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Abstract

This paper’ presents the development of an Extended Kalman
Filter (EKF) that optimally processes photographic data
collected during short-duration impact acceleration tests. The
system is modeled by a non-linear state-space representation
using quaternions for rotational kinematics. Three cameras are
used to photograph up to 14 fiducials mounted on a plate
attached to the subject's mouth. The filter yields the history of
the rotational and translational kinematics of the origin of the
mouth plate. Results from the EKF and analysis of the
estimation error are presented.

Keywords: Extended Kalman filter, Impact acceleration,
nonlinear  systems,  kinematics, photographic  daia,
quaternions.

Introduction

The Naval Biodynamics Laboratory (NBDL) conducts
short-duration sled impact experiments [1] where a human
subject or an anthropomorphic dummy sits on a sled which is
suddenly given impetus to travel down a track. Data from
three high speed photographic cameras mounted on the sled at
about 1 meter from the subject are collected to determine the
position of photographic targets mounted on various locations
on the plate [2]. Linear acceleration data is also gathered with
arrays of accelerometers placed on the subject’s mouth and
neck and on the sled.

NBDL processes photographic and accelerometer data
independently to provide information about the kinematics of
the system; the software is called EASYFLOW. A least
squares algorithm is used by NBDL to determine the linear
displacement and orientation parameters from photographic
data [3], while integration techniques are used for the
accelerometer data. Low frequency errors result in sharp

'This research was funded by ONR Grant No.
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discontinuities in the least squares photo solutions.
Accelerometer-derived kinematic variables are best at the
angular and linear acceleration and velocity levels, while
photo-derived variables are best at the linear displacement and
angular orientation levels.

NBDL researchers suggested in [4] that the results of
these two measuring systems should be combined into one
consistent and optimal set of kinematic’ variables from the
acceleration to the displacement level. In response to this,
researchers from NBDL and the University of New Orleans
(UNO) are conducting work on combining the accelerometer
and photographic data with an Extended Kalman Filter (EKF)
to optimally determine the kinematics of the impact
acceleration system. The system currently consists of two
EKTFs, one for accelerometer data, described in the companion
paper [5], and another filter for photo data. This paper
concentrates on the latter.

The System

The following state space formulation of the the impact
acceleration test system is used:

x(t) S u(t) Wt ) 1,
() =h (x(6)u(t).8 (1.1,

where f and & are the non-linear system and observable
functions for the state vector x and the observable vector y; the
sampling period is #,, - #, u is the input, and w and ¢ represent
plant and measurement noise, respectively. Our system
description is based on that presented in [6]. The state
variables are the elements of the column state vector x, with x
given by

@)

— T
X _[Vlyypyyzlyzzy s Zg; q17 qzs Y q12]
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The first 12 states describe the translational kinematics of
the system, the other 12 represent the rotational kinematics
using quaternions. Table I lists the state variables. The input
u is given by
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1=(0,0,,,0,0,0,0,0,0,d,,0,-,0) )

The discrete system assumes the acceleration increment
over the nominal input  is modeled by a zero-mean white
noise sequence, and is therefore a third order model. The state
function, f, is obtained from the equations of motion with zero
jerk, as given in Table IT, where the bar over the quaternions
indicate the variable before normalization.

Variable Description (Units)

x coordinate of the position,
velocity, and acceleration of the
sled w.r.t. lab, (m, m/s, m/s?),
respectively.

Yo Y2 Y3

X, ¥, and z coordinates of transla-
tional position of the origin of the
array frame? w.r.t sled (m).

Zp 2y Z3

X, ¥, and z coordinates of
translational velocity of the origin
of the array w.r.t sled (m/s).

Zp Z5 24

X, Y, and z coordinates of trans-
lational acceleration of the center
of the array w.r.t. sled (m/s?).

27, Zg Zg

Quaternion rotational position of
the array frame w.r.t. sled.

9n 92 9» 94

Quaternion rotational velocity of
the array frame w.r.t. sled (s™).

95 96 97 9s

Quaternion rotational acceleration
of the array frame w.r.t. sled (s?).

99 910 910 912

y3(tk+1|tk):y3(tk)+uxs(tk+1) —u, (1)

“The origin of the accelerometer array frame is the
origin of the instrumentation CS. -

zj(tkﬂItk):zj(tk)+zj+3(tk)[tk+1 —tk]+—;—zj+ 6(tk)[tk+l —tk]2

j=1,2,3

zj+3(fk+Ill‘k)=zj+3(tk)+zj+6(tk> [tkﬂ—tk], j=1,2,3

Z7(tk+1ltk):z7(tk)+um(tk+1) ~u (1)

zj.+6(tk+1|tk):zj+6(tk), j=2,3

T AR A A e

@t )=l 4 aal) [fee “t} Jelea

qj+8(tk+1 ltk):qj+3(tk): j=1,4

The linearized discrete-time state variable system used to
describe the impact test system is given in (4), where ¥ is the
linearized state vector, A is the linearized state transition
matrix given in (5), and Cis the observables Jacobian matrix
of (6).

x(t,,)=Ax(t,) +Bu(t,)+w(t)

- AL = 4
y(t) =C(tx(t) +Du(t,) +((t) @)

ff(tk) _ Of(x,u,8)

5
Ox le=s(e,Je,) )
A Oh (x,u,t
Cap==23D ©
)
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The “raw photo data” collected are two coordinates of
filmplane measurements. The observable vector y, obtained
from triangulation on the raw data, can be written as

V=S iofiaofor s Fysl @)

where N is the number of photo targets on the mount, and the
first index indicates the coordinates x, y, and z of each fiducial
J- The non-linear function 4 is given, in quaternion notation,

by
FAO Sl O 20220 4900 " (8)

with ¢; is the quaternion position of photo-target i, and z and
q are the components of interest of the state vector (position
and rotation). Stereovideography is used to determine the
position of each fiducial in the mount; this process yields the
vectors e; of (8). We add three ideal observations (8,, 8,, 8,)
to the observables in the vector y to account for the quaternion
normalization.

The equations for the EKF are:
Pt )=AP(t,_Jt, DA T+0(1)
G(t) =P(t,)t, )C()"
x| Gappa, Yy re[”
2t e)=E e, )G () ©)
x[p(t) ~hCEt )t )]
Bty It =A%(t) +Bu(t,)
P(tJt) =P(t)t, ) ~G(t)C )Pt )t )
where Q is the plant noise covariance, R is the measurement

noise covariance, P(t]t,,) is the covariance of the estimation
error and G(7,) is the filter gain.

Quaternion Constraints

Due to the nature of quaternions and their use in
representing rotation matrices, certain constraints must be met
by the state variables representing them. These constraints are
given in Table III, and state that quaternions have a unity
norm, and that the first and second derivatives of the
quaternion norm are equal to zero. These are the constraints
used for normalization of the quaternions after the state
update.

4
8,2llgll-1=)_ ¢-1
i=1
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. d 4
8,=0,=—llgll=)_ 4,4,.,
o dt i1

d? < -~ 2
8,=0,=——Ilall=3_ 4,4,,5*D_ 474
dt i=1 i=1

The Initial Conditions

Initial conditions for each of the 24 states are needed in
order to filter the raw data. It is desirable to have a good
estimate of the initial conditions of the system in order to
produce good estimates. The ideal system is initially at rest
(i.e. all velocities and accelerations are zero), but the actual
subject is moving slightly. The initial conditions needed to
initialize the EKF are currently derived from EZFLOW
processed data provided by NBDL. We average pre-impact
samples for the state estimates provided to obtain the mean
starting position, velocity, and acceleration of the sled and
mouth mount, and the mean initial rotational position of the
instrument coordinate system; other initial kinematics are set
to zero. Using bars over the state variables to indicate
averaging over 25 points, the initial state vector used by the
EKF becomes:

x=[7,,0,0,2,,7,,7,,0,0,0,0,0,0,

s 10
T0p 330,0,0,0,0,0,0,0) 10

The Noise in the System

There are two noise sequences in the model: the plant
noise, which includes uncertainties and inaccuracies in the
model itself, and the measurement noise, which includes uncer-
tainties, instrumentation errors, and measurement errors. The
accuracy of the noise characterization greatly affects the
performance of the Kalman filter and its convergence.

The plant noise is represented in eq. (4) by the term w(z,).
In our model w is assumed to be an additive white gaussian
noise (AWGN) signal with zero mean, and variance ¢,(%,),
where the subscript x denotes we are dealing with the states.
The default variance of most states is currently determined by
the deviation of the EASYFLOW-processed data from the
average over the ensemble of runs. A small variance is
assumed for states not available from EASYFLOW. This
yields the time-varying covariance matrix Q(%,).

The measurement noise, or noise in the observables, is
represented in eq. (4) by the term {(k). We again make the
assumption of zero-mean AWGN for the noise in the
observations and assume all noise to be uncorrelated. Many
sources of error (noise) that arise when making measurements
using NBDL's photographic system and related calibration

. e o i men . R U _




equipment have been identified. The most significant are
vibration, blur circle, error in sproket hole prediction, error in
nodal point location, and digitization errors.

The standard deviation of the total photographic
measurement noise, 0y, is computed as the square root of the
sum of the squares of the standard deviations of all noise
components identified and quantified. The value for the
standard deviation during preliminary tests of the photographic
EKF was o, = 2 cm which, under the AWGN assumption,
indicates that the measured (observed) location of the targets
with respect to the sled coordinate system is within 2 cm of the
true value 68% of the time and almost certainly within 6 cm.
In future tests, the angular errors will be included as well,
which then yields a standard deviation of 0, =3.32 cm.

Validation of the EKF using Photographic Data.

The EKF expects the observables to be the 3D coordinates
of each fiducial with respect to the sled CS, f,, while the
relevant output is the position of the instrumentation origin
with respect to the sled, (z, z,, z). Since the triangulation
algorithm that converts the 2D filmplane measurements to the
3D positions has not been implemented yet, we devised the
following test of the EKF.

The states generated by EZFLOW are used to generate
theoretical fiducial observables f;; i.e., we “work backwards”
from NBDL's processed data to obtain observables. These
generated “observables” are then processed with the photo
EKF as if they were actual measurements to generate the EKF
states. The EKF states are then compared to the original
EZFLOW states. Since this amounts, basically, to processing
the observables twice, it is expected that the results of this test
will yield states that are very similar to those produced by
EZFLOW, but smoother. We believe that this method
provides a valid test of the EKF model itself and of the code
that implements the filter.

The EZFLOW photo data used during these tests are the
position of the head (z,, z, z;) and the position quaternion (g,
q» 93 q.), along with the location of the phototargets within
the mouth array (e,).

EKF Test Results

The tests of the photo EKF have produced encouraging
results, with filter output that resembles the EZFLOW results
and with an error covariance well within acceptable limits.
The EKF produces good results for all kinematics, not just for
position as is the case for EZFLOW; velocity and acceleration
from the EKF are also reliable.

Figures 1 through 4 show results for run LX3858,
comparing EZFLLOW and EKF processed data when possible.
Fig. 1 is a plot of the displacement of the origin of the inst CS
with respect to the sled in the x direction versus time, z,; both
EZFLOW and EKF results are shown, and although the two
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curves do not overlap at all times, the results confirm the filter
is performing well. As expected, the largest difference
between data processed with EZFLOW and the EKF occurs at
points where the kinematics change rapidly (at and right after
impact). This is where the variance of the plant noise is
largest.

Pasition Vs. Time: X Direction

-0.95
1t
£-1.05}
c
=)
2
a -1.1
— Kalman Filter Estimate
-1.15 + EASYFLOW Output

0.1 0.2 0.3 0.4 0.5
time.seconds

Figure 1: Z1 vs. time for run 1.X3858

The velocity curves for run LX3858 are shown in Fig. 2,
where it is clear that the EKF filtered data nicely tracks the
velocity of the head. The EKF produces velocity estimates
that are much smoother than those generated by EZFLOW
indicating that the former are a filtered version of the latter.
We expect the velocity computed by the EKF to be smoother
that that from EZFLOW even when the true observables are
used. The state representing the acceleration of the mouth in
the x direction versus time is shown in Fig. 3; photo-EZFLOW
does not produce acceleration data so only the EKF curve is
shown. Although we have chosen to show only the x-direction
states, we must mention that all kinematics in all directions are
provided by the EKF, with seemingly good results. The
acceleration in the y direction is slightly noisier than the
acceleration in the x direction.

A clear advantage of the EKF over other estimation
methods is that it provides, through the error covariance
matrix, an indication of how well the filter is performing, and
whether the results are reliable. Fig. 4 shows the time history
of the error covariance of the position in the x direction (z,) for
run LX3858. The error variance is no larger than 0.000265
m?, i.e. a maximum standard deviation of 1.63 cm which
amounts to about 9.5% of the total displacement in the x
direction. This tells us that, assuming a Gaussian distribution,
the estimate of the position in the x direction is within 1.628
cm of the true position 68% of the time, at the worst. Notice
that the maximum deviation of about 1.63 cm in our estimate
is smaller than the assumed deviation of 2 cm of the original
data. Moreover, we can see that the results do not tend to
grow as time passes; instead, the error covariance increases




after impact and then decreases again indicating that the filter
does not diverge at any time,

Velocity Vs. Time: X Direction

2f A - Kalman Filter Estimate 1
A ¢ EASYFLOW Output

velocity, mfs

0] 0.1 0.2 0.3 04 0.5
time. seconds

Figure 2: Z, vs. time for run L. X3858

Kalman Filter Acceleration Vs.Time: X Direction

acceleration, m/s*2

-60 : : : :
01 0.2 0.3 0.4 0.5
time, seconds
Figure 3: Z, vs. time for run LX3858
Further Work

A triangulation algorithm must be implemented to convert
the 2D filmplane coordinates into the 3D spatial coordinates
needed by the EKF. The photo EKF described here must be
integrated with the EKF presented in [5] to optimally process
accelerometer and photographic data simultaneously. Finally,
the problem of missing phototarget data, where some targets
appear or disappear from the cameras' view, must be solved.

X 10"’ Error Covariance of State z1 Vs. Time

/.

25¢

1.5¢

0 0.1 0.2 0.3 04 0.5
time. seconds

Figure 4: Error estimate for z, vs. time for run LX3858
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