!. From Fig. 2 it is seen that near per-
fect agreement is obtained betweenvo1 /vc , vo2 /vc and
vo8/vc with increasingvp /vc . Notice the relatively larger
error forvp /vc51 in Fig. 2~a! and that thevo1 /vc curve is
closer to thevo8/vc curve as opposed to thevo2 /vc curve.
This can be attributed to the fact that we useg 5 0.1 eV,
which assumes greater significance with decreasingvp /vc .
The reason for this becomes clearer when we rewrite Eq.
~12! as

5403J. Appl. Phys., Vol. 92, No. 9, 1 November 2002 A. De and A. Puri
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v'Fvp
2

x
1vc

22g2S 11
4xvc

2

vp
2 D G 1/2

. ~17!

Our objective here is to express the coefficient ofg as a
function of vp /vc . Obviously, the damping constantg and
its coefficient will assume a more significant role asvp /vc

decreases and also with increasing«` ~which implies that x
;1!. This effect is clearly seen in Fig. 2~a! where the sepa-
ration between various line shapes increases with increasing
«` .

Also notice in Fig. 2, that as we approach lower«`

values, the spectral location of the KR maxima moves away

FIG. 1. ~a! MOKE parameters using Eqs.~3! and~4!. ~b! MOKE parameters using Eq.~8!. ~c! Reflectivity. ~d! Diagonal dielectric tensor component («xx).
~e! Off-diagonal dielectric tensor component («xy). ~f! Zoom in view of«xx ; constants used:«`510, vp52.5 eV, vc50.2 eV, andg50.1 eV.
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exponentially from the vicinity of the plasma edge. We at-
tribute this largely to the 1/x-dependent coefficient ofvp

2

~first term! on the right-hand side of Eq.~17!. This phenom-
enon is seen for all numerical cases to follow.

A similar comparative study is carried out next for the
numerically obtained normalized spectral location of the KR

peaks using Eq.~3!, i.e., vo /vc , and vo1 /vc , vo2 /vc ,
vor /vc . These quantities are plotted in Fig. 3 as a function
of «` for three illustrative cases ofvp /vc55, 15, and 30,
respectively. It is seen that the agreement betweenvo /vc ,
and vo1 /vc , vo2 /vc is again better for highervp /vc ,
however the difference between the numerically obtained

FIG. 2. Normalized comparison of the numerically obtained optical frequen-
cies of KR maxima using Eq.~3!, against Eqs.~13!, ~14!, and ~16!, as a
function of «` for variousvp /vc .

FIG. 3. Normalized comparison of the numerically obtained optical frequen-
cies of KR maxima using Eq.~8!, against Eqs.~13!, ~14!, and ~16!, as a
function of «` for variousvp /vc .
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and predicted values is much greater. Also notice that in Fig.
3~a! for vp /vc55, thevo /vc curve is in closer proximity to
the vor /vc curve than to eithervo1 /vc or vo2 /vc . The
higher discrepancies seen in Fig. 3 between the numerically
obtainedvo /vc and the predictedvo1 /vc , vo2 /vc for de-
creasingvp /vc can be explained based on Fig. 4.

In Fig. 4, we plot KR, KE, reflectivity, and dielectric

tensor elements as a function ofv, for «`510, g 5 0.1 eV,
vc52 eV, andvp52.5 eV. Note the higher value of the
assigned cyclotron frequency as compared to the case illus-
trated in Fig. 1. The cyclotron resonance effect is seen in
Figs. 4~d! and 4~e! as expected from Eqs.~10! and ~2!. As
mentioned earlier, on the application of a magnetic field the
plasma reflection edge splits into two and the separation be-

FIG. 4. ~a! MOKE parameters using Eqs.~3! and~4!. ~b! MOKE parameters using Eq.~8!. ~c! Reflectivity. ~d! Diagonal dielectric tensor component («xx).
~e! Off-diagonal dielectric tensor component («xy). ~f! Zoom in view of«xx ; constants used:«`510, vp52.5 eV, vc52 eV, andg50.1 eV.
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tween the two reflectivity minima increases linearly with the
field.20 Therefore, the largevc value is responsible for the
large reflection edge split seen in Fig. 4~c!. This effect is also
seen in the MOKE spectra of Fig. 4~a!, where the large re-
flection edge split causes the spectral elongation of the
MOKE resonance. Here, we denote the two different optical
frequencies at which the two KR peaks~with opposite signs!
occur asvo

1 andvo
2 . Also note, thatvo

1 andvo
2 are in the

vicinity of the R1 andR2 reflectivity minima, respectively,
and thatvor

1 2vor
2 'vo

12vo
2'vc . Now, notice that the ef-

fect of the large reflection edge split on the MOKE spectrum
is not at all seen in Fig. 4~b!. Instead a MOKE enhancement
effect is seen atvo853.31 eV, where Re@«xx#'1. However
in the case of Fig. 4~a! the optimum KR will occur atvo

1

51.73, and a second peak of slightly lesser magnitude and
opposite sign occurs atvo

253.72 eV. This quite clearly im-
plies that the approximation of Eq.~8! breaks down in the
event of a large reflection edge split.

The reasons for the discrepancies seen between the
MOKE spectra of Figs. 4~a! and 4~b! are as follows. First,
note that Eq.~8! was used to obtain the FH condition. How-
ever, as the magnitude ofvc approaches that ofvp , the FH
condition for MOKE resonance gradually breaks down, as
Eq. ~8!, which is an approximation of Eqs.~3! and~4!, itself
breaks down. This is attributed to the fact that while deriving
Eq. ~8! it was assumed that«xx@«xy . 18 This assumption is
no longer valid when the cyclotron resonance and plasma
resonance are in close proximity of each other, as clearly
seen in Figs. 4~d! and 4~e!. Second, the approximation that
Im@«xx#'0, is also no longer valid in the vicinity of a cy-
clotron resonance. The reason for this becomes apparent by
taking a close look at the denominator of the imaginary term
in Eq. ~11!.

In addition, the above-mentioned reasons can also quali-
tatively explain the increasing disagreement between the nu-
merically obtainedvo /vc , and the predictedvo1 /vc ,
vo2 /vc , with decreasingvp /vc , seen in Fig. 3. Also, for
the computed MOKE spectra~for a single substrate! in Ref
23, FH’s resonance condition was held at all incident photon
energies by its appropriate coupling with the cyclotron fre-
quency, yet the KR was seen to decrease with increasing
incident photon energy. This phenomenon is also attributed
to the corresponding decrease invp /vc .

Thus, whenevervc;vp , large MOKE resonance no
longer occurs at Re@«xx#'1. Therefore in the event of a
large reflection edge split, instead of using the Re@«xx#'1
resonance condition, we propose the following alternative.

A more general approach can be adopted in predicting
the occurrence of resonance like enhancements in the Kerr
spectrum by reverting a step back from Eq.~8! to Eq.~7! and
using the Re@«1 .«2#51 condition. This resonance condi-
tion follows from ñ1 .ñ251, which can be deduced by in-
spection from Eq.~7!. An expression for the optical fre-
quency at which the above mentioned MOKE resonance
occurs is derived next by using the Re@«1 .«2#51 condition
in Eq. ~9!

Xv42~2iXg!v32~2vp
21Xvc

21Xg2!v21~2igvp
2!v1vp

4

50, ~18!

whereX5121/«`
2 .

The damping constantg can be ignored, provided it is
small. This enables us to bring Eq.~18! into a simpler qua-
dratic form. By solving forv, we obtain

FIG. 5. Normalized comparison of the numerically obtained optical-
frequencies of KR maxima using Eq.~3!, against Eqs.~13!, ~16!, and~19! as
a function of«` for variousvp /vc .

5407J. Appl. Phys., Vol. 92, No. 9, 1 November 2002 A. De and A. Puri

Downloaded 20 Jun 2011 to 137.30.164.196. Redistribution subject to AIP license or copyright; see http://jap.aip.org/about/rights_and_permissions



vo35Fvc
2

2
1

vp
2

X
6

1

2X

3A4vp
4~12X!1X2vc

4~112vp
2/Xvc

2!G1/2

. ~19!

It is important to note that the use of2 or 1 signs in Eq.
~19! will subsequently yield eithervo

1 or vo
2 @as indicated in

Fig. 4~a!#. The validity of Eq.~19! with the 1 sign is tested
next, over a range of optical constants, in Fig. 5. A compari-
son against thevor /vc curve has also been made. It is worth
noting that thevo3 /vc curve appears to be in good agree-
ment with the vo /vc curve, even for the low value of
vp /vc51. Therefore, we conclude that the Re@«1 .«2#51
condition is more general than the Re@«xx#51 condition,
since much better comparative results are seen even for large
reflection edge splitting effects~small vp /vc).

IV. SUMMARY

In this article analytical expressions, in the framework of
the Drude model, which predict the spectral occurrence of
the Kerr rotation maxima, are obtained. These expressions,
@Eq. ~13! and Eq. ~19!#, are based on Re@«xx#51 and
Re@«1«2#51 conditions, respectively. On comparing Eq.
~13! ~and hence Re@«xx#51) to numerically obtained optical
frequencies at which the Kerr rotation peaks, it is seen that
the reliability of Eq.~13! is best whenvp@vc . However,
once the magnitude ofvc approaches that ofvp , the spectral
occurrence of the MOKE maxima moves away from the vi-
cinity of Re@«xx#51; this is attributed to the inability of Eq.
~8! to take large reflection edge splits into account. Under
these conditions, Eq.~19! is found to be of much greater
reliability. Hence we conclude that Re@«1«2#51 is a more
general condition, as compared to Re@«xx#51, in predicting
the spectral occurrence of the MOKE maxima. However, for
most casesvp@vc , therefore Eq.~13! should be adequate.
Another important conclusion drawn from the numerical
analysis is that the proximity of Re@«xx#'1 and the plasma
edge is subject to the magnitude of the background dielectric
constant «` , especially at lower values of«` ~or for

magneto-optic materials with low refractive indices!. This is
based on the observation that the spectral location of the
MOKE peak moves away exponentially from the vicinity of
the plasma edge, with decreasing«` ~therefore x is no longer
;1!. In closing, we wish to state that, provided optical con-
stants are availablea priori and that the Drude model can
account for the MOKE behavior of that material, Eqs.~13!
and ~19! could be useful for the design and simulation
multilayer magneto-optic structures and also for magneto-
optic experiments.
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