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ABSTRACT

The Polarizer-Sample-Analyzer (PSA) arrangement with the optical components P and A
rotating with a fixed speed ratio (3:1) was originally introduced to determine nine Mueller
matrix elements from Fourier analysis of the output signal of a photodetector. The
arrangement is modified to the P’PSAA’ arrangement where P’ and A’ represent fixed polarizers
that are added at both ends with the speed ratio of the rotating components (P and A)
remaining the same as before. After determination of the partial Mueller matrix in the ideal
case, azimuthal offsets and imperfection parameters are introduced in the straight-through
configuration and the imperfection parameters are determined from the Fourier coefficients.
Finally, the sample is reintroduced and the full Mueller matrix elements are calculated to show
the deviation from the ideal case and their dependency on the offsets and imperfection

parameters.

Keywords: Polarization, Ellipsometry, Jones calculus, Mueller calculus, polarizer, Fourier series
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CHAPTER 1

INTRODUCTION

Polarization is a property that is common to all vector waves. It is defined by the
behavior with time of one of the field vectors appropriate to that wave, observed at a fixed
point in space. Light waves are electromagnetic in nature and are described by four field
vectors: electric field strength E, electric displacement density B, magnetic field strength ﬁ, and
magnetic flux density B. The electric field strength E is used to define the state of polarization.
This is because the force exerted on electrons by the electric field is much greater than that
exerted by the magnetic field of the wave. The polarization of the three field vectors can be
determined using the Maxwell’s field equations, once the polarization of E has been

determined [1].

Ellipsometry is an optical technique for the characterization of interfaces and films and
is based on the polarization transformation that occurs as a beam of polarized light is reflected

from or transmitted through the interfaces or films [1].

We now present the four parameters that define an ellipse of polarization and we will

describe the optical elements in the arrangement.



A Y

Fig 1.1. Four parameters defining the ellipse of polarization in its plane (1) the azimuth 8 of the major axis from a
fixed direction X, (2) the ellipticity e=+b/a=+tan €, (3) the amplitude A=(a? + b?)'/2 and (4) the absolute phase .

(1) The azimuth 8 is the angle between the major axis the ellipse and the positive direction of

the X axis and defines the orientation of the ellipse.

<6< (1.1)

N A
N A

(2) The ellipticity e is the ratio of the semi-minor axis of the ellipse b to the semi-major axis a,

_b (1.2)

(3) The amplitude of the elliptic vibration can be defined in terms of the lengths a and b as



A= (a2 + b2)1/2

(1.3)

(4) The absolute phase vector § determines the angle between the initial position of the electric

vector at t=0 and the major axis of the ellipse. All possible values of 6 are limited by
-m<é<m

The electric vectors of light linearly polarized in the X and Y directions are given by,
Exz A, cos(wt+@y )1

Eyz Aycos(wt+@y )]

For elliptically polarized light the electric vector is then given by

E= §X+§y= Ay cos(wt+@y )T + Ay cos(wt+@y )]

Or in matrix (column) form as,

- A, el (@t+ex) .
E: — |= X . = e](x)t]
E Aye](wt-l—q)y) =

Taking out the time dependence from Eq. (1.8), we have the Jones vector

- [Axei‘PXl
L ip
Ayey
When light interacts with an optical system, the Jones vector transforms according to

10

(1.4)

(1.5)

(1.6)

(1.7)

(1.8)

(1.9)



R 10
or
J'=1] (1.11)

Here T is defined as the Jones matrix of the optical system, the matrix elements t ;; are
determined from the known properties of the optical element encountered by the light and the

equation is simply the transformation matrix that converts J into J'.

Similar to the Jones calculus, the Mueller calculus also represents the light by a vector;
premultiplication of this vector by a matrix that represents an optical element yields a resultant
vector that describes the beam after its interaction with the optical device. The vector
representing the light is called a Stokes vector and is a 4 X 1 real vector instead of 2 X 1 complex
Jones vector. The 4 elements of the Stokes vector represent intensities of the light. Therefore

these elements are real. A common representation of the Stokes vector is given by

SO [A +A -I
2 —
> A Ay* I (1.12)
= 1S, lZA Ay cosSJ
Szl |2A.A.sing

where § =5,- 8, and—t <6 <.

A deterministic complex Jones matrix cannot be used to express the depolarizing incoherent
interaction between the incident wave and the optical system. Thus we resort to the more

11



powerful Mueller matrix. The output coherency vector can be written in terms of the input

coherency vector as
Jo =(TxT")]; (1.13)

The coherency vector J can be related to the Stokes vector Sas S = AL

1 0 0 1
1 0 0 -1
0O - j O

The relationship between the Stokes vector S, and S; of the outgoing and incident waves is

given by,

So = [A(TXxT*)A71]S; or Sy = MS; (1.15)

where M = A(T x T*)A™1

We now introduce the main optical device that is used in the optical measurement

arrangement and point out its characteristics and orientation.

12



Polarizer

Fig 1.2. The polarizer azimuth P is measured from the positive X direction as a reference in an anticlockwise sense.
The direction Z is the direction of propagation of light. TA is the transmission axis of the polarizer.

A linear polarizer transmits a beam of light whose electric field vector oscillates in a
plane that contains the beam axis and transmission axis TA. The orientation of this plane in
space can be varied by rotation of the polarizer about the beam axis. As shown Fig 1.2, the

azimuth of the polarizer P is measured from the positive direction of X axis, where Z is the

direction of propagation of light.

The Jones matrix of any optical device is a function of the azimuthal orientation of the

input and output transverse coordinate axes, around the incident and outgoing wave vectors.

13



The matrix T’ for a linear polarizer or retarder with its optical axis rotated by an angle 6 from

the coordinates is found from T by a matrix rotation such that

T’=R(-6)TR(8) (1.16)
cos6 sin®
h R(B) = 1.17
where R(6) [—sine cos0 ( )
For a system of devices as shown below the resulting Jones vector is given by
s> 1m T2 s S Th >
Ji Jo
S1 S2 Sn
Fig 1.3. A combined effect of n optical systems S1, S2,...,Sn of Jones Matrix T1, T2,..., Tn.
J=T,)" (1.18)
!II - n_ll’” (1'19)
So the combination of the system of devices will give
!O= TnTn—l"'-Tlli (120)

14



where T; is the Jones matrix for the i element and J; is the Jones vector at the input. A similar

analysis applies in the Stokes Mueller matrix calculus as will be used in subsequent chapters.

15



CHAPTER 2

OPTICAL SYSTEM AND MODIFICATION

2.1 Introduction

The original arrangement [2] is that of a typical ellipsometric arrangement with the
sample placed between a polarizer and analyzer. The polarizer and analyzer are rotated with a
fixed speed ratio of 3:1 respectively. The figure below shows this arrangement and the
directions of rotation and azimuths of the optical elements. The 3:1 speed ratio is important in
the fact that it gives the best results in terms of linearity of the obtained Mueller matrix

elements in terms of the Fourier coefficients.

Sample
X

Analyzer

Polarizer
i

Light Source Detector

Fig 2.1. Original PSA arrangement with both the polarizer and the analyzer rotating at a speed of wt and 3wt
respectively. The orthogonal directions to the direction of propagation are shown as x and y.

16



Nine elements of the sample Mueller matrix for the above arrangement are obtained as linear
combination of the Fourier coefficients of the detected signal. The light source L is unpolarized,
circularly polarized or partially circularly polarized. A depolarizer is needed in front of the
detector to have a polarization insensitive photodetector as the polarization of light leaving the

analyzer varies with time.

The photopolarimeter arrangement of Fig. 2.1 is modified by adding a fixed polarizer
(FP) and fixed analyzer (FA) at the beginning and end as shown in Fig. 2.2. The direction x and y
are parallel and perpendicular, respectively, to the scattering plane described by the directions

of incident and transmitted light.

Sample (s)

3w

Analyzer

Polarizer

Fixed Polarizer Fixed Analyzer

Light Source Detector

Fig 2.2. Fourier photopolarimeter with added fixed polarizer and analyzer. S is the optical system under
measurement; L and D are the light source and detector respectively. x and y are parallel and perpendicular to the
scattering plane and orthogonal to the direction of propagation.

17



2.2 Fourier analysis with ideal conditions

The azimuths of the rotating polarizer and analyzer P and A are measured from the
positive direction of the x axis. Let Sgp be the Stokes vector of light leaving the polarizer, I'gy
the first row of the Mueller matrix of the fixed analyzer, M, the Mueller matrix of the rotating
analyzer, Mp the Mueller matrix of the rotating polarizer and Mg the Mueller matrix of the

sample under measurement. Then the output signal of the detector D is given by the equation,
i= kl'pp MAMsMp Sgp, (2.1)

where k represents the detector sensitivity. Now substituting Sgp = 1[1 cos(ZP') sin(ZP') 0]"
(where |is the intensity of light leaving the polarizer and T indicates transpose), Ms= (my), i,
i=1,2,3,4 , T'rp =T[1 cos2A’ sin2A’ 0], Mpand Mp are the Mueller matrices of the rotating
analyzer and polarizer. Taking the fixed polarizer to have zero azimuth, we have the Stokes

vector Spp =[1 1 0 0]T. Putting all these values in Eqgn. (2.1), we get

i= XY[ my; + my,cos(2P) + my3sin(2P) + my; cos(2A) + my, cos(2A)cos(2P) + my3sin(2P)cos(2A) +

m34sin(2A) + m3,sin(2A)cos(2P) + m33sin(2A)sin(2P)] (2.2)
where
X = 1+cos(2A’)cos(2A)+sin (2A”)sin(2A), Y = 1+cos(2P’) (2.3)

18



Since the 4™ elements of Sgp and [z, are equal to zero the 4™ row and 4™ column of the
Mueller matrix of the sample do not contribute to the detected signal. The polarizer and
analyzer rotate in the same direction at angular speeds of w and 3w respectively. We also
assume that the transmission axes of these elements are parallel to the x axis at t=0. Therefore

we can write,
P= wt, and A= 3wt (2.4)
Substituting P and A from Eqgn. (2.4) in Egn. (2.2), and using the trigonometric identities,

sin x cos y = %[sin(x+y)+sin(x-y)], sin x sin y = %5[cos(x-y)-cos(x+y)] and cos x cos y = %:[cos(x-

y)+cos(x+y)], we get the Fourier series of the detected signal as,
i=ag+Yo_;(a, cosnw t + b, sinnw't), (2.5)
where w’= 2w is the fundamental frequency of the current measured by the detector.

The Fourier amplitudes ay, (a,, b,) from Eqgn. (2.5) are given in Table 2.1 below, when the

azimuth of the fixed analyzer A’=0.

4ag=4my; + 2my, + 2my,; + my, 4b;=3my3 + my3 + mj3;

4a;=4mqq + 5myy + 2my; + 3my; + ms;3 4b,=2my3 — my3 + 2mgz; + 2mg;
4a,=2mq; + 4my; + 2my; + 3my; + 2mg33 4b3= —my3 + 4m3; + 2mg3,
2az=2myq; + myy + 2my; + my, 8by=4m;3 + 5my3 + 4m3; + S5mg,
8az=4mq; + 4my, + 4my; + Smy; — 3mg3;3 4bs=my3 + m3; + 2mj3;

4as=mqy; + my; + 2my, 2bg=mg3;

19



4‘a6= 2m21 + msy, 4‘b7= my3 + ms;q + ms;
4a7= myq + myp, — ms3 8b8= 8m23 + ms)

8ag=my; — ms33

Table 2.1. Fourier coefficients of the detected signal for the modified arrangement under ideal conditions

2.3 Mueller matrix

From the Fourier amplitudes ag, (a,, b, ) of Table 2.1 the 3X3 Mueller matrix M3y3 can

constructed as follows:

ds + 637 - 235 + Za6 + 1538 435 + 1237 - 836 - 3038 3b6 - b7 - b3 + 2b5
M3x3= 437 - 838 4‘36 - 837 + 1638 4b7 - 2b6
2b6 2b7 + 2b3 - 5b6 438 - 436 + 8a7

(2.6)

It can thus be seen from the above that under ideal conditions the Mueller matrix elements can
be expressed as linear combinations of the measured Fourier coefficients of the detected

signal.

20



CHAPTER 3

OFFSETS AND IMPERFECTIONS

3.1 Introduction

The original PSA arrangement [2] gives us the partial 3x3 Mueller matrix. In order to
determine the absolute Mueller matrix elements, we need to measure ij. This can be done by
removing the sample and setting the polarizer and analyzer azimuth 0 and /4, respectively.
This is the so called straight-through configuration as the optical arrangement falls in a straight

line.

In the modified arrangement we also remove the sample and generate the straight-
through configuration. Parameters that represent the deviations from the ideal case are
introduced gradually and the imperfection parameters are determined in terms of the Fourier

coefficients.

21



AN _
o -

Source Detector

— Rotating Rotating

Fixed  polarizer Analyzer Fixed
Polarizer Analyzer

Fig 3.1. Straight through configuration: the sample is removed and all optical elements are in line.

3.2 Fourier analysis and determination of imperfection parameters from Fourier coefficients

We now analyze the case where the sample is removed which enables us to measure i
directly. In this setting the polarizer and the analyzer come in a straight-through position with
the fixed polarizer azimuth set at P’= 0 and the fixed analyzer azimuth at A’. The Mueller matrix
of the sample thus becomes the identity matrix. The result for such an arrangement is obtained

as a Fourier series given by,
iy=ap + Yo _i(a, cos(nw’t) + b, sin(nw t)), (3.1)

where w’=2w and the Fourier coefficients a, (a,, b,) are given in Table 3.1.

22



ap=1+ cos2A /4 b;=sin2A’/2
a;=3/2+cos2A’/2 b,=3sin2A’/4
a,= 1+3cos2A’/4 b3=sin2A’
az=1/2+ cos2A’ b,=3sin2A’/4
a,=3cos2A’/4 bs=sin2A’/2
as=Ccos2A’/2 bg=sin2A’/2
ag= cos2A’/A b;=0

a;=0 bg=0

ag=0

Table 3.1. Fourier coefficients with straight-through configuration

and simple case of fixed analyzer azimuth A’

We now consider the same straight-through configuration but introduce phase angles
for the rotating polarizer and analyzer. So, let
P=wt + B and A=3wt + a (3.2)
while the fixed analyzer azimuth remains A’.

The final equation that we get by calculating i= 'rpy MAMcMpSgp where Mg is identity matrix, is

given by,

i= [1+cos(2P)+cos(2A)cos(2A’)+cos(2A)cos(2P)cos(2A’)+sin(2A)sin(2A’)+sin(2A)cos(2P)sin(2A")]

[1+cos(2A)cos(2P)+ sin(2A)sin(2P)] (3.3)

23



Substitution of A and P from Eqgn. (3.2) into (3.3) a Fourier series with coefficients

(ag,ay..ag, by..bg) given in Table 3.2 is obtained.

ap= 1+i[cos(2A’)]

cos(ZA )

a;= [cos2B] + [ in2B] +- [c052|3c052(a B)+sin2PBsin2(a-B)]+ cos2p

( A) [cos2(a+B)cos2(a-B)+

[cosZ(a B)] +

ap=cos2(a-B) 42

[ in2(a-B)]+ -
sin (2 A)

sin2(a+B)sin2(a-B)] — [cos(a-B)sin2(a+pB)-cos2(a+B)sin2(a-B)]

az= cos(2A’)[cos2a]+ sin(2A’)[sin2a] + = [cosZBcosZ(a B)-sin2Bsin2(a-B)]

_cos (ZA’) cos (ZA )

P=—, [cos2(a [3)] [5|n2( o+p)]+———— sm(ZA)

[cos?2(a-B)]+——= [2cos2(a-B)sin2(a-B)]

cos (24 ) [cos2acos2(a-B)-sin2asin2(a-B)]+ Sin(zi) [cos2asin2(a-B)+sin2acos2(a-B)]

dg=

ag= =2 [cos2(a-B)cosa(a+B)-sin2(a+B)sin2(o- B+ - [cos2(ertB)sin2(a-B) -

sin2(a+B)cos2(a-B)]

dz= 0
dg= 0

cos (

b;=-sin23+ —[sm2[’>c052(a B)]+ [cosZasin2(a—B)—sin2ac052(a—B)]+m(2i,)[c052acosz(a—B)

+sin2asin2(a-B)]

cos (2A’) cos (

[-sin2(a B)]+ [cosZ( -B)+

sin2(a+B)cos2(a-B)]+ % [cos2(a-B)cos2(a+B)+sin2(a-B)sin2(a+p)]

b,=-sin2(a-B)+ [cosZ(a+B)sin2(a—B)—
b3=sin(2A’)cos2a- cos(2A’)sin2a —% [cos2Bsin2(a-B)+sin2Bcos2(a-B)]

sin (2A )

5 [cos2(a+B)]- o0

by= CO) fina(arp- 22 fina(apts A fcosa(a-p)

24



be= w[2cos(4a 2B)]- ﬂ[zsinma—zs)]

bg= w[co (4a)]- %[ZsiMa]
b7=0
b8=0

Table 3.2. Fourier coefficients with the imperfection parameters introduced namely (1) fixed analyzer offset
azimuth A’, (2) phase of rotating analyzer a and (3) phase of rotating polarizer B.

The above equations can be solved for the parameters A’, a and B as follows:

4(ap-1) = cos(2A’) (3.4)

The value of A’ from Eqn. (3.4) is used in the following equation to determine a:

az+bs = [cos2a-sin2a][1/2 + cos(2A’)]+ sin(2A")[sin2a+cos2a] (3.5)

Finally the value of a recovered from Eqgn. (3.5) is used in the following equation

cos (ZA ) (ZA )

ag+bg = [cos4acos4B]+ [cosda+sinda] (3.6)

to determine B.

Let us now analyze the arrangement taking into consideration the imperfections of the
polarizers. We take out the rotating analyzer from the arrangement and consider the fixed

elements as ideal elements. The Jones matrix of an ideal linear polarizer is

25




1t 0
!FP_ [O 0] (37)
and hence the first column for the Mueller matrix for the same linear polarizer will be

Mgy =-[1100]" (3.8)

N | =

where the T represents the transpose of the matrix.

I -
) o]

Source Detector

- Rotating =
leed' Polarizar Fixed
Polarizer Analyzer

Fig 3.1. Arrangement without the rotating analyzer in the straight-through configuration.

In certain frequency bands a medium may exhibit both linear birefringence and linear dichroism
concurrently. A linear dichoric retarder is one which has the optic axis of birefringence and
dichroism coincident and parallel with the bounding planar faces. An imperfect polarizer can be

modeled as one with such a property. For such a medium we replace the real index of

26



refraction n by the complex index of refraction (n-jk) where k is the extinction coefficient of the

medium.

The Jones matrix of the imperfect rotating polarizer can thus be written as

1 0
=0 peri] (3.2)
where
201d P1
6==—{none), p =" = exp[-2md(K,- ke )/Al,  p<<1 (3.10)

where ng and n, are the ordinary and extraordinary refractive indices of the medium and

(ke-k,) is called the dichroism of the medium and may be positive or negative.

The Mueller matrix of the rotating polarizer can thus be written as

1/2 12 0 0
12z 122 0 0
Mp= 0 0 pcosd  psind (3.11)
0 0 —psind  pcosd

This is for polarizer azimuth P = 0°.

For P# 0%, the Mueller matrix can be written as

27



[ a b 0]
2 —
Mzia x M p| (3.12)
b m y p
l 0 p q c J
where,
2P in 2P
_COSZ X _sz , c=pcosd, p=2b’d, g=-2a’d (3.13)
where a’ and b’ are the terms with rotating analyzer azimuth A instead of P
m= 4ab(§-c), (3.14)
x=cosz(2A)(%—c)+c, (3.15)
y=4abl(;-c) (3.16)
Now the output current is calculated as
i=FFA MSFP and
Putting P= wt + B we obtain,
I= % + a + cos(2A’)(a+c) + bsin(2A)’ + cos(2A’)cos?(2P)(1/2 - ¢) + sin(2A’)4ab(1/2 - ¢) (3.15)

Putting this in Fourier series form we have,

28



2ag= 1+cos2A’ b= sin 24 0s2p - %(1+C052A')
a;= COSZB(l-l—COSZA )+ ssz(sm2A) b,= sin 24 COS4B ( pcosd) -

cos2A’ sm4B ( pCOSS)
a,= cos 2A2cos4[3 1 - pcos 5) 4 Sin2A sin4f sin2A’sin 4[3 ( pCOS(S)

Table 3.3. Fourier coefficients in terms of imperfection parameters for the case of ‘missing rotating analyzer’.

From Table 3.3 p and B can be calculated as:

2ay-1 =cos(24%) (3.16)

b= sin (22A ) (a sin (24’ )smzﬁ) a,sin2p (3.17)
0

2b,= (% - pcosd) (sin(2A")cos4 - cos(2A")sin4B) (3.18)

The value of A’ is calculated from Eqgn. (3.18) and using that in Egn. (3.19) the value of  can be

obtained. Substitution of these values in Eqn. (3.20) gives the factor pcosé.

Now we take the more general case where we include the rotating analyzer in the straight-

through configuration.

29
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Source Detector

— Rotating Rotating

Fixed  pojarizer Analyzer
Polarizer

Fixed
Analyzer

Fig 3.2. Straight-through arrangement with ideal fixed components and imperfections taken into account in the
rotating elements.
The output current equation is given by,

ip = Cpa MpIsMp Sep (3.21)

where [ is the identity matrix. The rotating analyzer is assumed to be imperfect and the fixed

analyzer offset is A’.

Putting the values of A=3wt and P=wt, we obtain the Fourier coefficients listed in Table 3.4.
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ap= i + c?cos(2A)+ (% - c)cos(2A)(c + i (% -©)) b= (ZA ) (— - )M
A 1 in(2A") 1,1 in (2A")
ay=—"—(G-0) +; +32(—‘C) by="—-3G — O =—+
sin (2A) 1
i GO
ay=— (ZA )+ + (— -c)c.cos(2A”) + - (— — ¢)?cos(2A) +4 (sm(ZA) cos(2A"))
__cos (2A’) c, 1.1 ) _ sin(ZA’)
dz= 4 +2+ 4(2 C) b3——4
a,= cos (2A )+ ( )2 cos (2A ) d (SIHZA’ COSZA) b4= sin (2A )+ (1 _ C)Z sin (2A )
8 2 4 8 2 2
(A" (2A )1
asg= 5(_ - ) - L(z C) b sin (_ )
1,1 , 1,1 in(2A") 1 in(2A") 1
a5= (5 - ©)cos(2A) (c+,G - ©)) be="C2( - 0+ cTEC - o
a,= cos(ZA )(__ ) b7_ sm(ZA )(__ )
ag=0 b8= 0

Table 3.4. Dependency of the Fourier coefficients in terms of the parameters A’, p and 6 for the full straight-
through configuration considering only the fixed polarizer azimuth to be 0°

From Table 3.4 p and A’ are overdetermined as:

bs _ 1.
2b3—(2 c)

4b3=sin(2A")

The value of (%—c) and sin2A’ can now be used to get p and 6 as

3bs—16bsag
COS(2A7)= ——33
(2A') e
b3—4b
= pcosd= —=

3
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(3.22)

(3.23)

(3.24)

(3.25)




3b5—16b335 1 b52 dz 4b335 3
= (—+4—)- — + -= .
Tobs (G452 7 (Abg+—= = 0) (3.26)

g

The Eqns. (3.24) to (3.26) establish the relation between the imperfection parameters and
Fourier coefficients of the detected signals. Thus we can determine each of the offset and
imperfection parameters in terms of the measured Fourier coefficients. These parameters are
then used to obtain the Mueller matrix elements as discussed in Chapter 4. If the experimental
results to the Fourier series are available for the above discussed cases, the solution of the
introduced unknowns can be determined accommodating all the equations using the non-linear

least square method.
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CHAPTER 4

DETERMINATION OF MUELLER MATRIX ELEMENTS

4.1 Introduction

After the determination of the offset and imperfection parameters from the straight-
through configuration as described in Chapter 3 we now reintroduce the sample between the
rotating polarizer and rotating analyzer. The sample’s Mueller matrix elements are m;;

1

(i,j=0,..,3).

We derive the equation of the detector signal and from there Mueller matrix elements in terms

of combinations of Fourier coefficients and the imperfection parameters introduced.
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Fig 4.1. Full arrangement where the sample is introduced between the rotating components and all the
imperfection parameters are considered.

4.2 Fourier coefficients in terms of imperfection parameters

The Fourier coefficients are shown below in terms of the Mueller matrix elements and

the parameters A’, c and d where,

c=posd (4.1)

d=psind (4.2)
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cos2A’ 1 sin2A’ 7 ¢ 3cos 2A’ cos2A’ 1
ag=mog+Myq[— (—-C)+— cos2A’]+my (3+)+ m01[(—-C)+ Jrmy =G — o)™+ c——(5-c)+
sin 2A’ 1 sin 2A" 1 2, sin2A" 7 ¢
+ - — —(=+—
c?cos2A’] My [ —(-¢)—5 G — O +e——(+))]
a=m [cos 2A' (1 o)+c cos 2A'] m sin 2A’ 1 C) ‘m [cos 2A' 1 o)+c cosZA’]_l_rrl sin 2A’ ‘m sin 2A’ 1 C)+
1—1H110 2 2 20 16 11 16 2 21 4 102 4
2A" 1 2A" 1 27’ 2A" 1
sm (——c) ZZ[COS —-c)+(—-c)]+m32 d.(sin2A’- cosZA’)(——c)+m23 = d. (—-c) Sm (——c)
1 24’ 24’ in 2A’ d, . in 2A’ d
dp= moo[ +COS ]+m10+m01 o8 +m11+m02 2 +m22+m32.—(SIHZA'-COSZA')+m03.d.—sm +My3.—+
8 8 8 8 4 4 4
a2, . _ ., )
m33.7(sm2A -C0os2A’)
Aa=m cos ZA’LmloLm sin ZA’Lm [3052A’ 1 o)+c. cos 2A’ cos2A  m [( C)
3=Mog —,—+—,—+ Mo ——+Mo1 [——15 11 AL
_ cos2A” myg cos2A” myy sin 2A’ sm 24’ 2, cos2A’ 1 21
ay=mog ——+——+Mop — -+ Moy — (‘ — ©)“+myy| G— O 5k
24’ d .
ms;. (stA -c0s2A’)-my3 ——— qn2h §- -My3.,-M33.~ (S|n2A'-c052A')
cos2A’ 1 sm 2A" 1 sm 2A" 1 sm 2A" 1 sm 2A" 1
as=myg (5-¢)-m3p ———(5-c)}+m > ——(>-¢)-m (3-¢)-m (5-o)+
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cos2A’ 1 m32 cos2A’ 1

my; [ (_'C)_Z(E' ¢)+=,~(5-c)-my3.d. (>-¢)
cos2A’ 1 sm2A 1 m cos 2A' cos2A’ 1 cos2A’ 1
ag=mqg ——(>-c)-m oo+ 01( -C)+my g [— (—— c)%+c. 5 Gcre——(-c)l+
sin 2A' 1 stA sin2A’ 1
My [P (-0 (G — ) 2-c )]
cos2A’ 1 sin2A’ 1
a7=——(5-¢)myg+my; ]-———(>-c)[mzp+my; ]
sin 2A’ 2 cosZA
dg=-Myp; (‘_C) (‘— )
C ©S2ALL ) may 1
a9=IMyq (5-Cl+—(5¢)
310:0
311=0
cos 2A’ sin 2A’

- 2 2
=My — == (G = ©)"-My — = (G —©)

1 cos2A’,1 cos2A’ 1 cos2A’ 1,1 sin2A’ sin2A’,1 d cos2A’ 1
by=mg; [[-——(5-c)l+myy [——-c)re.——(>-c)]+my;| — 5C)+moz.o+my 3 ———(>-c).d+
sin2A’ sin2A’,1
mya[d SR e) )
in 2A’ 24" 1 d, . 24 2A
b,=mg, Smg myg Smlé (5-C)+m3g.(Sin2A’-cos2A’)+mg; —— sin le moz[ (——c) =
cos2A’,1 cos 2A’ sin2A’ ,1 sin 2A’ cos 2A’ d
myp [——(-c).c+— ( 0)? '—]+ 22[—,—¢) (‘—C) ]-my3d. Mgz +
d, . ’ ’
m31.z(sm2A -cos2A’)
in 2A’ 24 1 in2A’
b3=mgg T—+mj30 (sin2A’-cos2A"). —+m01[sm (--c)+——.c]+ 21[—(—-C) ] +720 4
2 2 32'2 4
. , nrrl d c
mg3q(sin2A’-cos2A )[(E-c).5+d.5]
24’ 24’ 24’
by=my, sin m82°+m30(sm2A -cos2A’). —+m01 sin mgl+m31(sm2A -cos2A’) —+m02 oSy
1 cos2A’ sm 2A’ 2 cos 2A’ d
my; [o- (‘ —)’l+m (— — ©)“+mo3 dimyz.
sin2A’ 1 cosZ cosZA 1
bs=mj, (5-c)+m; (—-C) = = (z-c)+
1,1 cos 2A’ cos 2A' sm 2A
my; [H(-0)-—— (—-C)] = ..d. (—-C) (—- )
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sm 2A" 1 cos 2A" 1 sin 2A’ sin 2A’ cos 2A’ cos 2A’
bg=m -c)+m Gro)Hmy [ G — O (oc) cltmy [ G — O]
sin2A’ /1 cos2A’ 1 cos2A’ 1 sin2A’ 1
by= (>-c)myg+myg J+——(-c)[myo+my; J+———(>-c) [myz+d.my3]-———(>-c)[m3, +d.m;3]
_ cos 2A’ 2 sin 2A’ 2
bg=m;; —— (‘ —C)“-my; (‘ —0)

sin2A’ 1 m21

bg=mg = (— c)+ ( -C)+ m311 (—-c)(sm2A -cos2A’)

b10=0
b11=0

sin 2A’ 2 cos 2A' 2
bip=myy —— (‘_C) Mz —os— (‘_ c)

Table 4.1. Relation between Fourier coefficients and Mueller matrix elements in terms of parameters A’, p and 6
where the sample is reintroduced

From the Fourier coefficients are the Mueller-matrix elements are determined. Note that the
coefficients of the frequency of 20wt and 22wt are equal to zero, i.e., aq, 219, bg and by are

equal to zero.

4.3 Calculation of Mueller-matrix elements

The solutions of the Mueller matrix elements are determined as given below:

64(b1y—ajztan ZA’)

- ’ ’ ’ 4.3
(sin 2A tan 2A +cos 2A )(%—C)Z% (43)
, sin 27 (bq2—aqztan 2A")

" sin 2A° tan 2A +cos 24

myy = cos 2A 1 21 (4-4)
G073

ag+2tan 2A’.b8

Mz2=77 T, , } (4.5)
E(__C) .5(51n 2A tan2A —cos2A")
,sin 24’ (ag+2tan 2A’ bg)
8 5in 2A'tan 2A" —cos 24’

my2= cos 2A° (__ )2 1 (4-6)
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ao a12+(bqp—aqptan 2A" )tan 2A’
%(%—c)(sin 2A"tan 2A" +cos 24’ )

cos 2A" (l_c) l
16 2 2

mg= (47)

By substitution of Eqn. (4.3) and Eqgn. (4.4) in

24" 1 24" 1
517-COS — ) [m10+m11] s — (¢ [m20+m21] (4.8)

and the values of Eqn. (4.3) and Eqn. (4.4) again in

cos 2A' /1 sin2A’ 1 moq cos 2A’

cosZA 1 cos 2A’ 1
8=y (-0} Mg T (- ey [

(—— )%+c (-clre——(-c)l+

sinZA’ll_ sin 2A’ l_ 2. i ’__
gy P2 (L) T2 )2 B ) (4.9)

we obtain the values of m;y and my,.

Further the value of myy can now be calculated from the equation:

cos2A’ myqy sin 2A’ 3cos 2A" 1 cos 2A’
= +—t + (=-c)+c +m += )
a3=Mgg —,—+—,—+Myy —,—+ Moy [———(-c}+c.——] [32(2 -C) ] (4.10)

where the only unknown is my.

Further from

sin2A’ 1 m21
ch—,

bg=mg; ( ——c)+m31(5|n2A' -cos2A’). d6 (%—c) (4.112)

mg3q is determined as the other Mueller-matrix elements are already known.
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Also since the equation for b3 in Table 4.1 has only mz( as the only remaining unknown, it can

be easily determined as well.

Let us now write the rest of the equations in terms of the remaining unknown parameters.

by = f(mgz, mg3, my3, my3) (4.12)
by = f(mgy, my3, my3) (4.13)
by=f(mgz, mo3, my3) (4.14)
bs= f(mgz, my3, my3) (4.15)
a1=f(mgy, m3y, my3) (4.16)
a,= f(myy, m3;, myz, my3, mz3) (4.17)
as= f(myz, m3;, myz, my3, m33) (4.18)
a5 = f(myz, m3;, my3) (4.19)

In equations (4.12), (4.14), (4.15), (4.16) and (4.19) we have 5 unknowns of mg;, ms3;, my3,
my3, my3. These can be evaluated using simple algebraic calculations or using determinant

method. Using the above solutions and equation (4.17) or (4.18) we can determine mg3 as well.

Thus resulting Mueller matrix parameters are thus determined in terms of the Fourier

coefficients and parameters introduced.
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V. SUMMARY

Mueller matrix has important practical applications. One of them is to determine the
change in properties of a sample when placed in a polarizer-sample-analyzer (PSA)
arrangement. The general PSA arrangement is modified in this case by adding fixed polarizer
and analyzer at both ends of the optical train. Simple analysis of this structure gives us the 3x3

block of Mueller matrix of the sample when every optical device is considered to be ideal.

Deviations from ideality are accounted for through the introduction of the azimuthal
offsets and component imperfections. Operation in the straight-through configuration permits
the measurement of these imperfections and offsets from Fourier analysis of the detected
signal. This gives us an estimate of imperfection parameters and their effects in deviation from

the ideal case.

Finally, when the sample is reintroduced and the full Mueller matrix elements are
obtained in terms of the imperfection parameters and the Fourier coefficients of the detected

signal.

40



VI FUTURE WORK

The work presented here is theoretical and remains to be applied to an actual
laboratory instrument. The arrangement if realized in a laboratory can be useful in the
determination of the Mueller matrix elements of the sample in the presence of component
imperfections and thus will help us formulate an error analysis that links theoretical and

experimental results.

The error analysis can also further be developed by using the systematic error-
propagation method in which the calculation is done by evaluating the Jacobian matrix that
relates errors 6m;; of the Mueller-matrix elements of the sample to imperfection parameters
that propagate through the Fourier coefficients 6a,, 6a,,, and &b,,. A similar work was done
using rotating compensators showing the influence of each optical element on the acquired

parameters [6].

The determination of Mueller matrix elements in practical laboratory experiments can
be used to analyze the sample in between for various factors such as change in properties and
can be helpful in various medicinal purposes such as defining the interconnection between

geometry of the biological tissue and their polarization properties.

41



REFERENCES

[1] R.M.A. Azzam and N.M. Bashara, Ellipsometry and Polarized light (Elsevier North-Holland,

Amsterdam, 1977 and 1987).

[2] R.M.A. Azzam, Optics Communications 25, 137 (1978).

[3] P.S. Hauge, J. Opt Soc. Am. 68, 1519 (1978).

[4] David S. Kliger, James W. Lewis, Cora E. Randall, Polarized Light in Optics and Spectroscopy

(Academic Press, 1990).

[5] Serge Huard, Polarization of Light (Wiley, New York, 1997).

[6] Laurent Broch, Aotmane En Naciri, Lue Johann, Systematic Errors for a Mueller matrix dual

rotating compensator ellipsometer, Optics Express, 16, 8814 (2008).

42



VITA

Shibalik Chakraborty was born in Calcutta, West Bengal, India. He completed his studies
from Ramjas School, R.K.Puram, New Delhi, India in 2002. He then received his Bachelor of
Technology in Electronics and Communication Engineering from Bengal Institute of Technology
under the West Bengal University of Technology, Calcutta, India in 2007. Since August 2007 he

has been pursuing his Master of Science Degree in Electrical Engineering at the University of

New Orleans.

43



	Determination of Mueller matrix elements in the presence of imperfections in optical components
	Recommended Citation

	tmp.1316640259.pdf.rR_N5

