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Abstract

The generalized inviscid Proudman-Johnson equation serves as a model for n-dimensional
incompressible Euler flow, gas dynamics, the orientation of waves in a massive director
field of a nematic liquid crystal, and high-frequency waves in shallow waters. Furthermore,
the equation also serves as a tool for studying the role that the natural fluid processes of
convection and stretching play in the formation of spontaneous singularities, or of their
absence.

In this work, we study blow-up, and blow-up properties, in solutions to the generalized in-
viscid Proudman-Johnson equation endowed with periodic or Dirichlet boundary conditions.
More particularly, for p € [1, +oc], regularity of solutions in an L? setting will be measured
via a direct approach which involves the derivation of representation formulae for solutions
to the problem. For a parameter A € R, several classes of initial data ug(z) are considered.
These include the class of smooth functions with either zero or nonzero mean, a family of
functions for which ug(z) is piecewise constant, and a large class of initial data where vy is a
bounded, at least continuous almost everywhere, function satisfying Holder-type estimates
near particular locations in the domain. Amongst other results, our analysis will indicate
that for appropriate values of the parameter A\, the curvature of uy in a neighbourhood of
these locations is responsible for an eventual breakdown of solutions, or their persistence
for all time. Additionally, we will establish a nontrivial connection between the qualitative
properties of L> blow-up in u,, and its L? regularity for p € [1,400). Finally, for smooth
and non-smooth initial data, a special emphasis is made on the study of regularity of stagna-
tion point-form solutions to the two (A = 1) and three (A = 1/2) dimensional incompressible

Euler equations subject to periodic or Dirichlet boundary conditions.

Key words: Blow-up, generalized Proudman-Johnson equation, Euler equations.
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Chapter 1

Introduction and Scope of the Dissertation

1.1 Introduction

In this work, we examine finite-time blow-up, or global existence in time, of solutions to the

initial boundary value problem

Ugs + Ullgy — Au2 = I(t), t >0,

u(z,0) = uo(z), z € [0,1], (1.1.1)
I(t) = —(1+X) fol u? dz,

where A\ € R and solutions are subject to either the periodic boundary conditions
uw(0,t) =u(l,t), u.(0,t) = u,(1,t). (1.1.2)
or the Dirichlet boundary conditions
u(0,t) = u(1,t) = 0. (1.1.3)

For particular values of the parameter A\, equation (1.1.1)i), iii) is related to several
important models from the field of fluid dynamics. Amongst the most prominent, one finds
stagnation point-form solutions to the n-dimensional incompressible Euler equations, gas
dynamics and orientation of waves in massive director nematic liquid crystals. Moreover,
the equation appears as the short-wave (or high-frequency) limit to various models for shallow
water waves. Finally, and from a more heuristic point of view, equation (1.1.1)i), iii) also
serves as a tool for examining the competing effects that natural fluid processes such as
convection and stretching have in the formation of spontaneous singularities, or of their
absence. For these reasons, the initial boundary value problem for equation (1.1.1)i), iii) has

been the subject of extensive research by the mathematical fluid dynamics community.

1



1.2 Literature Review

1.2.1 Physical Significance of the Equation

In 1962, Proudman and Johnson ([39]) studied the equation

Ugt + Uy — ui = Vlgyy + ]ﬁ, y # 0, (1.2.1)
Y

which they derived from the vertical component of the two dimensional incompressible

Navier-Stokes system

u + (u-V)u=vAu —Vp

(1.2.2)
V-u=0
by considering stagnation point-form velocities
wu(z,y,t) = (u(z,t), —yug(z,t)) (1.2.3)

in a semi-infinite domain (z,y) € [a,b] x R (a two dimensional channel). In (1.2.2), u
represents the fluid velocity, p denotes the scalar pressure, v > 0 is the coefficient of kinematic
viscosity and the term p,/y is a function of time only. Next, after differentiating (1.2.1) with
respect to x and inserting a parameter a € R, Okamoto and Zhu ([35]) introduced the
generalized model
Ut + Wlggy — QUgUpy = Vilgaga, (1.2.4)
known as the generalized Proudman-Johnson equation. In this work, we will be concerned
with the associated inviscid (v = 0) equation (1.1.1)i, iii), which may be obtained by inte-
grating
Uzt + Ulggy + (1 — 2X)Uptize = 0, AeR (1.2.5)
in space and using either set of boundary conditions (1.1.2) or (1.1.3). As a result, we refer to
(1.1.1)i), iii) as the generalized, inviscid Proudman-Johnson equation. We remark that the

choice of the parameter A, rather than a = 2A—1, is used, mostly, for notational convenience.

As a Model for n Dimensional Incompressible Euler Flow
From the above discussion, it follows that equation (1.1.1)i), iii) for A = 1 is physically
justified as the vertical component of the two dimensional incompressible Euler equations
U+ (u-V)u=-Vp
V-u=0.

(1.2.6)



However, in section 1.2.5 we will follow Saxton and Tiglay ([40]) to show that, for A = ﬁ,

n > 2, (1.1.1)i), iii) actually models stagnation point-form solutions
u(z, ' t) = (u(x,t), —Ax'u,(z, 1)), (1.2.7)

where @’ = {9, ..., 2, }, to the n dimensional incompressible Euler equations. Analogously,

one may also use the cylindrical coordinate representation
ut = —Mrug(z,t), u' =0, u®=u(xt)
for r = |&’| ([43], [35], [23]).

As a Model for Gas Dynamics and Nematic Liquid Crystals

In addition to n-dimensional incompressible Euler flow, equation (1.1.1)i), iii) also occurs in

several different contexts, either with or without the nonlocal term (1.1.1)iii).

e When A = —1, (1.2.5) coincides with the inviscid Burgers’ equation

Uy + v, = 0,
differentiated twice in space.

e If A = —1/2, it reduces to the Hunter Saxton (HS) equation

1, 1 /1 )
Ugt + Uy + =Uy = —= u, dz,
2 2 /o

which describes the orientation of waves in a massive director field for nematic liquid
crystals ([28], [3], [15], [44]). For periodic functions, the HS equation also describes
geodesics on the group D(S)\ Rot(S) of orientation preserving diffeomorphisms on the
unit circle S = R\Z, modulo the subgroup of rigid rotations with respect to the right-
invariant metric ([32], [3], [41], [33])

(f.g) = /S fgad.



Moreover, we remark that in the local case I(t) = 0, the equation appears as a special

case of Calogero’s equation

Uzt + Ulhgy — P(uy) =0

for ®(z) = \22 ([4]).
The Role of Convection and Stretching in 3D Incompressible Euler Flow

From a more heuristic point of view, the introduction of the parameter A can also be moti-

vated as follows. Setting w = u,, into (1.2.5) yields

wi + uw, + (1 — 2\)wu, = 0. (1.2.8)

If A =1, (1.2.8) becomes

wy + uw, — wi, = 0, (1.2.9)

which represents a one dimensional model ([16], c.f. also [13]) for

D
F‘: = (w-V)u, (1.2.10)

the vorticity equation of 3D incompressible Euler flow. The system (1.2.10) is obtained by
taking the curl of (1.2.6)i) and defining

D
E:at—f—(UV),

the so-called material or convective derivative. Further, (1.2.9) may also be obtained from

(1.2.10) by considering a velocity field of the form

u(z,y,t) = {u(z,t), —yu,(z,t),0}.

Now, blow-up is caused by nonlinear terms. Equation (1.2.9) has two of them, a “con-
vection” term wuw, and a “stretching” term wu,. It is well known that solutions to the 2D
incompressible Euler equations which arise from smooth initial data with finite kinetic en-
ergy stay smooth for all time ([1]). This is as contrasted to the corresponding 3D problem
for which the existence of smooth solutions remains inconclusive. The disparity between the

2D and 3D equations is generally attributed to the amplification of the vorticity that occurs



exclusively in the 3D case due to the presence of the stretching term (w - V)u. Indeed, the
absence of this term in the 2D equations implies a certain conservation of the vorticity which,
in turn, guarantees the global existence. On the other hand, the corresponding convection
term (u - V)w has been alleged to play a neutral role in blow-up, however, Okamoto and
Ohkitani ([36]) showed that it too can play a more prominent role. Specifically, their study
of the generalized model (1.2.5) for A € (1/2,1) showed that solutions persist for all time,
whereas finite-time blow-up occurs if the convection term is removed. In summary, their
results suggest that the convection term plays a positive role in global existence. In this
sense, the study of regularity in solutions to the generalized equation (1.1.1)i), iii) may lead
to a better understanding of the roles played by the processes of convection and stretching

in the formation of spontaneous singularities.

Remark 1.2.11. The existence of blow-up solutions to the 3D incompressible Euler, or
Navier-Stokes, equations which arise from smooth initial data with finite kinetic energy is
one of the most important problems in the fields of analysis and mathematical fluid dynamics.
In fact, the 3D Navier-Stokes problem of existence and smoothness is considered one of the
seven Millennium Prize problems by the Clay Mathematics Institute. The corresponding 3D
Euler problem is, however, considered of far greater physical importance. Although these
regularity questions lie outside the scope of this dissertation, due to the unbounded domain
in stagnation point-form solutions!, equation (1.1.1)i), iii) for A = 1/2,1 is (particularly) of

great research interest given the complexity of the full Euler problem.

As a Model for High-Frequency Waves in Shallow Water

It is also worth noting that (1.1.1)i), iii) appears as the short-wave, or high-frequency, limit
of the so-called b equation ([27], [22], [19], [18])

my + umy + bmu, = 0, m=u— Uy, (1.2.12)

for (a,b) € R?. Equation (1.2.12) is a dispersive wave equation which includes as special
cases the Camassa-Holm (CH) equation if & = 1 and b = 2 ([5]), and the Degasperis-procesi
(DP) equation when oo = 1 and b = 3 ([17]). Both equations are bi-Hamiltonian (thus admit
an infinite number of conservation laws), are completely integrable via the inverse scattering

transform, and arise in the modeling of shallow water waves. The CH and DP equations

1See (1.2.7) above.



are appropriate for waves of medium amplitude and wave breaking phenomena can occur,
that is, solutions stay continuous and bounded, while their slope may become infinite in
finite-time.

The short-wave limit of (1.2.12) is achieved via the change of variables ' = et, ' = x /e,
u(x,t) = €u/(2',t'), and then letting ¢ — 0 in the resulting equation. In this sense, the
generalized inviscid Proudman-Johnson equation (1.1.1)i), iii) is the short-wave limit of

(1.2.12) for b=1— 2\ and a # 0.

1.2.2 Some Terminology

Before giving a brief summary of earlier results and outlining the objectives of this Disser-

tation, we introduce some terminology ([20], [26]).

e For p € [1,+0c] and k € NU {0}, LP(0,1) and W"?(0,1) denote the standard Banach

spaces. In addition, for a measurable function f(x,t):[0,1] x [0,7) — R we use

IFC O ooy = IF GO, LFC D lwraon = 1FC Dy
as notation for the corresponding norms:
(Jy 1/ ()P d v 1<p<+
o 0 xz, {E> ) =P 00,
GO o0.0) = (1.2.13)
esssup,ep |f (2, 1)] p =400
and
(Spe 10 0rds) ™. 1<p<s
- |k|<k Jo z, [E) ) ~p o0,
1 G llwrngo,n) = (1.2.14)
ngk €SS SUPzeo,1) |D"f(x, )], p = +00

where k = (K1, Ko, ..., k) is a multiindex of order |x| =Y . | k; and

o g

Drg= o .
9= a7 D

g.

Also, we use the standard notation H*(0,1) = W*?2(0,1), as well as H* for the dual
of HE.

e PC(0,1) is the space of piecewise constant functions on [0, 1].



e C*(0,1) for k € N U {0}, denotes the space of continuous functions on [0,1] with
continuous derivatives up to order k, whereas C* refers to the class of smooth func-
tions. Furthermore, for 7' > 0, C*([0,T); C?(0,1)) and similar notations are defined
straightforwardly.

e Let ¢ € R and f be a function defined on a bounded set D containing zy. If 0 < ¢ < 1,

we say that f is Holder continuous with exponent ¢ at x if the quantity

(1.2.15)

is finite. We call [f] , the g—Holder coefficient of f at zo with respect to D. Clearly,

q;T
if f is Holder continuous at zg, then f is continuous at xo. When (1.2.15) is finite for

q =1, f is said to be Lipschitz continuous at x.

e A subscript ‘R’ is used to signify zero mean, i.e. f(-,¢) € L3(0,1) implies

1
f(-,t) € L*(0,1), / f(z,t)dx =0 (1.2.16)
0
for as long as f is defined.

e For fixed spatial variable, f denotes differentiation with respect to time.

e The term “discrete blow-up” will apply to functions which diverge in time at a finite
number of points in its spatial domain, namely, there exists T € (0,400), n € N and

xp € 10,1, k =1,2,...,n such that f(z,t):[0,1] x [0,T) — R satisfies
ltlTIII} |f(zg, t)| = +o0 (1.2.17)

for each k. If (1.2.17) holds for every x € [0, 1], the term ’everywhere’ blow-up is used
instead. Furthermore, if f diverges to either 400 or —oo only, we say the blow-up is
“one-sided”. If instead, blow-up occurs simultaneously to +o0o and —oo, we call it a

“two-sided” blow-up.

Finally, we remark that all functions in this work are assumed to be real-valued.



1.2.3 Earlier Results

We begin this section by stating local-in-time existence Theorems for solutions to (1.1.1)-
(1.1.2) or (1.1.3). Then, a review of earlier finite-time blow-up, or global existence in time,

results is presented.

Local Existence

The following two Theorems concern the local-in-time existence of solutions to the periodic

or Dirichlet problem for (1.1.1).

Theorem 1.2.18. For any uj(z) € L*(0,1) there exists T > 0 and a unique solution to
(1.1.1)-(1.1.2) or (1.1.3) in the class

Usa(,t) € C°([0,T]; L*(0,1)) N C,, ([0, T); HH(0, 1)),

where the subscript w implies weak topology. In addition, if uj(x) € H™(0,1), with m € N,
then ug,(z,t) € C°([0,T]; H™(0,1)).

We remark that Okamoto and Zhu proved Theorem 1.2.18 in ([35]) by using a result from
Kato and Lai ([30]).
Now, in the context stagnation point-form solutions to the n dimensional incompressible

Euler equations (see section 1.2.1), we have the following result by Saxton and Tiglay ([40]):

Theorem 1.2.19. Suppose up(z) € C*(0,1) and A = -1 for n > 1. Then, there exists a
unique solution to (1.1.1), satisfying either (1.1.2) or (1.1.3), in the class

u(z,t) € C°([0,T); C*(0,1)) N CH([0,T); C°(0, 1)).
Additionally, the solution depends continuously on the initial data.

Earlier Regularity Results

For the Dirichlet boundary condition (1.1.3), the earliest blow-up results in the nonlocal case

1
I(t):—2/ wide, M=1
0

are due to Childress et al. ([9]), where the authors show that there are solutions which can

blow-up in finite-time?. Specifically, they attribute the finite-time blow-up to the infinite

2Recall from section 1.2.1 that for A = 1, (1.1.1)i), iii) models stagnation point-form solutions to the 2D
incompressible Euler equations.



domain and unbounded initial vorticity w(z,y,0), where w = V x u. Indeed, for velocity
fields (1.2.3), the vorticity’s only nonzero component is given by —yu,,. In proving that
breakdown can occur, the authors employed both Lagrangian and Eulerian type methods to
construct blow-up solutions. Their first Lagrangian method led to a “breakdown by example”
type of proof where, starting from a choice of smooth initial data, a closed-form formula for u,
was derived and shown to diverge in finite-time at the boundary. In their second Lagrangian
argument, more or less related to the first, the authors transformed (1.1.1)i), iii) into a

Liouville-type equation, while, in their third method, they used the separation of variables

u(z,t) = Hz)

+— into (1.1.1)i), iii) to derive an ordinary differential equation for F'(x), which

they then showed had a nontrivial solution. In this last case, however, the ODE places
restrictions on the regularity of the initial data.
The above results apply to Dirichlet boundary conditions (1.1.3). For spatially periodic

solutions, the following holds:

o If A € [~1/2,0) and uo(z) € W*(0,1), u, remains bounded in the L? norm but blows
up in the L* norm ([38]).

o If A\ € [-1,0), up(x) € HZ(0,1), s > 3 and wu( is not constant, then ||u,|| blows up
([42]). Similarly if A € (=2, —1) as long as

inf {uj(z)} + sup {uy(z)} <O. (1.2.20)

xE[O,l] $€[0,1}

o If A < —1/2, |Ju,||, blows up in finite-time as long as ([35])

/1 (up(z))3dx < 0. (1.2.21)

e If A = oo, there is blow-up iff the Lebesgue measure

' {x € 0.1] + ufe) = max uo(y)} ' < %

1

o If A €[0,1/2) and uj(x) € Ly **(0, 1), u exists globally in time. Similarly, for A = 1/2
as long as ug(x) € W™(0,1) ([38], [40]).

e If A€ [1/2,1) and u/(z) € Lg" (0, 1), u exists globally in time ([38]).

We will return to these results in future sections. For the time being, the reader may refer
to [9], [35], [40], [38], [42] and [12] for details.



1.2.4 Objectives and Outline of the Dissertation

In this section, some of the regularity questions that will serve as a guide for the development

of this work are discussed. Then, a general outline of the Dissertation is provided.

Objectives

The main purpose of this work is to provide further insight on how solutions to (1.1.1)-
(1.1.2) or (1.1.3) blow up for parameters A < 0 as well as to study their regularity, under
differing assumptions on the initial data ug(z), when A > 0. For any A € R, regularity
will be examined using LP(0,1) Banach spaces for p € [1,+00]. To do so, we employ a
direct approach which involves the derivation of representation formulae for solutions along
characteristics. Moreover, several classes of initial data will be considered. For the time

being, we simply note that these include:
e Smooth initial data with zero or nonzero mean in [0, 1].

e Initial data with either wy or uj in PCg(0,1) or PC(0,1), the family of piecewise

constant functions.

e A class of initial data with arbitrary curvature near particular locations in the domain,

and for which u( is bounded and, at least, continuous almost everywhere.

Next, we discuss the main regularity issues, and other aspects related to the problem, that

will considered in this Dissertation.

e Regularity for parameters A > 1; a case that has remained open until now for any set

of boundary conditions.

e In the cases where spontaneous singularities form, we examine detailed features of
L*>(0,1) blow-up for any A € R:
1. Is it a discrete type of blow-up or an everywhere blow-up?
2. Is the blow-up one-sided or two-sided?

3. Relative to the data class, is there a threshold parameter value A\, € R separating

solutions which blow-up in finite-time from those that persist globally in time?

4. Parameters A > 0 versus A < 0.

10



5. Periodic versus Dirichlet boundary conditions.
e Further LP(0, 1) regularity of u, for p € [1,400):

1. Is there a correspondence between qualitative properties of L* blow-up and L?

regularity of solutions?

2. Study of the energy-related quantities E(t) = ||u (-, t)||> and E(t).

e A special emphasis will be given to finite-time blow-up, or global existence in time, in
stagnation point-form solutions to the two (A = 1) and three (A = 1/2) dimensional

incompressible Euler equations.

Organization

For convenience of the reader, in section 1.2.5 we follow an argument in [40] to show how
equation (1.1.1)i), iii) can be derived from the n dimensional incompressible Euler equations
for certain values of the parameter A\. Then, in Chapter 2, representation formulae for u(z, t)
and u,(z,t) along characteristics, as well as other important related quantities, are derived.
This is done by rewriting (1.1.1)i), iii) as a second-order linear ODE in terms of the jacobian
of the transformation and then using periodic or Dirichlet boundary conditions to solve the
simpler, reformulated problem. With the formulae at hand, Chapter 3 is concerned with
the study of L regularity of u, for p € [1,400], A € R and several classes of initial data.
Particularly, the regularity issues discussed in section 1.2.4 above are addressed. Lastly, the

reader may refer to Chapter 4 for specific examples.

1.2.5 Derivation of the Equation

In this section, we follow an argument used by Saxton and Tiglay ([40]) to derive equation
(1.1.1)i), iii) from the n dimensional incompressible Euler equations.
Using the ansatz (1.2.7) on (1.2.6)i) yields the following system of n equations:

(@, 8) + u(z, ug(z, 1) = —po(z, @', 1), (1.2.22)

Ut (2, 1) + w(@, ) ugy (T, 1) — Mg (2, 8)? = 5pa, (@, @', 1) — Li(2,1),

where x; # 0 for ¢ = 2,3, ...n, the functions [; are yet to be determined and A\ = ﬁ, since

V-u=0.

11



Now, because u is independent of &’ = (x5, ..., x3), we apply the operator V' = (0,,, ..., Os,)
to equation (1.2.22)i) and find that
V'p, =0.

As a result, taking 0, of (1.2.22)ii) implies that every I; depends only on time. Suppose u
satisfies either (1.1.2) or (1.1.3). Then, applying fol dx to (1.2.22)ii) and integrating by parts
yields

1
Lt)=—-(1+ )\)/ uy(z,t)*dw, =23, .. n.
0

Substituting the above into (1.2.22)ii) implies (1.1.1)i), iii).
Remark 1.2.23. Suppose the scalar pressure p is periodic in the variable z, i.e.
p(()? w’? t) = p(17 w’? t)'
Then, integrating (1.2.22)i) in = and using either (1.1.2) or (1.1.3) implies that
1 1
/ u(z,t)de = / up(z) dz. (1.2.24)
0 0

We remark that in the periodic setting (1.1.2), the ‘conservation in mean’ condition (1.2.24)
is needed in section 2.2.2 to uniquely determine a representation formula for v along char-

acteristics.
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Chapter 2

The General Solution

For as long as solutions exist, define the characteristics, y(«, t), as the solution to the initial
value problem

(o, t) = u(y(a, t), 1), v(a,0) = a € [0, 1]. (2.0.1)

Then

Fala, t) = up(y(a, t),t) - vala, t). (2.0.2)

For A\ # 0, our first objective will be to derive a representation formula for wu,(v(«,t),1)
satisfying

%(ux(’y(ai)’t)) — Mg (y(a 1), 1) = 1(1), (2.0.3)

which is simply (1.1.1)i) along characteristics. The case A = 0 is considered separately in

appendix A.

2.1 The Representation Formula for wu,(v(«,t),t)

Using (1.1.1)i) and (2.0.2),

;)‘/a:(uwt—i_uuxx)ofy'fya—i_(uxof)/)‘;Yoé
:(umt—l—uuzx)o’y'/)/a—f_uiofy'/ya

— (At 1) <u§oy—/01uidx> e (2.1.1)
=00 (Gt = [ )
For I(t) = —(A+1) [ u2dx and \ € R\{0}, then

[(t) _ Yo * Vo — (/\ + 1) ) 73 . _’705\ ) (707/\)“ (2'1.2)

72 A
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and so

(Y2 AN () = 0. (2.1.3)
Setting
w(o,t) = va(a, t)™ (2.1.4)
yields
B(a,t) + M (Hw(a, t) = 0, (2.1.5)

an ordinary differential equation parametrized by a. Suppose we have two linearly indepen-
dent solutions ¢;(t) and ¢o(t) to (2.1.5), satisfying ¢1(0) = ¢(0) = 1, $1(0) = ¢2(0) = 0.
Then by Abel’s formula, W (¢ (), ¢2(t)) = 1, t > 0, where W(g, h) denotes the wronskian of
g and h. We look for solutions of (2.1.5), satisfying appropriate initial data, of the form

wlat) = c1(@)ér(t) + ea(@)alt), (2.1.6)

where reduction of order allows us to write ¢o(t) in terms of ¢4(t) as

b ods
Ga(t) = P (t —.
=00 | 56
Since v, (e, 0) = land w = —Mya M, by (2.1.4), then w(er,0) = 1 and w(a, 0) = —Aug (),

from which ¢;(a) and cp(«) are obtained. Combining these results reduces (2.1.6) to

/ _ [ ds
wla,t) = oo (t) (1= An(t)up(a)), — n(t) = R (2.1.7)
Now, (2.1.4) and (2.1.7)i) imply
Ya(0, 1) = (02(H)T (0, 1) 7% (218)
where
J(a,t) =1 = Mn(t)ug(a), J(a,0) = 1. (2.1.9)

Suppose u satisfies the periodic boundary condition (1.1.2). Then, using the result on unique-

ness and existence of solutions to ODE, (2.0.1) and periodicity of u requires

Y+ 1,t) —y(a,t) =1 (2.1.10)
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for as long as u is defined. On the other hand, if u satisfies Dirichlet boundary conditions
(1.1.3), then
70,t) =0, ~(1,t)=1 (2.1.11)

must hold instead. Either way, the jacobian 7, has mean one in [0, 1]. As a result, spatially

integrating (2.1.8) yields

A
U da
£ = e ) 2.1.12
(1) (/ j(mw) (2.1.12)
and so, if we set
1 - ! do
(@) J(a, t)+> ) /0 J(a, t)> ( )

for i € NU {0}, we can write 7, in the form
Yo = Ko/Ko. (2.1.14)
Therefore, using (2.0.2) and (2.1.14), we obtain
ua(Y(e,1),1) = Jalar, t)/7a(e, ) = (In(Ko/Ko)) - (2.1.15)
In addition, differentiating (2.1.7)ii) and using (2.1.12) and (2.1.13)ii), yields
n(t) =Ko(t) —  n(0) =0, (2.1.16)

which upon integration gives

" 1 da 2
_ ) 2.1.17
tn) = | (/ = Wa(a))k) ’ (2.1.17)

From (2.1.17), it follows that finite-time blow-up of u,(y(«,t),t) will depend, in part, upon

the existence of a finite, positive limit

. . p 2)
t. = lim / a - du (2.1.18)
i« Jo o (1 —Apuy(a))>

for n, € RT to be defined. In an effort to simplify the arguments in future sections, we note

that (2.1.15) can be rewritten in a slightly more useful form. The result is the representation

formula

(2.1.19)



This is derived as follows. From (2.1.13) and (2.1.15),

u:p(’Y(Oé,t);t) = 150(175)” (}L%éjéz) _ lcol(t)/o ug((X)]Cl(Oc,t)da) . (2.1.2())
However |
uple) 1 1
J(a,t)  An(t) <j(a7t) - 1) v (2.1.21)

by (2.1.9), and so 1 ~ B
/0 ug () Ky (o, t)do = %@I)C()(t)

Substituting (2.1.21) and (2.1.22) into (2.1.20) yields (2.1.19).
Now, assuming sufficient smoothness, we may use (2.1.14) and (2.1.19) to obtain ([40], [42])

(2.1.22)

o ((, 1), 1) = (@) (al, ). (2.1.23)

Equation (2.1.23) implies that as long as a solution exists it will maintain its initial concavity
profile. Also, since the exponent above changes sign through A = 1/2, blow-up implies,
relative to the value of A, either vanishing or divergence of the jacobian. More explicitly,

(2.1.14) and (2.1.23) yield

1-2X
vyt 1) = @) (1 da 2.1.24
(e 00) = (/ ﬂa,t);) . (2:1.24)

Remark 2.1.25. Since n(0) = 0 and K;(0) = 1, setting ¢ = 0 into (2.1.19) yields an

expression of the form 0/0. The desired result, namely ug (), follows by L’Hopital’s rule.

Remark 2.1.26. Notice that either (2.1.20) or (2.1.19) imply that, for as long as solutions

exist,

U;I;(’Y(Ckl,t),t) = ux(’Y(OCQ,t),t) = U6(Oél) = UB(O{Q) (2127)

for A € R and ay,as € [0,1]. This clearly agrees with the periodic boundary conditions
(1.1.2), whereas, in the Dirichlet setting (1.1.3), (2.1.11) and (2.1.27) give

ug(0,8) = ug(1,t) < uy(0) = ugy(1).

Remark 2.1.28. The representation formula (2.1.20) for A = 1 (stagnation point-form
solutions (1.2.3) to the 2D incompressible Euler equations) resembles a lower-dimensional

analogue to the vertical component of an infinite energy, periodic class of solutions derived by
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Constantin ([14]) for the corresponding 3D Euler problem. For u(z,y,t) = (ui(z,y,t), us(z,y,t))

and V - u = d,uq + Oyus, he considered the ansatz

U(l’ayu%t) = (ul(‘ray7t)7u2(x7y7t)7zv<x7y7t))

on an infinite 2D channel (z,y,z) € [0, L]> x R. Using the above yields, as the vertical

component of the 3D Euler system, the equation

OV ) + (ur, 1) - V(V - ) — (V / / (V - w)2dady,
a higher dimensional analogue to (1.1.1)i), iii) (with A = 1).

Next, we show that even though formula (2.1.19) holds for either periodic or Dirichlet

boundary conditions, this is, generally, not the case for u(vy(«a,t),1t).

2.2 The Representation Formula for u(y(a,t),t)

By using the results from section 2.1, we now derive an expression for u(y(a,t),t). In section
2.2.1, we look at the case of Dirichlet boundary conditions (1.1.3) for which a straight forward
derivation follows. Then, in section 2.2.2 we examine the periodic setting (1.1.2). In this
case, we find that additional information on w and/or the data is required to completely
determine a representation formula.

2.2.1 Dirichlet Boundary conditions

Integrating (2.1.14) in « and using (2.1.11)i) and (2.1.13), we find that the characteristics,

v, are given by

(e, t) = Ko(t)™ /Oa Ko(y,t) dy. (2.2.1)

Now, from (2.1.9) and (2.1.18) there is a time interval [0,¢.), 0 < ¢, < oo such that
J(a,t) >0 for all @ € [0,1].> Therefore, (2.0.1), (2.1.16) and (2.2.1) yield

u(y(a,1),t) =

alt) "™ (Kot [ sbat ity [ Katos vy [ (@)K, tia).

3See (3.0.6) for a formal definition of 7, € RY.
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for t € [0,¢.). The above formula may, in turn, be written in a slightly more useful form by

using (2.1.21) and (2.1.22). The resulting expression is

B /60 (t)—2(1+/\)

ur(ont).) = =0 (Ko(t) / " Ky, Oy — K (1) / ) ICO(y,t)dy). (2.2.9)

0 0
2.2.2 Periodic Boundary conditions

Next, suppose u satisfies the periodic boundary conditions (1.1.2). Integrating (2.1.14) now

leads to

0.0) =100+ Kol0) ! [ Kaly.t)dy (2.23)
0
Then, (2.0.1) yields

Ko(t)
An(t)

where the time-dependent function §(0,¢) satisfies

u(’y(av t)7t) = ;Y(Oat) +

(/CO(t) / " Ky )y — K (1) / ) Ko(y,t)dy), (2.2.4)

0 0

;Y(O’t) = u(V(O’ t)>t)’ 7(0a t) = ’Y(Lt) —1

by (2.0.1) and (2.1.10). Below, we determine (0, ¢) in two different ways. The first relies on
assumptions on the data’s symmetry, while the second pertains to the incompressible fluid

case and uses the conservation in mean condition (1.2.24).

Odd Initial Data.

Under periodic boundary conditions, suppose the initial data ug(x) is odd about the midpoint
x = 1/2. Then up(0) = up(1l) = 0, by periodicity. Now, it is easy to see that (1.1.1)i), iii)
is invariant under the transformation u(z,t) = —u(—z,t). This implies that if ug(x) is odd,
then u(z,t) will remain odd for as long as it exists. As a result u(0,¢) = u(1,t) = 0, and
so (2.1.11) holds from uniqueness of solution to (2.0.1). Particularly, this last observation
implies 7(0,¢) = 0, so that (2.2.4) reduces to (2.2.2). To summarize, if the initial data ug(z)
is odd about the midpoint x = 1/2 and A # 0, representation formulae for the characteristics

and solutions u(vy(a,t),t) to (1.1.1)-(1.1.2) are given by (2.2.1) and (2.2.2), respectively.

n Dimensional Incompressible Euler Flow.

Recall from section 1.2.5 that for A = —=, n > 2, equation (1.1.1)i), iii) models stagnation

point-form solutions (1.2.7) to the n dimensional incompressible Euler equations (1.2.6).
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Furthermore, for a scalar pressure term that is periodic in the x variable, the conservation

in mean condition (1.2.24) holds. Assume periodic boundary conditions. Since

/O1 up(v) dr = /01 u(z,t)de = /01 u(y(a, t), t)yala, t) do, (2.2.5)

we multiply (2.2.4) by the mean-one function 7, in (2.1.14), integrate in «, and use the

/o1 Kol ) /Oa Koy, t)dy do = 1/01 % (/Oa /Co<y,t)dy)2da _ ’Cogt)2

to obtain

1 o 204N 1 o
4(0,t) :/o uo(a)doz—l—lco(;;(t) (/Co(t)2lC1(t) _/o Ko(a,t)/o Kl(y,t)dyda). (2.2.6)

Substituting the above back into (2.2.4) yields

identity

\)

1 — —2(1+)) — o
(e 0.0) = [ wfadaa+ S (FOEE k) [0y )

_ Ko(t) ™™
An(t)

Lastly, since v(0,0) = 0, we may integrate (2.2.6) in time and use (2.2.3) to obtain an

(Iﬁl(t) /Oa Ko(y, t)dy + /Olng(a,t) /Oa Kl(y,t)dyda) : e

expression for the characteristics v(a, ).

Remark 2.2.8. If the data is not odd or A\ # ﬁ, n > 2, it is generally assumed that u has
zero mean. In that case, expressions for v and u(y(«,t),t) can be obtained from the above

formulas simply by setting fol ug(a)da = 0.

Remark 2.2.9. For the remainder of this Dissertation, solutions to (1.1.1)-(1.1.2) are as-

sumed to have zero mean.
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Chapter 3

Global Estimates and Blow-up

In this chapter, we examine finite-time blow-up, or global existence in time, of solutions to
the initial value problem (1.1.1) arising out of several classes of initial data and satisfying
either periodic (1.1.2) or Dirichlet boundary conditions (1.1.3). Before discussing the classes
of initial data to be considered, first, we make some definitions and introduce some of the
tools and auxiliary results that will aid us in the study of blow-up.

As mentioned at the end of section 2.1, finite-time blow-up of (2.1.19) will depend, in

part, upon the existence of a finite, positive limit

. . p 2)
t, = lim / a : dp (3.0.1)
e Jo o (1—Auuy(a))x

for 7, > 0 to be defined. Let us suppose a solution u(z,t) exists on an interval ¢ € [0, )

0 < t, < +o00. Define

M(t) = il[lopl]{ux(v(&,t),t)}, M(0) = My, (3.0.2)
and
m(t) = aie%f,u{“mm’ t),0)Y,  m(0) =mo. (3.0.3)

Then, it follows from the representation formula (2.1.19) (see appendix C) that
M(t) = ug(v(@, 1), 1) (3.0.4)

and

m(t) = ux(w(gjvt)vt% (305)



where @;, i = 1,2,...,m and a;, j = 1,2,..,n denote the finite (or infinite) number of
locations in [0, 1] where uy(«) attains its greatest and least values My > 0 > my, respectively.

Let

< A >0,

ne = ¢ M (3.0.6)
=, A <0,
mo

then as 7 1 7., the space-dependent term in (2.1.19) will diverge for certain choices of a and

not at all for others. Specifically, for A > 0, J(«,t)~! blows up earliest as n 1 7. at a = @,

since
1
J@,t) ' =1 - Mt)My)™" = 400 as ntn. = :
AM
Similarly for A <0, J(a,t)~" diverges first at a = a; and
1
Ja;,t) ™ = (1= M(t)mo) ™ — +o0 as nTn =-——.
/\mo

However, blow-up of (2.1.19) does not necessarily follow from this; we will need to estimate

the behaviour of the time-dependent integrals

_ 1 do _ 1 da
Rolt) = / T Ka(t) = / T

as 7 T 7. To this end, in some of the proofs we find convenient the use of the Gauss
hypergeometric series? ([2], [21], [25])
oF [a,b;c; 2] = Z k! 2* |z| <1 (3.0.7)
k=0 oL
for ¢ ¢ Z— U {0} and where (), denotes the Pochhammer symbol

1, k=0
() = (3.0.8)

r(x+1)..(x+k—1), keZt.
Also, we will make use of the following results ([21], [25]):

Lemma 3.0.9. Suppose |arg(—z)| < 7 and a,b,c,a — b & Z, then the analytic continuation
for |z| > 1 of the series (3.0.7) is given by
L(c)T(a—b)(—=2) " Fi[b,1+b—c;1+b—a; 27}
[(a)T'(c —b)
L()T(b—a)(—2)"%Fila,1+a—cl+a—b;z71
ro)r(c—a)

where T'(+) denotes the standard gamma function.

2F1 [CL, bu & Z] =

(3.0.10)
+

4See appendix B for convergence results on (3.0.7).
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Lemma 3.0.11. Suppose b <2, 0 < |58 — o] <1 and € > Cy for some Cy > 0. Then

1 d I 1 ColB— Bl _

E@ ((ﬁ—ﬂo)gFl |:5,b,1+5,—f = (€+Co|ﬂ—60|q) b (3012)
forall g >0 and b # 1/q.
Proof. See appendix B. n

Our study of finite-time blow-up begins in section 3.1 where a family of smooth data

with ug'(a) # 0 in a neighbourhood of @; and/or a; is considered. Then, in section 3.2, u;
in the class of piecewise constant functions is studied. Finally, section 3.3 is concerned with
a large class of functions where ug(a) is, at least, C'(0,1) a.e. and has arbitrary curvature

near @; and/or a;.

3.1 A Class of Smooth Initial Data

In this section, we study finite-time blow-up of solutions to (1.1.1)-(1.1.2) or (1.1.3) which
arise from a class of smooth initial data uy(a) € C(0,1) or C*°(0,1). More particularly,
for parameters A > 0, we assume that the smooth, mean-zero function uj(«) attains its
greatest value My > 0 at, at most, finitely many locations @; € [0,1] and that, near these

locations, ug () # 0. Similarly, when A < 0, we suppose that its least value, my < 0, occurs

at a discrete set of points a; € [0,1] and ug'(a) # 0 in a neighbourhood of every a;. One
possibility for admitting infinitely many @; and/or a; will be considered in section 3.2 for
up(a) € PCgr(0,1), the class of piecewise constant functions. Moreover, the cases where
ug' (a), or higher derivatives, vanish near the locations in question is studied at the end of
section 3.3.3. Below, is a summary of the results we will establish in this section. The case

A = 0 is treated separately in appendix A.

Theorem 3.1.1. Consider the initial boundary value problem (1.1.1)-(1.1.2) or (1.1.3) for
the generalized, inviscid, Proudman-Johnson equation. There exist smooth initial data such

that:

1. For X € [0, 1], solutions ezist globally in time. Particularly, these vanish ast 1 t, = 400
for X € (0,1) but converge to a nontrivial steady-state if X = 1.

2. For \ € (—o0,—2] U (1,400), there exists a finite t. > 0 such that both the maximum

M (t) and the minimum m(t) diverge to 400 and respectively to —oo ast 1 t.. Moreover,

if a & {ai, o}, gy, Jug(v(a,t),t)| = +oo (two-sided, everywhere blow-up).
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3. For X\ € (—2,0), there is a finite t. > 0 such that only the minimum diverges, m(t) —

—00, as t T t, (one-sided, discrete blow-up).

4. For A < 0, suppose only Dirichlet boundary conditions (1.1.8) are considered and/or
up(a) is odd about the midpoint o = 1/2. Then, for every a; € [0,1] there exists a
unique z; € [0,1] given by

x; = ] - (3.1.2)

such that limy, u,(z;,t) = —oo.

The next two results examine the behaviour, as t 1 t,, of two quantities, the jacobian
Yo, t) (see (2.1.14)), and the LP norm
1/p

a0l = ([ et 0Pt da) L peliise, 019

with particular emphasis given to the energy function
2
E(t) = [ua(- )]l5-

Remark 3.1.4. Corollary 3.1.5 and Theorem 3.1.7 below describe pointwise behaviour and
LP regularity of solutions as t 1 t, where, for A € (—o0,0) U (1, +00), t. > 0 refers to the
finite L*° blow-up time for u, in Theorem 3.1.1, otherwise the description is asymptotic, for

t1t, =+4o0.

Corollary 3.1.5. Let u(z,t) in Theorem 3.1.1 be a solution to the initial boundary value

problem (1.1.1)-(1.1.2) or (1.1.3) defined for t € [0,t.). Then

¢

+00, a = q;, A>0,
0, a # @y, A€ (0,2],
ltiézl’ya(a,t) =<C, a # @, A>2 (3.1.6)
0, a=q;, A <0,
L C, a# a;, A<0

where the positive constants C' depend on the choice of A and .
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Table 3.1: Energy Estimates and LP Regularity as t 1 t.

A E(t) E(t) Uy

(=00, —2] +00 +00 ¢LP p>1
(—2,—2/3] +00 +00 €L ¢ L?
(—2/3,-1/2) Bounded | 400 elL? ¢ L3
—1/2 Constant 0 elL? ¢L?
(—1/2,—-2/5] Bounded —00 eL? ¢L?

(—ﬁ, 0) ,» >3 | Bounded | Bounded eLr

_—ﬁ, —% ,p > 6 | Bounded | Bounded ¢ LP

0,1] Bounded | Bounded € L>
(1,400) +00 +00 ¢ L p>1

Theorem 3.1.7. Let u(xz,t) in Theorem 3.1.1 be a solution to the initial boundary value

problem (1.1.1)-(1.1.2) or (1.1.8) defined for t € [0,t.). It holds
1. Forp>1 and A € [0,1], |lug|, exists for all time.

2. Forp>1 and 1%2;) < A< 1, limygy,

Uy |, < +o0.

3. Forp € (1,400) and X € (—oo, —=2/p] U (1, +00), limyp,

Uy ||, = +o0.

4. The energy E(t) = ||u.||5 diverges as t 1 t. if A € (—o0, —2/3] U (1, +00) but remains
finite for t € [0,t,] when \ € (—2/3,0). Moreover, E(t) blows up to 400 ast 1 t, if
A € (=00, —1/2) U (1,+00) and E(t) = 0 for A = —1/2; whereas, limyy, B(t) = —oo
when A € (—1/2,—2/5] but remains bounded, for allt € [0,t.], if » € (—2/5,0).

See Table 3.1 for a summary of the results mentioned in Theorem 3.1.7. Theorem 3.1.1
and Corollary 3.1.5 are proved in sections 3.1.1, 3.1.2 and 3.1.3, whereas Theorem 3.1.7 is
established in section 3.1.4.

3.1.1 Global estimates for A € [0,1] and blow-up for A > 1

In this section, we establish finite-time blow-up of u, in the L norm for A > 1. In fact,
we will find that blow-up is two-sided and occurs everywhere in the domain, an event we

will refer to as “two-sided, everywhere blow-up.” In contrast, for parameters A € [0, 1], we
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show that solutions persist globally in time. More particularly, these vanish as t — +o0 for
A € (0,1) but converge to a non-trivial steady-state if A = 1. Finally, the behaviour of the
jacobian (2.1.14) is also studied. We refer to appendix A for the case A = 0.

Theorem 3.1.8. Consider the initial boundary value problem (1.1.1)-(1.1.2) or (1.1.3).

There exist smooth initial data such that:

1. For X € (0,1], solutions persist globally in time. Particularly, these vanish ast 1 t, =
+oo for A € (0,1) but converge to a nontrivial steady-state if A = 1.

2. For X\ > 1, there exists a finite t. > 0 such that both the mazimum M (t) and the mini-
mum m(t) diverge to +o00 and respectively to —oo ast 1 t.. Moreover, limy, u,(y(a, t),t)

—oo for a ¢ {@;, a;} (two-sided, everywhere blow-up).

Finally, for t. as above, the jacobian (2.1.14) satisfies

+007 o = a’i) A> 07
lim ya (e, £) = 4 0, a # @, A€ (0,2], (3.1.9)
C, « % a;, A>2

where the positive constants C' depend on the choice of X and o # @.

Proof. For simplicity, assume My > 0 is attained at a single location® @ € (0, 1). We consider

the case where, near @, uj(«) has non-vanishing second order derivative, so that, locally
up(a) ~ My + Cy(a — @)?
for0<|a—a| <s,0<s<1landC;=uy(@)/2<0. Then, for e >0
e —up(a) + My ~ € — Cy(a — @) (3.1.10)

Global existence for \ € (0, 1]

By (3.1.10) above and the change of variables o = iy tanf + @, we have that
ats do 2 x 3 o( 1
~ cos(9))*( b 3.1.11
/a—s (e—Cia—a)?)x V-C -z (cos(6)) ( )

°The case of a finite number of @; € [0,1] follows similarly.
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for e > 0 small and A € (0,1]. But from properties of the gamma function (see for instance

[24]), the identity

! L(p)T
0 I'(p+q)
holds for all p,q > 0. Therefore, setting p = %, q= % — % and t = sin? into (3.1.12) gives
3 r(i_—1
/ " (cos(9))2G1 g = %
—3 By

which we use, along with (3.1.10) and (3.1.11), to obtain

1 11
d I'(y —5
/ < G i ) [CT a4 (3.1.13)
o (e —ug(e) + Mo)> r'(5) 1
Consequently, setting € = %7 — My into (3.1.13) yields
Ko(t) ~ Cs T (@, t)2 > (3.1.14)

for n, —n > 0 small, J(a,t) =1 — An(t) My, n. = /\LMO and positive constants Cj given by

U(5—3) [ 7My

0y = - . _ (3.1.15)
L (3) Gy
Similarly,
a+s T 1 1 1,1
/ da _ (3 + ?) [T —(5+3) (3.1.16)
_ (E_Cl<a_a>2)1+X F(l—l—x) Cy
so that
_ C

J (@ t)z*x
for A € (0,1] and positive constants C, determined by

F(l—i-l) M,
Cy=—2"x [ 7770 3.1.18
CraspVa S

Using (3.1.14) and (3.1.17) with (2.1.19) implies
e (v(e 1), 1) ~ C)H <j @t _ %) (3.1.19)

for 7. —n > 0 small. But ([24])

Ly +1)=yI(y), y € RY,
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so that

c, I

Gy T+

) T

1
A

>4|H >|=

g _( g 1— % €[1/2,1) (3.1.20)
4

for A € (0,1]. Then, by (3.1.19), (3.0.4)i) and the definition of M,

>4|’—‘ wl»—l

M(t) = 0%, a=a,

uz(y(a,t),t) — 07, a #

(3.1.21)

Ql

asn T n, for all A € (0,1). For the threshold parameter A, = 1, we keep track of the positive
constant C prior to (3.1.19) and find that, for o = @,

u///(a)
M(t) — ——2 1.22
()~ ~ 5 >0 (31.22)
asn T MLO, whereas
)
uz(y(a, t),t) — (2m)? <0 (3.1.23)
for a # @. Finally, from (2.1.16)
dt = Ko(t)*dn, (3.1.24)
then (3.1.14) implies
M
m—th/ (1 — Auho)™2dp. (3.1.25)
U

As a result, t, = +oo for all A € (0, 1]. See §4.1.1 for examples.
Two-sided, everywhere blow-up for A € (1, +00)
For A € (1,+00)\{2}, set b = 1 and ¢ = 2 in Lemma 3.0.11 to obtain

a+s 11 2
/ da — 2sex o F {—,—; §; S—Cl} (3.1.26)
as (e—Ci(a—a)?)x 2202 e

where the above series is defined by (3.0.7) as long as ¢ > —C} > —s?C; > 0, namely
-1 < 52% < 0. However, we are ultimately interested in the behaviour of (3.1.26) for
€ > (0 arbitrarily small, so that, eventually 52% < —1. To achieve this transition of the series
argument across —1 in a well-defined, continuous fashion, we use Lemma 3.0.9 which provides

us with the analytic continuation of the series in (3.1.26) from argument values inside the
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unit circle, particularly —1 < 52% < 0, to those found outside, and thus for 52% < —1.
Consequently, for € small enough so that —s*C; > € > 0, proposition 3.0.9 implies
1 113 8201 1 1 1_1 C

28 A oF = == — | =CT (=== )ez >+ —— 3.1.27

S€ 2 1|:27)\727 B ‘| (>\ 2) €2 + +w(€) ( )
for () = o(1) as € — 0 and positive constant C' which may depend on A and can be
obtained explicitly from (3.0.10). Then, substituting ¢ = /\in — M, into (3.1.27) and using
(3.1.10) along with (3.1.26), yields

[SIE

2 CsJ(@,t)2=x, e (1,2),
C, A€ (2,400)

(3.1.28)

for n. —n > 0 small and positive constants C3 given by (3.1.15) for A € (1,2). Similarly,
by following an identical argument, with b = 1 4 % instead, we find that estimate (3.1.17),
derived initially for A € (0, 1], holds for A € (1, +00) as well. First suppose A € (1,2), then
(2.1.19), (3.1.17) and (3.1.28)i) imply estimate (3.1.19). However, by (3.1.20) we now have

for A € (1,2). As a result, setting & = @ in (3.1.19), we obtain

M(t) ~ ——— 1.
(1) (@ i — 400 (3.1.29)
as 1 T n.. On the other hand, if o # @, the definition of M, gives
uz(y(a,t),t) —L%—oo (3.1.30)
z\7Y sy V) j(a, t))‘fl . ..

The existence of a finite ¢, > 0 follows from (3.1.24) and (3.1.28)i), which imply

ty, —t~C(n. —n) L (3.1.31)

For A € (2,+00), we use (2.1.19), (3.1.17) and (3.1.28)ii) to get

C j(@, t) S
uz(y(a, t),t) ~ TG0 (j(a,t) —CJ(a,t) ) : (3.1.32)
Then, setting & = @ in (3.1.32), we obtain
M)~ =S sy 3.1.33
TG0 00 (3.1.33)
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as 1 T .. Similarly, for o # @,

C

A finite blow-up time ¢, > 0 follows from (3.1.24) and (3.1.28)ii), which yield
te —t~C(n.—n).

For the case A =2 and n, —n = ﬁ — 1 > 0 small, we have

Ko(t) ~ —Cn (J(@,1)), Kalt) ~ - (g 5

(3.1.35)

Two-sided blow-up for A = 2 then follows from (2.1.19), (3.1.24) and (3.1.35). Finally, the
behaviour of the jacobian in (3.1.9) is deduced from (2.1.14) and the estimates (3.1.14),
(3.1.28) and (3.1.35). See section 4.1.1 for examples. O

Remark 3.1.36. As discussed in section 1.2.3, several methods were used in [9] to show that
there are stagnation point-form blow-up solutions to the 2D incompressible Euler equations
(A = 1) under Dirichlet boundary conditions. We remark that these do not conflict with our
global result in part 1 of Theorem 3.1.8 as long as the data is smooth and, under certain
circumstances, its local behaviour near the endpoints o = {0, 1} allows for a smooth, periodic
extension of u( to all & € R. We will return to this issue in section 3.3. Also in that section,
we will show that if uj behaves linearly, instead of quadratically, near @; then finite-time
blow-up occurs for all A > 1/2, whereas, global existence in time follows if A € [0,1/2]. In
particular, this will provide us with blow-up criteria for the 2D Euler case and allow for a
better understanding of the role played by the corresponding set of boundary conditions in

the breakdown of solutions that arise from smooth data.

3.1.2 Blow-up for A < —1

Theorem 3.1.37 below proves the existence of smooth data and a finite ¢, > 0 such that wu,
undergoes a two-sided, everywhere blow-up for A < —2. If instead A € (=2, —1), we show
that only the minimum diverges, m(t) — —oo, at a finite number of locations in the domain.

We will refer to this last type of blow-up as “one-sided, discrete blow-up”.
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Theorem 3.1.37. Consider the initial boundary value problem (1.1.1)-(1.1.2) or (1.1.3).

There exist smooth initial data such that:

1. For A < =2, there is a finite t. > 0 such that both the mazimum M (t) and the minimum
m(t) diverge to 400 and respectively to —oo as t T t,. Also, limyy, u,(y(a, t),t) = +00

for a & {@;, a;} (two-sided, everywhere blow-up).

2. For A € (—2,—1), there ezists a finite t, > 0 such that only the minimum diverges,

m(t) = —o0, as t 1 t, (one-sided, discrete blow-up).

3. For A < —1, suppose only Dirichlet boundary conditions are considered and/or ugy is
odd about the midpoint. Then, for every a; € [0,1] there exists a unique x; € 0, 1]
given by (5.1.2) such that limyy, u(x;,t) = —00.

Finally, for A < —1 and t, > 0 as above, the jacobian (2.1.14) satisfies

07 o= a,,
lim v, (a,t) = ’ (3.1.38)
Tt 07 Q # Q]

where the positive constants C' depend on the choice of X and a # ;.

Proof. For A < —1 and

smoothness of uj implies that

Kolt) = [ Jlat)Fda,  Ko(0) = 1

remains finite, and positive, for all n € [0,7.]. Indeed, suppose there is an earliest t; > 0

such that n; = n(t;) > 0 and

Since




As a result, Ko(t;) = 0 implies the existence of at least one [0,1] 3 o # a; where uj(a”) =
/\Lm' But uy(a) > mg and 7, = ﬁ, then
Ne < M1 (3.1.39)
In fact, (3.1.39) and my < ug(a) < M, yield
1 /
0 |mol
for all n € [0,7,]. Next, for A < —1, we need to examine the behaviour of
_ ! da
Ka(t) = / ETPaN
o J(a,t)*x

as n 1T n.. We will do so by following an argument analogous to the one used in the derivation

1

[A] _
da < Ko(t) < 1 (3.1.40)

of (3.1.28) in the previous section. For simplicity, we will assume that mg occurs at a single
location o € (0,1).° Also, we consider smooth functions u)(«) with non-vanishing second
order derivative near «, so that, locally

up(a) ~ mg + Co(a — )?
for 0 <|a—al]<r 0<r<1and Cy =uj(a)/2 > 0. Then, for arbitrary € > 0,

€ +up(a) —mg ~ €+ Cy(a — a)?. (3.1.41)

Given A < —1, set b =1+ § and ¢ = 2 into (3.0.12) of Lemma 3.0.11, to find
/O‘J”” do or {1 1 3 r2Cy

= F _71+_;_a_
ar (e+ Chla —a)2)t*x 2 A2

for e > Cy > r?Cy > 0 and A € (—o0,—1)\{—2}." Now, if we let ¢ > 0 become small

(3.1.42)

enough, so that eventually —’"2% < —1, we may use Lemma 3.0.9 to obtain a continuous,

well-defined transition of the series argument, —’"2602, across —1. We find

2r 1., 13 rC C  CT(3+3
——a R S 1+ s 2 = + <121 )
el 2 A2 A+2 €3>

for £(e) = o(1) as € — 0 and positive constants C' which may depend on the choice of A and

can be obtained explicitly from (3.0.10). Accordingly, we use (3.1.41), (3.1.42) and (3.1.43)

+&(e) (3.1.43)

to obtain

) (3.1.44)

>

/W dov c o (2 +
a—r (e —+ ué(a) — mo)l"'% A —+ 2 5%"‘%

%The case of finitely many a; € [0, 1] follows similarly.
"The case A = —2 is treated separately.
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for small € > 0. Finally, setting e = mg — /\Ln implies

_ C, A€ (_27 _1)7
Ki(t) ~ o (3.1.45)
Cs T (e, t)"(2F3), A< -2

for n, —n > 0 small, n, = J(a,t) =1 — An(t)my and

Amg

Cs = - > 0, A< =2 (3.1.46)

Setting o = o in (2.1.19) and using (3.0.5), (3.1.40) and (3.1.45), we find that
C
m(t) ~ ————~ — —o0 3.1.47
) J(a,t) (3147)
as n 1, for all A € (—oo, —1)\{—2}, a one-sided, discrete blow-up.
On the other hand, (2.1.19), (3.1.40), (3.1.45), and the definition of mg, imply that for

a # a,

|z ((, 1), )] < +o0, AE(=2,-1),

3.1.48
ug (Y, t),t) ~ Cj(g,t)_@* ( )

>l

)—>—i—oo, A< =2

as 1 T .. A one-sided, discrete blow-up for A € (-2, —1) follows from (3.1.47) and (3.1.48)i),
whereas a two-sided, everywhere blow-up for A < —2 results from (3.1.47) and (3.1.48)ii).
The existence of a finite blow-up time ¢, > 0 and formula (3.1.2) follow from (2.1.16) and
(2.2.1), respectively, along with (3.1.40) as n T n.. Particularly, we have the lower bound

Ne <ty (3.1.49)
The case A = —2 can be treated directly. We find
Ki(t) ~ —Cln(J(a,t)) (3.1.50)

for n,—mn > 0 small. A two-sided, everywhere blow-up then follows as above. Finally, (3.1.38)
is deduced from (2.1.14) and (3.1.40). See section 4.1.1 for examples. O

3.1.3 One-sided, discrete blow-up for A € [—1,0)

Theorem 3.1.51 below will extend the one-sided, discrete blow-up found in Theorem 3.1.37
for parameters A € (=2, —1) to all A € (—2,0). It is also valid for arbitrary smooth initial
data.
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Theorem 3.1.51. Consider the initial boundary value problem (1.1.1)-(1.1.2) or (1.1.3)
for arbitrary smooth initial data. If X € [—1,0), there exists a finite t, > 0 such that only
the minimum diverges, m(t) — —oo, as t T t,. (one-sided, discrete blow-up). Also, if only
the Dirichlet setting (1.1.3) is considered and/or uq is odd about the midpoint, then formula

(8.1.2) gives the corresponding blow-up locations in the Eulerian variable x € [0, 1]. Finally,
the jacobian (2.1.14) satisfies

07 o = Q;,
lim v, (a,t) = ! (3.1.52)

1t 07 o #g]
where the positive constants C' depend on the choice of A and a # ;.

Proof. Since uf, is smooth and X € [—1,0), both integrals K;(t), i = 0,1 remain finite (and
positive) for all n € [0,7,), n. = /\Lmo Also, Ky(t) does not vanish as 1 1 n,. In fact

1 < Kolt) < (1 4 %> . (3.1.53)

for all n € [0, 7. Indeed, notice that 160(0) =0 and

Rolt) = (1+A)/01\;E()La—m—2)\</01%) Rolt) > 0

for A € [-1,0) and n € (0,7,). This implies

Kolt) = Ko(t)~> / 1 % > 0. (3.154)

Then, (3.1.54), Ko(0) = 1 and mq < uj(a) < My yield (3.1.53). Similarly, one can show that

1< Ky(t) < ( ol )Hi (3.1.55)
Consequently, (2.1.19), (3.0.5), (3.1.53), and (3.1.55) imply that

m(t) = —oo

as 1 T n.. On the other hand, by (3.1.53), (3.1.55) and the definition of my, we find that

g (v(a, ), t) remains bounded for all & # a; as 1) 1 .. The existence of a finite blow-up time
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t. > 0 and formula (3.1.2) follow from (2.1.16) and (2.2.1), respectively, along with (3.1.53).
Although ¢, can be computed explicitly from (2.1.18), (3.1.53) provides the simple estimate®

2
mo
] <t.<n. 3.1.56
U (mo—Mo) <t<n ( )

Also, since the maximum M (¢) remains finite as ¢ 1 ¢,, setting @ = @ in (2.1.19) and using

(3.0.4) and (2.0.3) gives M(t) < A(M(t))? < 0, which implies
0< M(t) <M,

for all t € [0,t.] and A € [—1,0). Finally, (3.1.52) follows directly from (2.1.14), (3.1.53) and

the definition of myg. See section 4.1.1 for examples. n

This concludes the proof of Theorem 3.1.1 and Corollary 3.1.5.

3.1.4 Further L? Regularity

In this section, we prove Theorem 3.1.7. Particularly, we will find that the two-sided, every-
where blow-up (or one-sided, discrete blow-up) from Theorem 3.1.1, can be associated with
stronger (or weaker) LP regularity.

Before proving the Theorem, we use (2.1.14) and (2.1.19) to derive basic upper and lower
bounds for the LP(0, 1) norm

1/p

e (5 D), = (/0 (uz(y(a, ), 1))Pvala, t) da) , peEl,4o00), (3.1.57)

as well as write down explicit formulas for the energy function E(t) = |jug(-,t)||3, its time
derivative E(t), and estimate the blow-up rates of relevant time-dependent integrals.

First of all, let ¢, > 0 be as in Theorem 3.1.1, namely, for parameters A € (—oc,0) U
(1,400), t. > 0 denotes the finite, L> blow-up time for wu,, otherwise ¢, = +oc. From

(2.1.14) and (2.1.19),

|z (v(a, 1), ) Yala ) = o t|)f|f(’(;€§21|t)“ (3.1.58)

for t € [0,t,), p € [1,+00), A # 0 and
1 B Ki(t)
Tl ) Ko(t)T (a,t)%

8Which we may contrast to (3.1.49). Notice that (2.1.18) implies that the two cases coincide (t, = n,) in
the case of Burgers’ equation A = —1.

flat) =
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Integrating (3.1.58) in « and using periodicity, or the Dirichlet boundary conditions, then

gives

P __ 1 ! p
[ (- ) ||F = \An(t)lplﬁo(t)”“”/o | (e, t)]P dov. (3.1.59)

In particular, setting p = 2 yields, after simplification, the following formula for the energy

E(t):
E(t) = (p(t)Ko()F2) 7 (Ko(t)Ka(t) — K (1)) . (3.1.60)

Furthermore, multiplying (1.1.1)i) by wu,, integrating by parts and using either (1.1.2) or
(1.1.3), along with (2.1.14) and (2.1.19), gives

B(t) = (1+2)) /0 (s, )P

~ (1423 [ (0.0, 7(0 1) do (3.1.61)
12 [ Ks() _3/@@) ( (t)>2 Ki(t)
() | Kty Kol(t) Ko(t)) | Ko(t)or1

Now, K;(t) and J(a,t) stay positive and bounded for all « € [0,1] and n € [0,7,) (i.e. for
t €[0,t.)), as a result

p p—1 1 Kl(t)p
|f(a7t)| <2 (j(a,t)m_i - ﬁo(t)”j(a,t)i) ’ (3'1'62>

where we used the simple inequality (see appendix D)

(a+b)P < 2071 (aP 4 bP)

valid for p > 1 and non-negative numbers a and b. Then, we integrate (3.1.62) in space and

use (3.1.58) to obtain the upper bound

< or—1 L da K. (t)"
HA,W_MMW%WWW<AJWWﬂ+EWWJ (31.6)

for t € [0,t,), p € [1,400) and X # 0.
For a lower bound, notice that by Jensen’s inequality (see appendix D, [20]),

A?mﬁmp

| 1r@pda=
0




for p € [1,4+00). Using the above on (3.1.59), we find
1
e (-, )11, >

! da _I§1(t) ! do
[t Ko(t) /0 J(a,t)u%p ICO(t)/o T(a, )% |

Although the right-hand side of (3.1.64) is identically zero for p = 1, it does allow for the

(3.1.64)

1
2/\+p

study of L? regularity of solutions when p € (1, +00).”?
Next, we need to determine any blow-up rates for the appropriate integrals in (3.1.60)-

(3.1.64). By following the argument in Theorems 3.1.8 and 3.1.37, we go through the deriva-

/1 do
0 J(a,t)*

with A > 1 and p > 1, whereas those for

/1 do /1 do
0 J(a ) 0 J(a, bt

follow similarly and will be simply stated here.

tion of estimates for the term

For simplicity, assume ug attains its maximum value M, > 0 at a single location @ € (0, 1).
As before, we consider the case where, near @, uj, has non-vanishing second order derivative.
Accordingly, there is 0 < s < 1 small enough such that, by a simple Taylor expansion,
up(@) ~ My + Ci (o —@)?
for 0 < |a —a| < s and Cy = uy'(@)/2 < 0. Then

e —up(a) + My ~ € — Ci(a —@)?

fore > 0. Given A >1land p>1,welet b=1+ /\ip and ¢ = 2 in Lemma 3.0.11 to obtain

are da ats da 25 1.3 Cs?
~ Sy N By 3.1.65
/M (e — up(a) + M)’ / (c—Cila—app @ 1[2’ 9 ] (31.65)

for e > —C, > —C;s?> > 0. Now, letting ¢ > 0 become small enough, so that eventually

C 52
€

< —1, Lemma 3.0.9 implies

2s 1,3 Cis?] 2s ro—31) [ 7 1,
o2 {5’6’5’ ; }_(1—%)(—3201)6+ o\ G e

9Also, for p € (1,+00), (3.1.64) makes sense as t | 0 due to the periodicity of ug, or its vanishing at the
endpoints.
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for A # 2/p, and ((€) = o(1) as € — 0. Using the above on (3.1.65) yields

1 do Te-1/2) [F o,
/0 (€ — ub(a) + My)b T'(b) C, (3.1.66)

for € > 0 small. Then, setting € = %7 — M, into (3.1.66) gives

1
/ do_  cg@n G (3.1.67)
o J(

o, t) T

1

s> A > 1, and p > 1.1 For the other cases and remaining

for n, —n > 0 small, n, =

integrals, we follow a similar argument to find

1

2
J e = TR T ! (3.1.68)

0 J(et) ™ TJ(a,t)Fw p
/1 do C, A>2, p>1 or A<, (3.1.60)

o J(a,t)w CT (@ t)? ™, 1<A<§, l<p<?2
and
! da 2
/—INC, <A<0, p>1 (3.1.70)
o J(a,t)Ptx 1—2p

where the positive constants C' may depend on the choices for A and p.

Recall from Theorem 3.1.1 (see also appendix A) that

lim |Ju,||, <400, Ae€][0,1]. (3.1.71)

t——4o00
In contrast, we also showed that there is a finite ¢, > 0 such that

lim [lucl|,, = oo, A€ R\D.1] (3.1.72)

In the case of (3.1.72), Theorem 3.1.73 below further examines the L? regularity of u, as t
approaches the finite L> blow-up time ¢,.

OFor A = 2/p, we have that b = 3/2 and (3.1.67) reduces to (3.1.35)ii).
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Theorem 3.1.73. Consider the initial boundary value problem (1.1.1)-(1.1.2) or (1.1.8) and
let t, > 0 denote the finite L*° blow-up time for u, in Theorem 3.1.1. There exist smooth

initial data such that:

1. Forpe (1,400) and X € (—o0, —2/p] U (1,400), limy,

U], = +o00.

2. Forp € [l,400) and 1%}) <A <0, limygy,

Ug|, < +o0.

3. The energy E(t) = |lu.|3 diverges as t 1 t. if X € (—o0, —2/3] U (1, +00) but remains
finite for t € [0,t.] when A € (—2/3,0). Moreover, E(t) blows up to +oo as t 1 t, if
A € (=00, —1/2) U (1,+00) and E(t) = 0 for A = —1/2; whereas, limyy, B(t) = —oco
when A € (—1/2,—2/5] but remains bounded for allt € [0,t,] if A € (—2/5,0).

Proof. Let C' denote a positive constant which may depend on A\ and p.

Case \, p € (1,+00)
First, consider the lower bound (3.1.64) for p € (1,2) and A € (1,2/p). Then, A € (1,2)
so that (3.1.28)i), (3.1.17), (3.1.67) and (3.1.69)ii) imply

p

’fol fla,t)da
[An(B)[" Ko ()

[z [}, = ~ CJ (@, )7

for 77* - T] > 0 Smaﬂ and U(A,p) = %

have that o(\, p) < 0 for

— % — Ap. By the above restrictions on A and p, we

1 1

2
—(3—— <A< p € (1,5/3).
2( p) p (1,5/3)

Then, by choosing p — 1 > 0 arbitrarily small,

lin [Jus (-, £)ll, = +oo

for A € (1,2). Next, let A > 2 and p € (1,+00). This means A > ]%, and so, (3.1.28)ii),
(3.1.17), (3.1.67) and (3.1.69)i) now yield
’f()l f(Oé,t)dOé

sl > L~ oo (3.1.74)
()| Ko(t) 7 T(@,t)z"x

as t 1 t,. This proves 1 of the Theorem for A > 1.1

HIf AN =2, 1> ]% for p > 1 and result follows from (3.1.35), (3.1.64), (3.1.67) and (3.1.69)i).
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Case A <0 and p € [1,+00)

For A < 0, we keep in mind the estimates (3.1.40), (3.1.45)i), (3.1.53) and (3.1.55), which
describe the behaviour of K;(t), i = 0,1 as n 1 7..

Consider the upper bound (3.1.63) for p € [1,400) and 1%21) < A< 0. Then A € (—2,0)

so that (3.1.70), along with the aforementioned estimates, imply

e 2 Cdo K
00 = P </ Tt +’€o<t>”l> o

as t T t,. By the above, we conclude that

lirn [, (-, )], < +o0

for 1%2;; <A< O0andp € [1,+00). Now, consider the lower bound (3.1.64) with p € (1, +00)

and —2 < A\ < —1% < 1%21)' Then, by (3.1.68), (3.1.69)i) and corresponding estimates on

KCi(t), i = 0,1, we find that
fol fla,t)da

1
22+

~ CT(a,t)~(213) (3.1.75)

[ (-, )], = .
[ An(8)] Ko(t)

for n, —n > 0 small. Therefore,

ltlTItn Juz (-, 2)]], = +o0 (3.1.76)

for p € (1,+00) and A € (=2, -2/p|."* Finally, let A < —2 and p € (1,+00). Then A < —2
and it is easy to check that (3.1.75), with different constants C, also holds. As a result,
(3.1.76) follows for p > 1 and A < —2.' This concludes the proof of statements 1 and 2.
For statement 3, notice that when p = 2, 1 and 2, as well as Theorem 3.1.1 imply that, as
t 4 t,, both E(t) = ||lu.||5 and E(t) diverge to +oc for A € (—oo, —1] U (1, +0c) while E(t)
remains finite if A € (—2/3,1]. Therefore we still have to establish the behaviour of E(t)
when A € (—1,—2/3] and E(t) for X\ € (—1,0)\{—1/2}. However, from (3.1.53), (3.1.55) and
(3.1.60), we see that, as t T t,, any blow-up in E(¢t) for A € (=1, —2/3] must come from the
Ko (t) term. Using Lemmas 3.0.9 and 3.0.11, we estimate!*

CT(a,t) G Ne(=1,-2/3),
Ka(t) ~ § =Clog (T (a,t)),  A=-2/3, (3.1.77)
C, € (~2/3,0)

12For the case A\ = —12; with p € (1, 400), we simply use (3.1.50) instead of (3.1.68).
BIfx=-2,\< —1% for p > 1. Result follows as above with (3.1.50) instead of (3.1.68).
4Under the usual assumption uf’(a) # 0.
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for n. —n > 0 small. Then, (3.1.53), (3.1.55), and (3.1.60) imply that, as ¢t 1 t., both E(t)
and F(t) blow-up to 400 for A € (=1, —2/3].
Now, from (3.1.61)i),
B <11+ 2] u (3.1.78)
so that (3.1.53), (3.1.55) and (3.1.61)iii) imply that

lim
1t

for A € [-1/3,1].> Moreover, by part 2

E(t)‘ < 400

lim ||ug |3 < 400

1ty
for X € (—=2/5,0). Then, (3.1.78) implies that E(t) also remains finite for A € (=2/5, —1/3).
Lastly, estimating K3(¢) yields

- (D) o
Ka(t) ~ CJ(a,t) , A€ (—2/3,-2/5), (3.1.79)
—Clog (J(a.t),  A=—2/5.

As a result, (3.1.53), (3.1.55), (3.1.77)iii) and (3.1.61)iii) imply that

lim E(t) = 400
tht.

for A € (—2/3,—1/2) but
i B0 = o

when A € (—1/2,—2/5]. This concludes the proof of the Theorem. We refer the reader to

table 3.1 in section 3.1 for a summary of the above results. O]

Remark 3.1.80. Theorem 3.1.73 implies that for every p > 1, L? blow-up occurs for u,
if A € R\(—2,1], whereas for A € (—2,0), u, remains in L' but blows up in particular,
smaller LP spaces. This suggests a weaker type of blow-up for the latter which certainly
agrees with our L™ results where a “stronger”, two-sided, everywhere blow-up takes place
for A € R\(—2,1], but a “weaker”, one-sided, discrete blow-up occurs when \ € (—2,0).

Finally, in addition to the energy results notice that Theorem 3.1.73 and inequality
(3.1.78) yield a complete description of the L3 regularity for u,:

+00, A e R\(—2/5,1],

lim s, £), = (3.1.81)
) C, A€ (—=2/5,1]

15The result for A € [0, 1] follows from Theorem 3.1.1 and appendix A
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where the positive constant C' depends on the choice of A € (—2/5,1].

Remark 3.1.82. For V(t) = fl

o usdx, the authors in [35] derived a finite upper bound

* 3 2
T = (m) (3.1.83)

for the blow-up time of E(t) for A < —1/2 and

1+ 22
2

V(0) < 0, V(0)? > gE(O)?’. (3.1.84)

If (3.1.84)i) holds but we reverse (3.1.84)ii), then they proved that E(t) blows up instead.
Now, from 3 in Theorem 3.1.73 we have that, in particular for A € (=2/3,—-1/2), E(t)
remains bounded for all ¢ € [0,t,] but F(t) — 400 as t 1 t,. Here, t, > 0 denotes the
finite L>° blow-up time for u, (see Theorem 3.1.51) and satisfies (3.1.56). Therefore, further
discussion is required to clarify the apparent discrepancy between the two results for A €
(—2/3,—1/2) and w;, satisfying both conditions in (3.1.84). Our claim is that for these values
of A\,

t, < T (3.1.85)
Specifically, E(t) remains finite for all t € [0,¢,] C [0, T*], while E(t) — +oc as t 1 t,. From
(3.1.61)i) and (3.1.84)ii), we have that
E(0)? 2
_2UF S 2p
oy =3t

or equivalently
1 4

> - .
([T +2X E(0))* — 3(]1 + 2X| E(0))2
As a result, (3.1.83) yields

. 6
T > (m) (3.1.86)

where we used F(0) > 0; a consequence of (3.1.61)i), (3.1.84)i) and A € (—2/3, —1/2). Now,

for instance, suppose 0 < My < |mg|.1® Then

1
/ up(z)dx
0

16 A natural case to consider given (3.1.84)i).

—~V(0) = < max |ul(z)]* = |mol?, (3.1.87)

z€[0,1]
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which we use on (3.1.61)i) to obtain 0 < E(0) < |1 4 2| |mq|*, or
6 6
>

> S (3.1.88)
|1+ 2X E(0) — |14 2\|" [mo]
Consequently, (3.1.56), (3.1.86) and (3.1.88) yield
1
6 3 1 1
T > ( 5 3> > 5 > =1 > 1y (3.1.89)
|1+ 2A] o) 114 2A[3 [mo| [l [mol

for A € (—2/3,-1/2). If X < —2/3, both results concerning L? blow-up of u, coincide.

Furthermore, in [10] the authors derived a finite upper bound

3

T, = m‘/(@)_§

for the blow-up time of V (¢) to negative infinity valid as long as V(0) < 0 and A < —1/3.
Clearly, T, also serves as an upper bound for the breakdown of ||uz|/; for A < —1/3, or
E(t) = (1 4+ 2\)V((t) if A € (—o0, —1/3)\{—1/2}. However, (3.1.81) and 1 in Theorem
3.1.73 prove the existence of a finite ¢, > 0 such that, particularly for A € (-2/5,—-1/3],

|uz]|; remains finite for ¢ € [0,¢,] while limy,,

Ug||g = +00. This in turn implies the local
boundedness of E(t) for t € [0,t,] and A € (—2/5,—1/3]. Similar to the previous case, we
claim that ¢, < T,. Here, once again, we consider the case 0 < My < |mg|. Accordingly,

(3.1.56) and (3.1.87) imply that

3 3 1
T2 > =
(1+30V(0)3 — [143A[[mo| = [A][mol

For the remaining values A < —2/5, both our results and those established in [10] re-

N = by

garding blow-up of V (¢) agree. A simple example is given by

ug(x) = sin(27wx) + cos(4mrx)

for which V' (0) = —=3/4, E(0) = 1, mg = —2 and M, ~ 1.125. Then, for A = =3/5 €
(—2/3,—1/2), we have that

T* =V15>n,=5/6 > t, > 0.34,
whereas, if A = —7/20 € (-2/5,—1/3),

T, = 20(6)%% > 10/7 = n, > t, > 0.59.
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Remark 3.1.90. Global weak solutions to (1.1.1)i) having I(¢) = 0 and A = —1/2 have
been studied by several authors, ([29], [3], [33]). Such solutions have also been constructed
for A € [-1/2,0) ([10], c.f. also [11]) by extending an argument used in [3]. Notice that
Theorems 3.1.1 and 3.1.73 imply the existence of smooth data and a finite ¢, > 0 such
that strong solutions to (1.1.1)-(1.1.2) with A € (—2/3,0) satisfy limy,,

Uzl = +oo but
limy, £(t) < +oo. As a result, it is possible that the representation formulae derived in

chapter 2 can lead to similar construction of global, weak solutions for A € (—2/3,0).

3.2 n—phase Piecewise Constant uj(x)

Up to this point, we have considered smooth data ug which attained its extreme values
My > 0 > myg at finitely many points @; and a; € [0, 1], respectively, with uy having, relative
to the sign of A\, quadratic local behaviour near these locations. In this section, we consider
a class of functions which violates these assumptions, namely uj(«) € PCg(0, 1), the class
of mean-zero piecewise constant functions. Specifically, we will be concerned with the L
regularity of solutions for p > 1.

Let x;(«), i = 1,...,n denote the characteristic function for the intervals Q; = (a;_1, ;) C

0,1] with ag =0, oy, =1 and Q,; N Q =@, j # k, i.e.

]_, o € Qi7
xi(a) = (3.2.1)
O, (0% ¢ QZ

Then, for h; € R, let PCg(0,1) denote the space of mean-zero, simple functions:

{g(a) € C°0,1) a.e. | g(a) = Zhixi(a) and Zhiu(ﬂi) = O} (3.2.2)
i=1 i=1

where ©(€2;) = o; — a;_1, the Lebesgue measure of ;. Observe that for uy(a) € PCg(0, 1)

and A # 0, (2.1.13), (3.2.1) and (3.2.2) imply that

n
1

Ki(t) =D (1= Mg(t)hy) ™3 (). (3.2.3)

j=1
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We prove the following Theorem:

Theorem 3.2.4. Consider the initial boundary value problem (1.1.1)-(1.1.2) or (1.1.83) for
up(a) € PCr(0,1). Let T > 0 and assume solutions are defined for all t € [0,T]. Then, the
representation formula (2.1.19) implies that no global W4>°(0, 1) solution can exist if T > t,,
ug (5 )]y = +o0

where t, = +o00 for A > 0 and 0 < t, < +o0 otherwise. In addition, lim,,
if A < —1, while

L R S

i B R ~1<A< -2

for p > 1 and positive constants C' that depend on the choice of A and p.

Proof. Let C denote a generic constant which may depend on A and p. Since
up(r) = Z hixi(a), (3.2.5)
i=1

for h; € R as in (3.2.2), then (2.1.14) and (3.2.3) give

n

Yala, t)™ = (1= An(t) Z hixi(a)) (Z(l - M(t)hi)iu(ﬂi)) (3.2.6)

i=1

for n € [0,m.), N« as defined in (3.0.6) and

MO — max; hz > 0,
(3.2.7)

mo = min; h; < 0.

Let Z,pae and Z,,;, denote the sets of indexes for the intervals ©; and )., respectively, defined

by
Qi ={@ € [0,1]|up(@) = My}, Q; ={a €[0,1]uy(a) = mo} . (3.2.8)

Global estimates for A\ > 0

Let A >0 and 7, = )\LMO Using the above definitions, we may write

1= An(t) ZhiXi<a) =1 - (1) ( > Moxi(a)+ > hixi(a)> (3.2.9)

1€l max i%Imaz
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and

ST = M) 3 u(Q) = Y (1= Mp(t) Mo) T3 ()

=1 1€Lmax

+ > (1= Mn(t)h) " ().

7;¢Imaz

Then, for fixed i € 7,4, choosing @ € Q; and substituting into (3.2.9), we find
L= Mn(t) > haxa(@) = 1= An(t) M.
i=1

Using (3.2.6), (3.2.10) and (3.2.11) we see that, for n € [0,7.),

V@) = | D pl) + (1= Mp(t)Me)x > (1—>\77(t)h¢)§u(9i)] :

1€l max i¢Imaz

Since 1 — An(t)uj(a) > 0 for all n € [0,7,) and « € [0, 1], (3.2.12) implies

lim 7, (@, ¢) = (Z /L@)) >0

for some t, > 0. However, (2.1.14), (2.1.16) and (3.2.5) give

dt = (1 — An(t) Z hiXi(a)) Yalav, t)_mdﬁ

(3.2.10)

(3.2.11)

(3.2.12)

(3.2.13)

(3.2.14)

and so, for n, —n > 0 small, (3.2.6), (3.2.10) and the above observation on the term 1 —

An(t)ug(ar) yield, after integration,
UE
ty —t~ C/ (1 — AMyo) %do.
U

Consequently, ¢, = +o00. Finally, since §, = (u.(v(, 1), 1)) Vas

t

ulant) =ex0 ([ watr(,s).5)ds).

o\,;
o)
V)

Then (3.0.4)i), (3.2.13) and (3.2.15) yield

If « =a € Q; for some index i ¢ 7,4, so that
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L= My(t)yug(@) = 1= Ang(t)h, b < My,
then (3.2.6) implies
Ya(@,t) ~ C(1 = Ap(t)Mp)> — 0
as t — +o0o. Thus, by (3.2.15), we obtain

t

lim uz(y(ay s), s)ds = —o0.
t—-+o0 0

We refer to appendix A for the case A = 0.
LP regularity for p € [1,+oc] and A <0
Suppose A < 0 so that n, = ﬁ We now write

0"

1—)\77(15)Zhixi(a):1—)\77(t) > moxi(@) + Y hixia) (3.2.16)

iezmin ’L¢Imzn

and

ST = )T () = Y (1= Apt)mo) ™ u(L,)
=1 i€Lmin 1 (3.2.17)
+ 57 (1= M) he) N ().

Choose a € ), for some i € Z,,;, and substitute into (3.2.16) to obtain
L= An(t) > hixa(a) = 1= An(t)m. (3.2.18)
i=1

Using (3.2.17) and (3.2.18) with (3.2.6) gives

-1

Yol t) = [ Z W) + D iz (L= An(E)h) P pu(€2;) (3.2.19)

1

€T (1= An(t)mo) ™
for n € [0,7.). Then, since 1 — A\n(t)uy(a) > 0 for n € [0,7,), a € [0,1] and A < 0, we have
that

I =
lim (e, t) =0

for some t, > 0 or, equivalently,
¢

lim [ m(s)ds = —o0
=t Jg
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by (3.0.5) and (3.2.15). The blow-up time ¢, > 0 is now finite. Indeed, (3.2.6), (3.2.14) and
(3.2.17) yield the estimate

22
dt~ | D (1= Mpt)h) V() | dn
i€ min
for n, —n > 0 small and A\ < 0. Since h; > mg for any ¢ ¢ Z,,,, integration of the above
implies a finite t, > 0.
Now, if a = o/ € ; for some i ¢ Z,,;,, then uy(a’) = h' for K’ > my. Following the

argument in the A > 0 case yields

-1
1 1

Yol ) = D (L= M) () | (1= Ag(t)W') ™,

consequently

I ' )= C eR*
tlTrtIB’ya(a,t) Ce

and so, by (3.2.15), fg uz(y(e, 8), s) ds remains finite as t 1 ¢, for every o # a and A < 0.
Lastly, we look at L? regularity of u, for p € [1,400) and A < 0. From (2.1.14) and (2.1.19),

Kol )| T (e, )" — Ko(t) 'K ()]
[ An(E)[" Ko(t)>AP+!

for t € [0,t,) and p € R. Then, integrating in o and using (3.2.3) gives
1 n (2Xp+1)
ua (- |7 = (1= Ap(t)h) > (S
s ) mew(Ej @

i (= M) @) o
S (1= An(he) Fu(e) |7

for p € [1,+00). Splitting each sum above into the indexes i,j € Z,;n and i,j & Zyin, we

‘u:v(’Y(o@ t)? t)|p 704<O‘7 t) =

n

}j{u—Amwm>i

J=1

(L= An(t)hy) ™" =

obtain, for n, —n > 0 small,

p

lua (-, O[2 ~ CT (0, ) 3| T (@, 1) = C <j(g, )75 + c>

+C Z { (1 — Anh;) % (1—=Anh)) ' =C (j(g, t)_l_% + C’)

]gzmln

pu(Qj)}

where A < 0, J(a,t) = 1 — A\p(t)my and C € RT may now also depend on p € [1,+00).
Suppose A € [—1,0), then —1 — + > 0 and the above implies

[ua (- D, ~ CT (a, 1)~ (+3) 4+ (1) (3.2.20)
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for ¢g(t) a bounded function on [0,t,) with finite, non-negative limit as ¢ 1 ¢.. On the other
hand, if A < —1 then —1 — % < 0 and

o (-, |2 ~ CT (a, )~ (#+5) (3.2.21)

holds instead. The last part of the Theorem follows from (3.2.20) and (3.2.21) as ¢ 1 t.. See

section 4.1.2 for examples. O

3.3 Initial Data with Arbitrary Curvature Near M, or m,

As motivation for this section, consider the following example with periodic, piecewise linear

ug. Let

202 — a, ae0,1/2],
up(a) = (3.3.1)
202 +3a—1, «ac€(1/2,1].
Then
, da — 1, a€l0,1/2],
—do + 3, ae (1/2,1]
attains its greatest and least values, My = 1 and mg = —1, at @ = 1/2 and o = {0,1}

respectively. As a result, (3.0.6) implies that n, = |—/1\| for A # 0.

02 04 0.6 08 1.0

00 02 04 0.6 08 10 -10

Figure 3.1: up(«) and ugy(«) in (3.3.1) and (3.3.2).

Using (3.3.2), we find

Ko(t) = i (T@ 075 = T F), AeR\0,1),
L 1 (m-&-n(t)) : A=1

2n(t) n«—n(t)

(3.3.3)
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and

Ki(t) = 0 . A#0 (3.3.4)
where
J(@,t) =1— An(t), J(a,t) =1+ Mn(t)
If A <0, then
Kolt) = 27 11_& (3.3.5)
Ki(t) — [N 2m
as n T 7. = —1 and so both integral terms are finite (and nonzero) for all n € [0,7.].

Consequently, when o = a, u,(y(«, t),t) undergoes a one-sided discrete blow-up due to the

space-dependent term in (2.1.19). We find that
m(t) = —oo

asn T —1 for all A < 0. The existence of a finite ¢, > 0 follows from (2.1.16) and (3.3.3)i).
On the other hand, if A > 0 and 7, — 7 > 0 is small,

s J (@5, Ae(0,1),
Ko(t) ~ 2%(171), A€ (1, +o0), (3.3.6)

and

Ki(t) ~ sT@nt (3.3.7)

If a = @, the above estimates and (2.1.19) imply that, as n T 7.,

M) = uy(y(@,t),t) = 0, A€ (0,1/2),

but
M(t) = u.(y(@,t),t) = 400, A>1/2.

Furthermore, for a # @,

uz(y(a, t),t) — 0, A€ (0,1/2),
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while

Uz (y(a,t),t) = —o0, A>1/2.

For the threshold parameter A = 1/2,

uz(y(a,t),t) = =1 as ntn=2 for o¢{aa},
M(t) = u(y(@,t),t) =1, (3.3.8)

m(t) = uz(y(a, 1), 1) = —1.

Finally, from (2.1.16) and (3.3.6),

Ofnn* (1 - /\,u)g()‘_l)dﬁb, A\ E (0, 1),
te—t~ 4 Cln. —n)(2—2log(n. —n) + I*(p. — 7)),  A=1,
C(T]* _ ,,7)’ A > 1,

and so t, = 400 for A € (0,1/2] but 0 < t, < +00 when A > 1/2.

In summary, for the choice of data (3.3.2), u,(y(a,t),t) undergoes a two-sided, every-
where blow-up in finite-time for A > 1/2, whereas, if A < 0, a one-sided discrete blow-up
occurs instead, m(t) — —oo as t T t.. In contrast, the solution persists for all time when
A € (0,1/2], that is, u, — 0 as t — +oo for A € (0,1/2), while a nontrivial steady-state is
reached if A = 1/2.

1
Remark 3.3.9. We recall that if A\ € [1/2,1) and uf/(x) € Lg" V(0,1), then u persists
globally in time ([38]). This result does not contradict the above blow-up example. Indeed,
1
n

if uy € Lg' ™ for A € [1/2,1), then u{ is an absolutely continuous function on [0, 1], and

hence continuous. However, in the case just considered, u is, of course, not continuous.

As opposed to the results from sections 3.1 and 3.2, where wu; had either quadratic or
constant local behaviour near the points @; and/or a;, we find that the above choice of g
with linear local behaviour instead leads to different blow-up behaviour. More particularly,
(3.3.2) implies finite-time blow-up for A\ € (1/2,1]; parameter values for which no blow-up
occurred in the cases previously considered. Furthermore, for other values of the parameter
the nature of the blow-up, or its occurrence at all, differs as well from the results in Theorems

3.1.1 and 3.2.4.
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3.3.1 The Data Classes

In light of the above observations, we conclude that relative to the sign of A # 0, the
curvature of ug near @; and/or a; plays a decisive role in the finite-time blow-up of solutions
to (1.1.1). The purpose of the remaining sections is to further examine this interaction by
studying a larger class of initial data in which uj, admits other than quadratic, or piecewise
constant, behaviour near the locations in question. Specifically, suppose uj is bounded, at

least C°(0,1) a.e., and assume that for A > 0 there is ¢ € R* and C; € R~ such that
ug(a) ~ My + Cy |ao — @;|? (3.3.10)

for 0 <|a—@] <r, 1 <i<m,and small enough 0 < r <1, 7 = min;<;<,,{r;}. Similarly,
if A\ < 0, suppose

ug(r) ~mg + Cy o — a|* (3.3.11)

for 0 < ‘a —gj| <r, Oy € Rt and 1 < j < n. See Figure 3.2 below. Also, for ¢ € R
and either A > 0 or A < 0, we will assume there are a finite number of locations @; or a;,
respectively. Particularly, this rules out the possibility of having initial data for which wuy
oscillates infinitely many times through its greatest value My > 0 when A > 0, or through
its minimum value mg < 0 for A < 0. Moreover, for ¢ € (0,1), the above local estimates may
lead to cusp singularities in wug, namely, jump discontinuities in ug of infinite magnitude.
In contrast, a jump discontinuity of finite magnitude in uj may occur if ¢ = 1. As we will
see in the coming sections, the either finite or infinite character in the size of this jump
along with the corresponding set of boundary conditions plays a decisive role, particularly,
in the formation of spontaneous singularities in stagnation point-form solutions to the two
and three dimensional incompressible Euler equations that arise from smooth initial data.
Finally, observe that (3.3.10) and/or (3.3.11) generalize the class of smooth data studied in
section 3.1 characterized by functions wj with quadratic local behaviour near @; and/or Q.

Now, for 0 < r < 1 as specified above, define

D, = [a; —r,a; + 7], D; = o — 705+ 7).

Below, we list some of the data classes that admit the asymptotic behaviour (3.3.10)

and/or (3.3.11) for particular values of g > 0.

e ug(x) € C(0,1) for ¢ = 2k and k € Z* (see definition 3.3.117).
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Figure 3.2: Local behaviour of uj(«) satisfying (3.3.10) for several values of ¢ > 0, @ = 1/2,
Mg =1 and Cl =—1.

o If g =1, uj(x) € PC(D;) for A > 0, or uy(z) € PC(D;) if A < 0.
e In the limit as ¢ — +o0, uy(z) € PC(D;) for A > 0, or uy(z) € PC(D;) if A < 0.

e From (3.3.10), we see that the quantity

[ul] = sup |u6(a) _ ug(al)‘
0 q;o; -

acD; o —a@lt (3312

is finite. As a result, for 0 < ¢ < 1 and A > 0, wu; is Holder continuous at @;.

Analogously for A < 0, since

[ul] = sup |U6(Oz> - ué)(g])l
0lgia; ™

OcEDj |OZ _g]|q

(3.3.13)

is defined by (3.3.11).

e For A > 0 and either s < ¢ < s+ 1, s € N, or ¢ > 0 odd, uy(a) € CSH(DZ-). Similarly
for A < 0.

The outline of this section is as follows. In section 3.3.2, we examine LP, p € [1, 400,
regularity of u, with bounded uj(z) that is, at least, C°(0,1) a.e. and satisfies (3.3.10)

and/or (3.3.11) for ¢ = 1. Then, in section 3.3.3, a similar analysis follows for arbitrary
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g > 0. Amongst other results, we note that in section 3.3.3 we generalize the results from

section 3.1 to arbitrary smooth initial data.

3.3.2 Global Estimates and Blow-up for A #0 and ¢ =1

In this section, we consider initial data satisfying (3.3.10) and/or (3.3.11) for ¢ = 1. One
main reason for discussing the ¢ = 1 case separately from arbitrary ¢ > 0, is that the
argument we will use for the latter, see Lemma 3.3.41, excludes the study, particularly, of
stagnation point-form solutions to the 2D incompressible Euler equations (A = 1) whenever
uy, satisfies (3.3.10) for ¢ = 1. We begin by studying the L> regularity of u, for A € R, then,
for the cases where finite-time blow-up in the L* norm is established, we examine further
properties of LP regularity for arbitrary p € [1,+00). For the case A = 0, the reader may
refer to appendix A.

L> Regularity for A # 0 and ¢ =1

Theorem 3.3.14. Consider the initial boundary value problem (1.1.1)-(1.1.2) or (1.1.3) for
up(a) bounded and, at least, C°(0,1) a.e..

1. Suppose A > 1/2 and uj, satisfies (3.3.10) with ¢ = 1. Then, there exists a finite
t. > 0 such that both the maximum M (t) and the minimum m(t) diverge to 400 and
respectively to —oc as t 1 t.. Moreover, for every a ¢ {Q;, a;}, limyy, ug(y(a,t),t) =

—00 (two-sided, everywhere blow-up).

2. Suppose A € (0,1/2] and uy satisfies (3.3.10) with ¢ = 1. Then solutions exist globally
in time. More particularly, these vanish as t T t, = +oo for A € (0,1/2) but converge
to a non-trivial steady-state if A = 1/2.

3. Suppose A < 0 and uy satisfies (3.3.11) with ¢ = 1. Then, there is a finite t, > 0 such
that only the minimum diverges, m(t) — —oo, as t 1 t. (one-sided, discrete blow-up).
Further, if only Dirichlet boundary conditions (1.1.3) are considered and/or ug is odd
about the midpoint, then for every a; € [0, 1] there exists a unique x; € [0,1] given by

(8.1.2) such that limyy, u,(z;,t) = —oc.
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Proof. Let C denote a positive constant which may depend on A # 0.
Proof of Statements 1 and 2

For simplicity, we prove 1 and 2 for the case where M, occurs at a single location o €
(0,1).17 According to (3.3.10), there is 0 < r < 1 small enough such that u}(a) ~ My +
Cyla—a| for 0 < |a—a| <rand C; <0. Then

€+ My — uy(a) ~ e — Cy | — @ (3.3.15)

for € > 0, so that

/a+7' dO./ /a+r dO{
a—r (e+ Mo —uy(a)) ar (e—Cyla—al)>

B /a dov . /“” da (3.3.16)
lerGlacat e (e-Gla-a)
-t (- i)

for A € (0, +00)\{1}."® Consequently, setting e = 5. — Mj into (3.3.16) we find that

>l

>l

_ C, A>1,
Ko(t) ~ ) (3.3.17)
2 7@t Ae(0,1)
for n, —n > 0 small, n, = /\_1140 and J(a,t) = 1 — An(t)My. In a similar fashion, we can
estimate
_ 2\ M,
Ki(t) W”J(a, )% (3.3.18)
1

for any A > 0. Suppose A > 1. Then, (2.1.19), (3.3.17)i) and (3.3.18) give

1 C
uz(y(a, t),t) ~ C (j(a,t) @ t)i> (3.3.19)

for n, —n > 0 small. Setting o = @ into (3.3.19) and using (3.0.4) implies that

M(t) ~ — 400

J(a,t)

as 1 T n.. However, if a # @, the second term in (3.3.19) dominates and
C

—1 % —_

J (@, )

"By a similar argument, the Theorem can be established for the case of several @; € [0, 1].
18The case A = 1 is considered separately.

uﬂ?(’y(av t)7 t) ~ =
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The existence of a finite ¢, > 0 for all A > 1 follows from (2.1.16) and (3.3.17)i), which imply

te—t~C(n—n).

Now let A € (0,1). Using (3.3.17)ii) and (3.3.18) on (2.1.19), yields

u(7(@ 1), 1) ~ © (J(;,t) - }éé)) T@ T (3.3.20)

for n, —n > 0 small. Setting o = @ into (3.3.20) implies

0%, A€(0,1/2),
M(t) ~ CJ(a,t) ™ — (3.3.21)
+00, e (1/2,1)

as n T n,. If instead o # @,

Uy (Y(a, 1), 1) ~ —CT (@, t) =2 — v * € (0.172), (3.3.22)

—00,  Ae(1/2,1)

as 1 1 n.. For the threshold parameter A = 1/2, we keep track of the constants and find that,

as 1 T 1,
1G] a=a«a
1 =
uz(y(a, t),t) — (3.3.23)
—al a#Fa
4
Finally, (2.1.16) and (3.3.17)ii) imply
dt ~ CJ(@,t)**Vdp
so that
C_(C = limyp, (0, — )1, A e (0,1)\{1/2},
t. = limt(n) ~ { 27! ( oo (1 = 1)) 0. INM1/2) (3.3.24)
(G —C’hmmn* log(n* - 77)7 )\ = %

As a result, t, = 400 for A € (0,1/2] while 0 < ¢, < 400 when A € (1/2,1). Lastly, if A =1

_ 2M,
Ko(t) ~ — ‘CIT log(n. — n) (3.3.25)

1
Moy
follows just as above from (2.1.19), (2.1.16), (3.3.18) and (3.3.25).

for 0 < n —n = n << 1 small. Then, a two-sided everywhere blow-up in finite-time
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Proof of Statement 3

For A <0, set n, = /\Lmo and suppose ug(«) is at least C°(0,1) a.e. and satisfies (3.3.11)

for ¢ = 1. Then Ky(¢) remains finite, and positive, for all n € [0,7,]. In fact, Ko(t) satisfies
(3.1.53) if A € [~1,0) while (3.1.40) holds for A < —1. Similarly, when \ € [—1,0), K;(t)
satisfies (3.1.55). See sections 3.1.2 and (3.1.3) for details. However, if A < —1, we still need
to estimate the behaviour of K;(t) for 7, —n > 0 small. For simplicity, we do so for uj(a)
achieving its smallest value my < 0 at a single point a € (0,1). Then, (3.3.11) with ¢ = 1
yields

/a+7“ do /a+r do
amr (e+up(a) —mp)*> —r (e+Cala—al)l*x

(3.3.26)

Substituting € = mgy — /\in into the above, we find that K;(t) has a finite, positive limit as
n T n. for any A < —1. Therefore, for A < 0, every time-dependent integral in (2.1.19)
remains bounded and positive for all n € [0,7.]. As a result, blow-up of (2.1.19), as n T 7.,
will follow from the space-dependent term, J(c,t)™!, evaluated at a = . In this way, we
set @ = « into (2.1.19) and use (3.2.7)ii) to obtain

Cmo

m(t) ~ TG0

— —00

asn T n.. On the other hand, for a # a, the definition of mg implies that the space-dependent
term now remains bounded for all n € [0,7,], and so (2.1.19) stays finite as n 1 7,. Finally,
the existence of a finite blow-up time ¢, > 0 for the minimum as well as formula (3.1.2)
follow from (2.1.16) and (2.2.1), respectively, along with the above estimates on Ko(t). See

section 4.2 for examples. O

Remark 3.3.27. Recall from Theorem 3.1.1, which examines a family of smooth initial data,
that A\, = 1 acts as the threshold parameter between solutions that vanish at ¢ = +oo for
A € (0, As) and those which blow-up in finite-time when A € (\,, +00), while for A\, = 1, u,
converges to a nontrivial steady-state as t — +00. According to Theorem 3.3.14 above, if

uy, behaves linearly near @;, we now have the corresponding behavior at A, = 1/2 instead.
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Particularly, this means that if @; € (0,1), the jump discontinuity of finite magnitude in
ug at @; leads to finite-time blow-up when A = 1, while solutions persist globally in time
if A = 1/2. Interestingly enough, recall that for A = 1/2 or A = 1, equation (1.1.1) i),
iii) models stagnation point-form solutions to the 3D or 2D incompressible Euler equations
respectively. In section 3.3.3, we show that jump discontinuities in u( of infinite magnitude
instead (cusps in the graph of ug), lead to finite-time blow-up for A = 1/2. Also, see Remark
3.3.28 below and Corollary 3.3.29 for the case of smooth data with linear behaviour near the

boundary.

For A # 0, Remark 3.3.28 below discusses the role that both periodic and Dirichlet
boundary conditions play in the finite-time blow-up of solutions to (1.1.1) which arise from
smooth initial data having linear local behaviour near @; and/or Q;. The main results
concerning the regularity of stagnation point-form solutions to the 2D incompressible Euler

equations are summarized in Corollary 3.3.29.

Remark 3.3.28. Suppose there are a finite number of @; lying in the interior (0,1) and
consider either periodic or Dirichlet boundary conditions. Then, no function ujy(«) can be
both smooth in [0,1] and satisfy (3.3.10) for ¢ = 1. Indeed, since ¢ = 1 and there are
@; € (0,1), uy(«) has jump discontinuities of finite magnitude at those locations. Therefore,
if u((a) is smooth and behaves linearly near @;, then these points must lie strictly on the
boundary. An example for the Dirichlet setting is given by ug(a) = a(1 — «) with @; = 0.1
On the other hand, suppose a periodic function wug(«) satisfies (3.3.10) with ¢ = 1 and
My = ug(0) = ug(1) > uj(a) for all a € (0,1). Then 0 > wuj(0) = ug(1), by periodicity. But
using (3.3.10) for ¢ = 1 gives

My + |Cy h) — M
(Mo + |Ci| h) O iyl

(14 h) — M,
0>ug(l) = lim wl+h) =My
h—0" h h—0" h

a contradiction. We conclude that if a periodic function ug(«) behaves linearly near @;, then
these points must lie somewhere in the interior, and thus, ug cannot be smooth. Using these
results along with Theorem 3.3.14, we deduce that finite-time blow-up in wu, for smooth
initial data and A > 1/2 can only occur under Dirichlet, not periodic boundary conditions.
This includes, particularly, breakdown in stagnation point-form solutions to the 2D Euler
equations (A = 1). Moreover, by using a; and (3.3.11) instead, the same conclusion follows

for A < 0. Finally, we note that the blow-up, at least for A € (1/2,1], may be suppressed

19Smooth data similar to this was used in [9] to construct a blow-up solution for A = 1 (2D Euler).
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in the Dirichlet setting if we further assume that uj admits a smooth, periodic extension to

the entire real line, which would prevent linear behaviour near the boundary.

Corollary 3.3.29. Consider the IVP (1.1.1) for X = 1. Suppose the initial data is smooth
and ug, satisfies (3.3.10) for ¢ = 1. Then, there exists a finite t, > 0 such that stagnation
point-form solutions (1.2.3) to the 2D incompressible Fuler equations will diverge ONLY

under Dirichlet boundary conditions. More particularly, as t 1 t.,

Uy (@, 1) — 00, @; € {0,1},
ug(x,t) = —00, T #
”u$(7t)Hp — 00, p>1

In contrast, if periodic boundary conditions are considered, solutions persist for all time.

Proof. See Remark 3.3.28 and Theorem 3.3.30(1) below. O

Further L Regularity for A # 0, p € [1,+00) and ¢ =1

From Theorem 3.3.14, u, € L for all time if A € [0,1/2] and the data satisfies (3.3.10)
for ¢ = 1. Therefore, for these values of the parameter and p > 1, |Ju,||, exist globally. In
contrast, there is a finite ¢, > 0 such that ||u,||  diverges as ¢ T t. when A € R\[0,1/2].
In this section, we use the upper and lower bounds (3.1.63) and (3.1.64) to study further
LP(0,1) regularity properties of u, as t 1 ¢, for p € [1,+00) and A € R\[0, 1/2].

Theorem 3.3.30. Consider the initial boundary value problem (1.1.1)-(1.1.2) or (1.1.3) for
up(a) bounded and, at least, C°(0,1) a.e. Also, let t, > 0 denote the finite L™ blow-up time
for uy in Theorem 3.3.14. It follows:

1. Suppose uyg satisfies (3.3.10) with ¢ = 1. Then, limy,
andp > 1.

Ugll, = +oo for all A > 1/2

2. Suppose uf, satisfies (3.5.11) with ¢ = 1. Then, u, € L' for all A < 0 and t € [0,t,],
while u, € L for l%p <A<0,p>1andtel0,t.

3. The energy E(t) = |lu.|5 diverges if A € (—oo, —1] U (1/2,+00) as t 1 t. but remains
finite fort € [0,t.] and X € (=1,0). Also, limyy, E(t) = 400 when A € (—o0, —1/2) U
(1/2,400), whereas E(t) = 0 if X\ = —1/2 and E(t) stays bounded for t € [0,t,] and
A€ (—1/2,0).
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Proof. Let C denote a positive constant that may depend on A and p € [1,400).

Proof of Statement 1

First, suppose A > 0 and set n, = /\LMO For simplicity, we prove 1 under the assumption

My > 0 occurs at a single point @ € (0,1). As a result, for some ¢ > 0, (3.3.10) implies that
e+ My — uy(a) ~ e — Oy |a — @

for 0 <|a—a| <r,0<r <1 small enough and C; < 0. Accordingly, we have

/aJrr dOZ /va+7" doz
ar (e+My—uh(a)™% Jar (e—Cla—al)tw

_/O‘ do +/a+r do
a-r (E—I—Cl((l/—a)) +%p a (E_Cl(a_a))l-i-%p

2\ 1 1
= Fﬁ <€7Tp — (e — Cﬂ“)fﬁ>
for p > 1, and so
a+r dO{ 1
/ T~ Cew (3.3.31)
a—r (6 + MO — U6(C¥>) Ap

for small € > 0. Then, setting € = %7 — My into (3.3.31) we conclude that

! do C
T Y (3.3.32)
o J(a, )™ J(at)
for n, —m > 0 small, A > 0, p > 1 and J(@,t) = 1 — An(t)My. Next, we use a similar

argument to obtain, for p > 1, the following estimates

CT(@ ) %,  Ae(0,1/p),

/ld—a Clog(n. — 1), A—=1/ (3.3.33)
0 T og(m —n), A=1/p, 3.
C, A>1/p
and
1
/ d—al ~CT@ )Y, A0 (3.3.34)
o J(a, t)Ptx

In (3.3.32), (3.3.33)i) and (3.3.34) above, the positive constants C' are given by

T — 0, 3.3.35
1 AT ARV EDES) (3:3.35)
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respectively, for A and p as specified in the corresponding estimate.
Suppose A, p > 1so that A > 1/p. Then, using (3.3.17)i), (3.3.18), (3.3.32) and (3.3.33)iii)
on (3.1.64) implies that

1 1 dov Kit) (4 da
Uz (-, 1), = LK y
b0, > ey || S TR0 T

~ClCT (@ t) % — J(@t)

1
2/\+p

>

~CJ(@,t)x

for n. —n > 0 small. Therefore,[|u. ||, — +o0 as n T n. for all A,p > 1.
Now, suppose A € (1/2,1/p) for p € (1,2), so that, relative to the value of p, A € (1/2,1).
Then, using (3.3.17)ii), (3.3.18), (3.3.32), (3.3.33)1) and (3.3.35) on (3.1.64) we now have
1
[ (- DI, >

/1 da  Ki(t) /1 da

T ) Ko@) o g(a T Ko Joo g(a,t)
11—\

~ _ = +)P(Ap)

e el

= CJ(a, zg)p(Ma)

1
T

for n, —n > 0 small and p(\,p) = 2(1 — \) — zla' However, for A and p as specified above, we
have that p(A,p) < 0 for 1 — 2Lp <A< % and p € (1,3/2). Therefore, for any A € (1/2,1),
there is 1 — p > 0 arbitrarily small such that [lu,|, — 400 as n 1 n.. Finally, if A =1 we
have A > 1/p for p > 1, therefore (3.3.18), (3.3.25), (3.3.32) and (3.3.33)iii) imply that for
1
[ua (-, )], =

0 <ne —n<<1small
/1 do Ki(1) /1 do
T @K™ o g, K@ S0 g(a, )%

~ CF (@, )" (—log(n. — )77,

and so [lug ||, — 400 as n 1T n.. The existence of a finite blow-up time ¢, > 0 follows from

Theorem 3.3.14. This concludes the proof of statement 1.
Proof of Statement 2

Suppose A < 0, set 1, = )\—;0 and assume that u)(«) is bounded, at least C°(0,1) a.e.,
and satisfies (3.3.11) with ¢ = 1. First of all, recall from the proof of Theorem 3.3.14 that
both integral terms /C;(t), i = 0, 1 remain finite, and positive, for all n € [0,7,] and A < 0.

Furthermore, in Theorem 3.3.14, we established the existence of a finite ¢, > 0 such that
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limyy, ||ugll, = +oo for all A < 0.2 These remarks, along with the upper bound (3.1.63),

imply that

. . ! do
lim [Jug |, <+o0 & lim [ ———— <400, p>1 (3.3.36)
i1t e Jo  J(a,t)Ptx

However, if p =1,

1
/d—alz’al(t%
o J(a, )P

which remains finite as ¢ 1 t,. As a result

I :
lim [|us (-, )], < +oo

for all A < 0. If p > 1, we need to estimate the integral. Assume for simplicity that uj
attains its least value mg < 0 only at one location o € (0,1). Then for ¢ = 1 and some

€ >0, (3.3.11) implies

/a+r dOé /aJrr dOé
ar (e+up(a) —mo)"*s  Jaor (¢4 Chla—al)Pts

B /a do n /"‘” do
ar (€= Chla—a)P*s  Ja  (e+Cola—a))Pts
27|

- GTHe=T ((e b+ Cyr)i s - mﬁ) .

Substituting € = mqg — Ain into the above, we obtain

a+tr da 2|\l B R
/a_r Tl is G+ Ap - 1)) (€ = ol T (a,0)777%) (3.3.37)

for n, —n > 0 small. Suppose fp <A<O0forp>1 Thenl—p-— % > (0 and the integral
remains finite as ¢ 1 t,.. Consequently, (3.3.36) implies that

I :
lirn [|u (-, )], < +o0

for all ﬁ < A < 0 and p > 1. This establishes 2. We remark that the lower bound
(3.1.64) yields no information regarding L” blow-up of u,, as t 1 t,, for parameter values
—00 < A < l%p p > 1. However, we may still use (3.1.60) and (3.1.61) in section 3.1.4 to

obtain additional blow-up information on energy-related quantities.

20More particularly, we showed that only the minimum blows up, m(t) — —oo, as t 1 t,.

61



Proof of Statement 3

From Theorem 3.3.14, u, € L™ for all time when A € [0,1/2]. Therefore, E(t) exist
globally for these values of the parameter. Likewise, 3.1.78 implies that £ (t) persists globally
for A € [0,1/2]. Now, blow-up of E(t) and E(t) to +00, as t 1 t,, for A > 1/2 is a consequence
of 1 above. Furthermore, setting p = 2 into part 2 implies that F(t) remains bounded for
all A\ € (=1,0) and ¢ € [0,¢,]. Similarly for p = 3, we use part 2 and (3.1.78) to conclude
that F(t) remains finite when A € [—1/2,0) and ¢ € [0,,]. According to these results, we
have yet to determine the behaviour of E(t) as t 1 t, for A < —1, as well as that of E(t)
when A < —1/2. To do so, we will use formulas (3.1.60) and (3.1.61). Following the usual
argument?!, the details of which we omit this time, we derive the following estimates

Oj(Q? t)717%7 A< _17

Kat) ~ § —Clog(n. — 1), A= —1, (3.3.38)
C, Ae(—1,0)
and
CT(a,t) %, A< -—1/2,
Ks(t) ~ < —Clog(n. —n), A=—-1/2, (3.3.39)
C, A€ (—1/2,0)
for 7, —n > 0 small. The constants C' € R* in (3.3.38)i) and (3.3.39)i) are given by
2 |my| 2\ |mo|
Co(1+N) Co(1+2X)’

respectively, for \ as specified by the corresponding estimate. Since both KC;(t), i = 0,1 stay
finite and positive for all n € [0,7,], formula (3.1.60) tells us that blow-up in Ky (t) leads to
a diverging E(t). Then, (3.3.38)i) implies that for A < —1,

E(t) ~ CT (e, )% = +00

as 1 T n,. Similarly for A = —1 by using (3.3.38)ii) instead. Clearly, this also implies blow-up
of E(t) to 400 as t 1 t, for all A < —1. Finally, from (3.1.61)iii), (3.3.38)iii) and (3.3.39)i),
. 3(1+2
B(p) ~ Sl 2Y)
J (e, t)*Fx
as T n. for all A € (—1,—1/2). The existence of a finite ¢, > 0 follows from 3 in Theorem

3.3.14. O
21Gee for instance the argument that led to estimates (3.3.26) and (3.3.37).
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Remark 3.3.40. Notice from Theorem 3.3.14 that the values of A for which u, undergoes
its “strongest” type of L*™ blow-up, the two-sided everywhere blow-up, agrees with those A
in Theorem 3.3.30 for which the “strongest” form of L? blow-up takes place, an LP blow-up
for 1 — p > 0 arbitrarily small. On the other hand, in Theorem 3.3.14 we also showed that,
for A\ < 0, u, undergoes its “weakest” type of L* blow-up, a one-sided, discrete blow-up.
In this case, however, Theorem 3.3.30 tells us that u, remains integrable for ¢ € |0,t.],
while, for p > 1 and 1%;; < A < 0, it stays in LP for all t € [0,¢,]. As we will see in the
remaining sections, this type of interaction between the “strength” of the L> blow-up and

the LP,p € [1,+00) regularity of u, also holds in the general case of g > 0.

3.3.3 Global Estimates and Blow-up for A #0 and ¢ > 0

In this last section, we treat the more general case of initial data satisfying (3.3.10) and/or
(3.3.11) for arbitrary ¢ € R*. Amongst other results, we will examine the L? regularity of
u, for A € R\{0}, ¢ > 0 and p € [1, +00]. More particularly, depending on the sign of A # 0,

regularity of u, in the L® norm is first examined. Then, for the cases leading to L> blow-up

as t approaches some finite ¢, > 0, the behaviour of limyy, ||lu.l], for p € [1,+00) is studied.
Moreover, the jacobian (2.1.14) is also considered. Finally, a larger class of initial data than
the one examined in section 3.1 is discussed. Before stating and proving our results, we first
establish Lemma 3.3.41 below which we use to obtain estimates on the behaviour of several

time-dependent integrals for n, —n > 0 small.
Lemma 3.3.41. Suppose uy(«) is bounded, at least C°(0,1) a.e., and for some q € RT
satisfies (3.3.10) when A € R or (8.8.11) if X € R™. It holds:
1. If \eR" and b > %,
/1 da C
o J(t)  g(@, 1)’
forn, —n >0 small, n, = /\_1140 and positive constants C' given by
2 F(l l)r(b—l> 1
il G a (M0> ' (3.3.43)
I (b) |C1

Here, m € N denotes the finite number of locations @; in [0, 1].

(3.3.42)

2. If \ e R~ andb>%

/1 da ¢ 3.3.44
o J(a,t) j(gj’t)b—é (3.3.44)
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for ne —n >0 small, n, = )\—Tlno and positive constants C determined by

200 (1+2) T (b= 1) /lmol\ 7
O ( F()b)< )<Cg) . (3.3.45)

Above, n € N represents the finite number of points a; in [0, 1].

3. Suppose q > 1/2 and b € (0,1/q), orq € (0,1/2) and b € (0,2), satisfy %, b, b—% ¢ 7.
Then for A # 0 and n. as defined in (3.0.6),

1
d
/0 _j(ao"wb ~C (3.3.46)

for n, —n > 0 small and positive constants C' that depend on the choice of X\, b and q.
Similarly, the integral remains bounded, and positive, for all n € [0,n.] and X # 0 when
b <0 and g > 0.

Proof.
Proof of Statement 1

For simplicity, we prove statement 1 for functions u( that attain their greatest value
My > 0 at a single location @ € (0, 1). By a slight modification of the argument below, the
Lemma can be shown to hold for several @; € [0,1]. Using (3.3.10), there is 0 < r < 1 small
enough such that

e+ My —uy(a) ~e —Cy Ja —a?

for g € RT, e > 0 and 0 < |a — @| < r. Therefore
/aJrT dov /OHrT dov
ar (€4 My—up(a))  Jo, (e=Cila—al’)’

—e? [/:r <1+’i€1|(a—a)q>bda+/j+r (1+@(a—a)q)bda]

for b € R. Making the change of variables

@(E—a} = tan, @(a—@)

N

3 = tan6

in the first and second integrals inside the bracket, respectively, we find after simplification

that

a+r da A z (COS 0)21)7%71
/ (e+ Mo — uh(a))b T 1 / —— b (3.3.47)
“r 0 0 q|Cile e Jo  (sinf) *
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for small € > 0. Suppose b > %, then setting € = /\Ln — My into (3.3.47) implies

/ _da ¢ (3.3.48
0 j(oz,t)b j(@, t>b—% .0. )
for n, —n > 0 small, n, = %JWO’ J(@,t) =1— \n(t)M, and
c-4 (%) ' / (s8) " o, (3.3.49)
g \|Cl/ Jo  (sing)"*
Now, recall that for p, s,y > 0 (see for instance [24]),
' I'(p)T'(s)
N1 =) At = =L I'(1 =y (y), 3.3.50
[ = G ry) < ar) (3:3.50

where (3.3.50)i) is commonly known as the Beta function. Therefore, letting ¢ = sin®6,

p= % and s = b — % into (3.3.50)i), and using (3.3.50)ii), one gets

1 2b—%—1 1 _ 1
2/2 (cos0) : de:qr<1+q>r(b q>’ b>1. (3.3.51)
0 (sin 0)17 r() 1

The result follows from (3.3.48), (3.3.49) and (3.3.51).

Proof of Statement 2

Follows from an argument analogous to the one above by using (3.3.11) instead of (3.3.10).

Proof of Statement 3

The last claim in statement 3 follows trivially if b < 0 and ¢ € R™ due to the boundedness
and almost everywhere continuity of g in [0, 1]. To establish the remaining claims, we make
use of Lemmas 3.0.9 and 3.0.11. However, in order to use the latter, we require that b € (0, 2)
and b # 1/q. Since b > 0 and the case b > 1/q was established in parts (1) and (2), suppose
that b € (0,1/q) and b € (0,2). This is equivalent to having either ¢ > 1/2 and b € (0,1/q),
orq € (0,1/2) and b € (0,2).

First, for ¢ and b as above, we consider the case of A\ > 0. Also, for simplicity, suppose
that w; attains its greatest value at a single point @ € (0,1). Then, by (3.3.10) and Lemma
3.0.11, there is 0 < r < 1 small enough such that

/OH»T dOé /OH»T dOé
ar (€+My—ug(a)) S, (e=Cila—al')
1 1 9
= 2T€_b 2F1 |:—,b, 1+ ) ClT :|
q q ¢

(3.3.52)
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for e > |C1] > |C1|7r? > 0 and 0 < |a — @| < r. Now, the restriction on e implies that —1 <
# < 0. However, our ultimate goal is to let € vanish, so that, eventually, the argument %
of the series in (3.3.52)ii) will leave the unit circle, particularly ¥ < —1. At that point,
definition (3.0.7) for the series no longer holds and we turn to its analytic continuation in
Lemma 3.0.9. Accordingly, taking € > 0 small enough such that |Cy|r? > ¢ > 0, we apply

Lemma 3.0.9 to (3.3.52) and obtain

1 _1
Chrq}:: o 1-ab +_2_r(1+q)1‘<b q>—%d%d (3.3.53)
el a-wial el

2 1 1
_ZQFI |:_7b71+ ™
€ q q
for ¢(e) = o(1) as € — 0, and either ¢ > 1/2 and b € (0,1/q), or ¢ € (0,1/2) and b € (0, 2).
In addition, due to the assumptions in Lemma 3.0.9 we also require that %, b, b — % ¢ 7.
Finally, since b—% < 0, upon substituting e = /\in — My into (3.3.52) and (3.3.53), we conclude
that

1
d
[:?é%ﬁwc (3.3.54)

for n, —n > 0 small, n, = /\LMO and positive constants C' that depend on the choice of A > 0,
b and g as above. An analogous argument may be used if A < 0 by using (3.3.11) instead of
(3.3.10). O

Estimates for K;(t), i = 0,1 with \ # 0 and ¢ € R*

For parameters A > 0

Setting b = % into 1 and 3 of Lemma 3.3.41, we find that for A > 0 and 1, —n > 0 small,

_ C, A>qg>2%  or qe€(0,1/2), A> 1
Ko(t) ~ 2 (0.1/2) 2 (3.3.55)

06‘-7(52'775)%_%7 q > Oa A€ (O,Q)

where the positive constants Cs > 0 are given by

2mI (14 )T (5~ 3 N\
Co = ( IW%)( ) (é;) | (3.3.56)

and for (3.3.55)i) we assume that A and ¢ satisfy, when applicable,

1
A#lq , g#- Y neN (3.3.57)
—ng n
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Similarly, by letting b =1 + %, one finds that

_ C, g€ (1/2,1), A>¢L or ¢€(0,1/2), A>1,
Rilt) ~ -
C:J (a;,t)a >, qe€(0,1), O<A<iL o ¢g=1, A>0
(3.3.58)
with positive constants C7; determined by
C—M<1+5>F(H§‘§><Mo)é (3.3.59)
= F(+ ) al) .

Additionally, for (3.3.58)i) we assume that A and ¢ satisfy (3.3.57).
For parameters A\ <0

For A < 0and b = £, we use 3 of Lemma 3.3.41 to conclude that

1
2
Kot) ~ C (3.3.60)

for n, —p > 0 small, ¢ > 0 and A < 0. Moreover, 2 and 3 of Lemma 3.3.41, now with
b=1+ % and A < 0, imply that

Ki(t) ~C (3.3.61)
for either
q >0, A€ [-1,0),
q€(0,1), A< -1  satisfying (3.3.57), (3.3.62)
qg>1, quq <A< —1,
whereas
Ki(t) ~ Cs T (a; )i 3! (3.3.63)

forg>1, A< %} and positive constants Cy determined by

Sy
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L>~ Regularity for \,q € R

In this section, we use the estimates obtained for &;(t), i = 0,1 in the previous section to
examine the L> regularity of u, for A > 0 and bounded, at least continuous a.e. uj, satisfying

(3.3.10) for some ¢ € R*. Furthermore, the behaviour of the jacobian (2.1.14) is also studied.

Theorem 3.3.65. Consider the initial boundary value problem (1.1.1)-(1.1.2) or (1.1.3) for
up(a) bounded, at least C°(0,1) a.e., and satisfying estimate (3.3.10).

1. For g € RT and X € |0, q/2], solutions exist globally in time. More particularly, these
vanish as t 1 t, = +oo for A € (0,q/2) but converge to a nontrivial steady state if
A=q/2.

2. For ¢ € R" and X € (q/2,q), there exists a finite t, > 0 such that both the maximum
M (t) and the minimum m(t) diverge to +o0o and respectively to —oo as t 1 t.. Addi-
tionally, for o & {@;, a;}, limyy, uz(y(a,t),t) = —0o (two-sided, everywhere blow-up).

3. For q € (0,1/2) and X > 1 such that q # % and \ # 1_qnq for all n € N, there is a

finite t, > 0 such that only the mazimum blows up, M(t) — +00, as t T t. (one-sided,
discrete blow-up). Further, zf% <A< &1 forq € (1/3,1/2), a two-sided, everywhere
blow-up (as described in (2) above) occurs as t approaches some finite t, > 0.

4. Suppose q € (1/2,1). Then for ¢ < A < ﬁ, there exists a finite t, > 0 such that, as

t 1 t., two-sided, everywhere blow-up develops. If instead A\ > li_q, only the mazimum

diverges, M(t) — +o00, ast T t. < +oo.

5. For A\ > q > 1, there is a finite t, > 0 such that u, undergoes a two-sided, everywhere
blow-up as t T t,.

Proof. Suppose \,q > 0, let C' denote a positive constant which may depend on A and g¢,
and set 7, = ﬁ

Proof of Statements 1 and 2

Suppose A € (0,q) for some ¢ > 0. Then, for n, —n > 0 small, Ko(t) satisfies (3.3.55)ii)
while IC;(¢) obeys (3.3.58)ii). Consequently, (2.1.19) implies that
o (30
Co \T(a,t)  Cg

uz(v(a,t),t) ~ ) J @, ) % (3.3.66)
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for positive constants Cs and C7 given by (3.3.56) and (3.3.59). But for y; = § — % and
Y2 = 3, (3.3.50)ii), (3.3.56) and (3.3.59) yield
Cr _Twn+1T() _wn A
— = ===1--¢€(0,1), A€ (0,q). 3.3.67
Co Tw)T(y2+1) w2 q 0.1) 0.9) ( )
As a result, setting o = @; into (3.3.66) and using (3.0.4) implies that
My (A
M)~ 2 (2) Ta (3:3.65)
Cs \¢
for n, —n > 0 small, whereas, if a # @,
M, A
Up(y(e, 1), 1) ~ ——o (1 - —> T (@, )% (3.3.69)
Cy q
Clearly, when A = ¢/2,
Mo
M(t — >0
0= 568~
as 1 T n,, while, for o # @;,
(Hant), 1) =~ < g
Uz (y(a, t), — .
7 20
If X €(0,q/2), (3.3.68) now implies that
M(t) — 0"
as 1 T 1., whereas, using (3.3.69) for a # @,
UCF(’)/(Oév t)7 t) — 0.
In contrast, if A € (¢/2,q), 1 — % < 0. Then (3.3.68) and (3.3.69) yield
M(t) = 400 (3.3.70)
as 1 T ny, but
ug(y(a, t),t) = —o0 (3.3.71)
for a # @;. Lastly, rewriting (2.1.16) as
dt = Ko(t)* dn (3.3.72)
and using (3.3.55)ii), we obtain
s 2,
N c/ (1= \ehp) % 2dps (3.3.73)

n
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or equivalently

22 _ . 22 _
T = (o T LR O iy B CL RO 7 R
C (log(ne — n) — limypy, log(ns — p)), A=a/2.

Consequently, ¢, = oo for A € (0,¢/2] while 0 < t, < +o0 if X € (¢/2,q).

Proof of Statement 3

First, suppose ¢ € (0,1/2) and A > 1 satisfy (3.3.57). Then Ko(t) and K;(t) satisfy
(3.3.55)i) and (3.3.58)i), respectively. Therefore, (2.1.19) implies that

ug(Y(e, 1), 1) ~ C (j(;t) - C) (3.3.75)

for n, —n > 0 small. Set & = @; into (3.3.75) and use (3.2.7)i) to find that

M(t) ~ — +00

_¢
as n T n.. However, if o # @;, u,(vy(a,t),t) remains finite for all n € [0,7,] due to the

definition of M,. The existence of a finite blow-up time ¢, > 0 for the maximum is guaranteed

by (3.3.55)i) and (3.3.72), which lead to

te —t ~C(n. —n). (3.3.76)
Next, suppose 3 < A < 1%, for g € (1/3,1/2), so that {£ € (1/2,1). Then, using (3.3.55)i)
and (3.3.58)ii) on (2.1.19), we find that

C
T (o, t)
for n, —n > 0 small. Consequently, setting o = @; into the above and using A > ¢, we find

that

uz(y(a, t),t) ~ C ( - j(m,t)“l) (3.3.77)

M(t) ~ — 400 (3.3.78)

as 1 T n.. On the other hand, for a@ # @;, the space-dependent in (3.3.77) now remains
bounded and positive for all n € [0,7,]. As a result, the second term dominates and

1
—x-1

uz(y(ayt),t) ~ =CT (@, t) — —00 (3.3.79)

Q=

as 17 T n.. The existence of a finite blow-up time ¢, > 0, follows, as in the previous case,

from (3.3.72) and (3.3.55)i).
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Proof of Statement 4

Part 4 follows from an argument analogous to the one above. Briefly, if ¢ < A < li_q
for ¢ € (1/2,1), we use estimates (3.3.55)i) and (3.3.58)ii) on (2.1.19) to get (3.3.77), with
different positive constants C. A two-sided, everywhere blow-up in finite-time then follows
just as above. If instead A > % for ¢ € (1/2,1), then (3.3.55)i) still holds but K1(t) now
remains finite for all n € [0,7.]; it satisfies (3.3.58)i). Therefore, up to different positive
constants C, (2.1.19) leads to (3.3.75), and so only the maximum diverges, M (t) — +o0, as
t approaches some finite ¢, > 0 whose existence is guaranteed by (3.3.76).

Proof of Statement 5

For A > ¢ > 1, (3.3.55)i), (3.3.58)ii) and (2.1.19) imply (3.3.77). Then, we follow the
argument used to establish the second part of 3 to show that two-sided, everywhere blow-up

occurs at a finite time. See section 4.2 for examples. ]

Remark 3.3.80. Theorems 3.3.14 and 3.3.65 allow us to predict the regularity of stagnation
point-form (SPF) solutions to the two (A = 1) and three (A = 1/2) dimensional incompress-
ible Euler equations assuming we know something about the curvature of the initial data wg
near @;. Setting A = 1 into Theorem 3.3.65(1) implies that SPF solutions in the 2D setting
persist for all time if ) is, at least, C°(0,1) a.e. and satisfies (3.3.10) for arbitrary ¢ > 2.
On the contrary, Theorems 3.3.14 and 3.3.65(2)-(4), tell us that if ¢ € (1/2,2), two-sided,
everywhere blow-up in finite-time occurs instead. Analogously, solutions to the correspond-
ing 3D problem exist globally in time for ¢ > 1, whereas, two-sided, everywhere blow-up

develops when ¢ € (1/2,1). See Table 3.2 below.

Table 3.2: Regularity of SPF solutions to Euler equations
q 2D Euler 3D Euler

(1/2,1) | Finite time blow up| Finite time blow up

[1,2) Finite time blow up|  Global in time
2, +00) Global in time Global in time

Finally, we remark that finite-time blow-up in u, is expected for both the two and three
dimensional equations if ¢ € (0,1/2]. See for instance section 4.2 for a blow-up example in

the 3D case with ¢ = 1/3.
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Behaviour of the Jacobian for )\, g € Rt

Corollary 3.3.81 below briefly examines the behaviour, as ¢ 1 t,, of the jacobian (2.1.14) for

t. > 0 1is as in Theorem 3.3.65.

Corollary 3.3.81. Consider the initial boundary value problem (1.1.1)-(1.1.2) or (1.1.3)
for up(a), at least C°(0,1) a.e., satisfying (3.3.10) for some q € RY. Furthermore, let t, > 0

be as in Theorem 3.3.65. It follows,

1. For g € RT and ) € (0,q),

lim o (e, t) =
e Oa a 7é az

where t, = o0 for A € (0,q/2], while 0 < t, < 400 if X € (¢/2,q).

(3.3.82)

2. Suppose A > q > 1/2, orq € (0,1/2) and A > 1/2, satisfy (3.3.57). Then, there ezists

a finite t, > 0 such that

+OO, o = Oy,
lim vy, (o, t) =
i1t C, a %az

where the positive constants C depend on X\, ¢ and [0,1] 3 o # @;.

Proof. Set n, = /\_1140 for A > 0.
Proof of Statement 1
Suppose A € (0,¢) for ¢ > 0. Then (2.1.14) and (3.3.55)ii) imply

for n, —n > 0 small. Setting a = @; then gives
_ 1
Ya(@iyt) ~ ————

CoJ (@, 1)

as 1 1 1., whereas, for a # @;,

1
q

>

Yola,t) ~ CT (@, t) — 0.
The either finite or infinite character of ¢, > 0 follows from Theorem 3.3.65.
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Proof of Statement 2

Now suppose A > ¢ > 1/2, or A > 1/2 for any ¢ € (0,1/2), satisfy (3.3.57). Then (2.1.14)

and (3.3.55)i) imply that
C

I (o t)x
for n, —n > 0 small. If & = @, then 7,(@;,t) — 400 as n T 1., whereas, for a # @,

'704(05’ t) ~

the definition of M, implies that v, converges to some finite, positive constant C' as 1 1 7.

Finally, the existence of a finite ¢, > 0 follows from Theorem 3.3.65. ]

Further L Regularity for A > ¢/2, p € [1,4+00) and ¢ € RT

Recall from Theorem 3.3.65 that for ¢ € R, ||u,||,, exists for all time if A € [0,¢/2].
Therefore, for these values of the parameter and p > 1, u, € LP for all t € [0, 4+00]. On
the other hand, blow-up of u, in the L*> norm occurs as ¢t approaches some finite ¢, > 0 for
A > ¢/2. In this section, we study further properties of L” regularity in u,, as t T t,, for
A > q/2,p €[l,+00) and initial data uj(a) satisfying (3.3.10) for some ¢ € RT. To do so,
we will make use of the upper and lower bounds, (3.1.63) and (3.1.64), derived in section

3.3.2 for |lug||,- As a result, we require estimates on the behaviour of the time-dependent

1 1 1
/d—o‘“ /d—o‘“ /d—o‘l (3.3.84)
o J(a,t)w 0 J(a,t)Fw o J(a, 1)

for n, —n > 0 small, which may be obtained directly from parts (1) and (3) of Lemma

integrals

3.3.41. Since applying the Lemma is a rather straight-forward exercise, we omit the details

and state our findings below.

For p > 1,
/1 do C, C]E<071/2>7 )‘>2ip or q>%’ )\>1%’ (3385)
o J(a,t) | coT@int)i %, ¢>0, Xe(0,q/p)

for n, —n > 0 small and positive constants

; _2mF(1+%>F(%p—%> (MO);
9 — .

Also,

1
/ ¢ (3.3.86)
o J(a,t) T



for p > 1 and either
1
7€ (0,1/2), A> 1,

q
q€(1/2,1), > 5,

whereas

1
d 1 1
/ TN 010;7(51‘715)5_*7’_1
o J(

Oé,t)lJr%p
for p > 1 and

q
q€(0,1), 0<A< 755,

g>1, A>0.

(3.3.87)

(3.3.88)

(3.3.89)

The positive constant Cjg in (3.3.88) can be obtained by simply substituting every /\ip term

in Cy above, by 1 + %p. We also point out that due to part (3) of Lemma 3.3.41, estimates

(3.3.85)i) and (3.3.86) are valid for

)\#Iﬁnq), q#% v neNuU{o.
Finally, X
da
/0 I (a, t)Prx ~ ¢

for either

q€(0,1/2), pell,2), )\>ﬁ,

qge(1/2,1), pe[l,1/q), A> 1—qu‘
whereas . o .

o J(a, )P
for

g€ (0,1, pell,1/g), 0<A< i,

g€ (0,1, p>,, A>0,
q>1, p>1, A>0.

Estimate (3.3.91) is in turn valid for

q 1
Af—————— — VneN.
7é1+q(n—p) Q%n "

(3.3.90)

(3.3.91)

(3.3.92)

(3.3.93)

(3.3.94)

(3.3.95)

Now, in what follows, t, > 0 will denote the L*> blow-up time in Theorem 3.3.65. Also, we
will assume that (3.3.57), (3.3.90) and (3.3.95) hold whenever their corresponding estimates
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are used. For simplicity, the restrictions placed on A and ¢ by these conditions are only stated
in the main Theorem 3.3.100 at the end of this section, which summarizes our results. We
begin by considering the lower bound (3.1.64). In particular, we will show that two-sided,
everywhere blow-up in Theorem 3.3.65 corresponds to a diverging L? norm of u, for p > 1.
Then, we consider the upper bound (3.1.63). In that case, we will find that if ¢ € R and
A > q are such that only the maximum diverges at a finite ¢, > 0, then u, remains integrable
for all t € [0,t.], whereas, its regularity in other L? spaces for ¢t € [0,t,] and p € (1,400)
will be determined from the parameter A as a function of either p, ¢, or both.

Suppose ¢/2 < X < q/p for ¢ € RT and p € (1,2). This implies that estimate (3.3.85)ii)
holds. Also, since (q/2,q/p) C (0,q), (3.3.55)ii) applies as well. Now, if ¢ € (0,1), then

4q 4q q

<< A< << —
2 P q 1—¢q’

and so (3.3.58)ii) follows, otherwise, (3.3.58)ii) is also known to hold for all ¢ > 1 and
A > 0. Similarly for ¢ € (0, 1), we have that

O<g<)\<g<L

p p(l—q)
so that (3.3.88) holds. Alternatively, this last estimate is also valid if ¢ > 1 for any A > 0.

Accordingly, using these estimates on (3.1.64) yields, after simplification,
1
2241

! do _l?l(t) U do
) Kot / T(a, )" ’Co<f>/o J(a,t)%
~C(p—1)J (@) eV

lua (- D)

p

for n, —n > 0 small and

1 1
a(p,q,)\)—l—i-—(l———Q)\).
q p

Then, [Ju,||, will diverge, as n 1 7., for o(p, g, A) < 0, or equivalently, p(1+g—2X)—1 <0.
Since /2 < A < q/p for ¢ > 0 and p € (1,2), we find this to be the case if

1 1
q € RY, 1<p<1+i, —(q+1——)<)\<g.
1+¢ 2 p p

Therefore, by taking p — 1 > 0 arbitrarily small, we find that

I =
lim |[usz],, = +00
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for A € (¢/2,q) and ¢ € R*. The existence of a finite blow-up time ¢, > 0 follows from (2)
in Theorem 3.3.65, while the embedding

L? — P s> p, (3.3.96)

yields LP blow-up for any p > 1. Next, for ¢ € (1/3,1/2) we consider values of A lying
between stagnation point-form solutions to the 2D (A = 1) and 3D (A = 1/2) incompressible

Euler equations. Suppose S<A< pTa] for 1 <p < L and q € (1/3,1/2). The condition

1

on p simply guarantees that p( 7> % for q as spec1ﬁed. Furthermore, we have that

1 1 q q
< —< =< A< < € (1/2,1),
2p 2 p(l—q) 1—g¢ (1/2.1)

so that relative to our choice of A and ¢, A € (1/2,1). Using the above, we find that (3.3.55)i),
(3.3.58)ii), (3.3.85)i) and (3.3.88) hold, and so (3.1.64) leads to
(D), -

! dov _I?l(t) L' da
()] Ko(t)7 / Tla,t) ’Co<t>/o J (a,t)%
~C|CT (@) » " — J(a, )%*%*1‘

1

(3.3.97)

>l

~CJ @, t)a 3

for n, —n > 0 small. Therefore, as n 1T n,, ||ux||p will diverge for all % <A< zﬁ’

g € (1/3,1/2) and 1 < p < 127‘7(1. Here, we can take p — 1 > 0 arbitrarily small and

use (3.3.96) to conclude the finite-time blow-up, as ¢ 1 ., of |lu.[, for all % <A< l%q,

q € (1/3,1/2) and p > 1. The existence of a finite blow-up time ¢, > 0 is guaranteed by

the second part of (3) in Theorem 3.3.65. Now suppose ¢ € (1/2,1) and ¢ < A < (1 ) for
1 < p < =,. This means that A > ¢ > 1/2 and
a a q (3.3.98)

I<=<g< A< < .
p p(l—q) 1-—gq

Consequently, using (3.3.55)i), (3.3.58)ii), (3.3.85)i) and (3.3.88) on (3.1.64), implies (3.3.97),
possibly with distinct positive constants C. Then, as n 1 7.,

s 1), = o0

for all ¢ < A < ( o 4 € (1/2,1) and 1 < p < 1= Similarly, if ¢ and p are as above, but
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<A< 1L, (3.3.55)i), (3.3.58)ii), (3.3.85)i) and (3.3.86) imply
/1 do B Ki(t) /1 do
T g Ko g0

' oo

( q)

1

[ (-, )1, = —
[ An(t)] Ko(t)

-Q\»—‘

~ CJ(a,t)d

as 1 T 1. From these last two results and (3.3.96), we see that

[tell, = +00 as 0T

forall ¢ <A < 7%, g€ (1/2,1) and p > 1. The existence of a finite ¢, > 0 follows from
part 4 of Theorem 3.3.65. Lastly, suppose A > ¢ > 1 and p > 1. Then, estimates (3.3.55)i),
(3.3.58)ii), (3.3.85)i) and (3.3.88) hold for n, —n > 0 small. As a result, (3.1.64) implies
(3.3.97), which in turn leads to LP blow-up of u, for any A > ¢ > 1 and p > 1, as n T 7.
The existence of a finite ¢, > 0 is due to (5) in Theorem 3.3.65.

Notice from the results established so far, that some values of A > ¢/2 for ¢ € R" are
missing. These are precisely the cases for which the lower bound (3.1.64) yields inconclusive
information about the L? regularity of u, for p € (1,400). To examine some aspects of the
LP regularity of u, for t € [0,t,] and p € [1,+00), in these particular cases, we consider
the upper bound (3.1. 63) instead. First, suppose ¢ € (0,1/2) and A > 2%1) for p € [1,2).
Then, we have that A > 7= > 1> 1. > ¢. As a result, (3.3.55)i), (3.3.58)i) and (3.3.91)
imply that all the 1ntegra1 terms in (3.1.63) remain bounded, and nonzero, for n € [0, 7,].
We conclude that
lim |u, (-, t)], < 400 (3.3.99)

.

for all A > 57—, ¢ € (0,1/2) and p € [1,2). Here, t, > 0 denotes the finite L blow-up time
for u, estabhshed in the first part of (3) in Theorem 3.3.65. Particularly, this result implies
that even though

tmn ], = +0c

for all A > 1 when ¢ € (0,1/2), u, remains integrable for ¢ € [0, t.].
Finally, suppose ¢ € (1/2,1) and A > - for p € [1,1/q). Then

7



q q 1
> >1>q> =
1—pg ~ 1—¢q 4 2’

and so (3.3.55)i), (3.3.58)i) and (3.3.91) hold. Consequently, (3.1.63) implies that

A >

.
tlén||ux||p < +00

for all A\ > 1_;’1)(1, q € (1/2,1) and p € [1,1/q). This time, t, > 0 stands as the finite L>
blow-up time for u, established in the second part of (4) in Theorem 3.3.65. Furthermore,

this result tells us that although

I =
lim [usz],, = +o00

for A > - and ¢ € (1/2,1), u, stays integrable for all ¢ € [0,¢,]. These last two results
on the integrability of u,, for ¢ € [0,t.], become evident by setting p = 1 into (3.1.63) to

obtain B
2IC (1)

< e .
Il = ke
The result then follows from the above inequality and estimates (3.3.55)i) and (3.3.58)i).

Theorem 3.3.100 below summarizes the above results.

Theorem 3.3.100. Consider the initial boundary value problem (1.1.1)-(1.1.2) or (1.1.3)
for uf(a) bounded, at least C°(0,1) a.e., and satisfying (3.5.10). Also, let t, > 0 be as in
Theorem 3.3.65.

1. For ¢ > 0 and A € [0,q/2], limy 1o [lugll, < 400 for all p > 1. More particularly,
iy oo [Jugl[, = 0 for A € (0,4/2), while, as t — +00, u, converges to a nontrivial,

L*> function when \ = q/2.

2. Let p > 1. Then, there exists a finite t, > 0 such that for all ¢ > 0 and X € (¢/2,q),

limygy, [Jugl|, = +o0o. Similarly if A > q > 1, ors <A< = g €(1/3,1/2).

3. For all ¢ € (0,1/2), X\ > 2%;0 and p € [1,2), there exists a finite t. > 0 such that

Ugll, < +00 (see (3) in Theorem 3.3.65).

limm*

4. Suppose q € (1/2,1). Then, there exists a finite t. > 0 such that limyy, [Ju.||, = 400
forg< A< 1qu and p > 1, whereas, if A > 1%’;0(1 and p € [1,1/q), limy,, ||um||p < 400
(see (4) in Theorem 3.3.65).
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L>* Regularity for A <0 and ¢ € R"
We now examine L* regularity of u, for A < 0. We prove Theorem 3.3.101 below.

Theorem 3.3.101. Consider the initial boundary value problem (1.1.1)-(1.1.2) or (1.1.3)
for uy(a) bounded, at least C°(0,1) a.e., and satisfying (3.3.11). It holds,

1. Suppose A € [—1,0) and g € RT. Then, there exists a finite t, > 0 such that only the

minimum diverges, m(t) — —oo, as t 1 t. (one-sided, discrete blow-up).

2. Suppose that A < —1 and q € (0,1) satisfy \ # 1_qnq and q # % V n € N. Then, a
one-sided discrete blow-up, as described in (1) above, occurs in finite-time. Similarly

for%]<)\<—1 and q > 1.

3. Suppose A < %} and g > 1. Then, there is a finite t, > 0 such that both the maxi-
mum M(t) and the minimum m(t) diverge to +o0o0 and respectively to —oo as t 1 t..

Moreover, limyy, ug(y(a,t),t) = 400 for o ¢ {@y, a;} (two-sided, everywhere blow-up).

4. For X\ <0, assume only Dirichlet boundary conditions (1.1.8) and/or suppose uq is odd
about the midpoint. Then, for every a; € [0, 1] there exists a unique x; € [0,1] given
by formula (3.1.2) such that limsy, u.(z;,t) = —oco. Finally, the jacobian (2.1.14)
satisfies

lim ya(a, t) = b T (3.3.102)
i1 C, o %Qj
for all A\ < 0, ¢ € R" and where the positive constants C' depend on the choice of \, q

and o # ;.

Proof. Let C be a positive constant depending on A < 0 and ¢ > 0, and set

1

77*2)\—m0-

Proof of Statement 1I

Suppose A € [—1,0) and, given ¢ € RT, assume uf() is bounded, at least C°(0,1) a.e.,
and satisfies (3.3.11). Then, from (3.3.60) and (3.3.61) both integral terms K;(t), i = 0,1 in
(2.1.19) remain finite and nonzero as n 1 7,.. More particularly, one can show that (3.1.53)
and (3.1.55) hold for all € [0, 7.]. Then, by setting a = a; into (2.1.19) and using (3.0.5) we

find that, due to the space-dependent term in (2.1.19), the minimum diverges, m(t) — —oo,
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as 1 1T n.. However, if a # a;, the definition of mg implies that the space-dependent term
now remains bounded, and positive, for all n € [0,7.]. As a result, u,(~,t) stays finite for
a # a; and € [0,7.]. We conclude that as 1 1 7., a one-sided, discrete blow-up occurs.
The existence of a finite blow-up time ¢, > 0 and formula (3.1.2), the latter under Dirichlet
boundary conditions, follow from (2.1.16) and (2.2.1), respectively, along with (3.3.60). In
fact, we may use (2.1.16) and (3.1.53) to obtain estimate (3.1.56).

Proof of Statements 2 and 3

Now suppose A < —1. As in the previous case, the term Ky(¢) remains finite and positive
for all n € [0,7n.]. Particularly, Ko(t) satisfies (3.1.40) for all € [0,7,]. On the other hand,
KC1(t) now either converges or diverges as 1 1 7, according to (3.3.61) or (3.3.63). If A < —1
and ¢ € RT are such that (3.3.61) holds, then (2) follows just as part (1). However, if ¢ > 1
and A < 1=, we use (3.3.60) and (3.3.63) on (2.1.19) to obtain

st~ s ot )

1
J(a,t)

for n, —n > 0 small. Setting a = a; into the above and using (3.0.5) then implies

(t) Omo N

m(t) ~ —00

as 11 7 1. On the other hand, if a # a;, so that the space-dependent term J(a,t)™! now
remains bounded, we use ¢ > 1 and A < ﬁ to conclude that the second term dominates
and

ua(y(a,1),8) ~ Climo| T (0,557 = oo

as 1 T 1.. The existence of a finite blow-up time ¢, > 0 and formula (3.1.2), the latter for the
Dirichlet setting (1.1.3) and/or odd data ug, follow just as in the A € [—1,0) case. In fact,
(2.1.16) and (3.1.40) yield the lower bound 7, < t,.?* Finally, (3.3.102) is derived directly
from (2.1.14) and (3.3.60). See section 4.2 for examples. O

Further L Regularity for A <0, p € [1,+00) and ¢ € RT

Let t, > 0 denote the finite L> blow-up time for u, in Theorem 3.3.101 and recall that
N = ﬁ In this last section, we briefly study the LP regularity of u, as t 1 ¢, for A < 0

22Which we may compare to (3.1.56). From (2.1.16), we see that the two coincide, . = 7., in the case of
Burgers’ equation A = —1.
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and p € [1,+00). Also, the behaviour of the jacobian is considered and a class of smooth
functions larger than the one studied in section 3.1 is discussed at the end.
As in section 3.3.3, our study of LP regularity requires the use of the upper and lower

bounds (3.1.63) and (3.1.64). First of all, by the last part of (3) in Lemma 3.3.41,

1
/ Ao e (3.3.103)
o J(

a,t)

for n, —n >0 small, A <0, ¢ € R" and p > 1. Similarly by the same result,

1
_do ¢ (3.3.104)
0 J(atpPhs

for n, —n > 0 small, —% <A <0, q€eRT and p > 1. Moreover, due to the first part of (3)
in the Lemma, estimate (3.3.104) is also seen to hold, with different positive constants C,

for A < —}D, p > 1 and ¢ € R* satisfying either of the following

(

qc (07 1/2>7 pE [172]; A< —}—17,

1 1

q6(071/2)7 p>27 2Tp<)‘<_57
g€ (1/2,1), pe(l,1/q], A< -1 (3.3.105)

1 q 1

QE(]./Q,].), p>a7 m<)\< >

_a _1

(¢ > 1, p>1, 1_pq<)\< >

as well as
¢ d ! 21y nen (3.3.106)
) ) - n . .O.
l—q(p+n) 1-p 75

If (3.3.104) diverges instead, then it dominates the other terms in the upper bound (3.1.63),
regardless of whether these converge or diverge, and so no information on the behaviour of

|tz ||, is obtained. Finally, using (2) in Lemma 3.3.41, one finds that

1
/ o e CT ()i ! (3.3.107)
o J(

o, t) T

forn, —m >0small,¢g>1,p>1and A < zﬁ' We remark that for the cases where the
above integral converges, the lower bound (3.1.64) yields no information. For the remaining
of this section, we will assume that (3.3.57) holds whenever (3.3.61) is being used for A < —1
and ¢ € (0,1). Also, (3.3.106) will be valid in those cases where estimate (3.3.104) is
considered for A, p and ¢ as in (3.3.105).
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Suppose 1o < A < gt for ¢ > 1 and p > 1. Then, using (3.3.60), (3.3.61), (3.3.103)
and (3.3.107) on the lower bound (3.1.64) implies that

lim [[ugl,, = +-oo.
If instead, A < ;L for ¢ > 1 and p > 1, then (3.3.60), (3.3.63), (3.3.103) and (3.3.107) give
1

' do _I§1(t) ' da
IAn(t)] Kolt) /o Tla, )™ /Co(t)/o T(a, )™
~CloT (@, )i — T(a, )i

lua (-, D), 2

1
2)\+p

1

~ CT (e, t)1™ % ' = foo

as 1 T n.. For the upper bound (3.1.63), we simply mention that estimates (3.3.60), (3.3.61)
and (3.3.104) lead to several instances where ||u,||, remains finite for all ¢ € [0,%,]. For

simplicity, we omit the details and summarize the results from this section in Theorem

(3.3.108) below.

Theorem 3.3.108. Consider the initial boundary value problem (1.1.1)-(1.1.2) or (1.1.3)
for uy(a) bounded, at least C°(0,1) a.e., and satisfying (3.3.11). In addition, let t, > 0
denote the finite L blow-up time for u, as described in Theorem 3.3.101. It follows,

1. Let ¢ € (0,1/2). Then limgy,,
A <0 andp > 2.

Uy, < +00 for either A < 0 and p € [1,2], or fp <

2. Let q € (1/2,1). Then limyy, [lu.l|, < 400 for either A < 0 and p € [1,1/q], or
%m<)\<0 andp > 1/q.

3. Let ¢ > 1. Then limyy,

’LLx” < 400 for %’pq < A< 0 and p > 1, whereas

limgpy, [uzl], = 400 for A < p(1q_q) and p > 1.

Whenever applicable, conditions (3.3.57) and (3.3.106) apply to parts (1) and (2) above.

Remark 3.3.109. Suppose A > 0. Then, Lemma 3.3.41 was established under the assump-
tions that the continuous, bounded function wuy(«) attained its greatest value My > 0 at
several locations @; € [0,1], i = 1,2, ...,m, and its local behaviour near each of these points

is the same, i.e uf satisfies (3.3.10) for the same ¢ € RT regardless of location @;. Clearly,

82



we may encounter functions u(, with local behaviour that varies from one particular location

@; to the next @y, j # k. Formally, we can have uj which near @; satisfies

forall 0 < |a—a;| <7, 0<r <1, ¢ >0 and some C; < 0. Here, r is chosen as small as
needed to avoid overlapping amongst the intervals. Now, without loss of generality, suppose
@1 > G2 > ... 2> @y > 0 so that

1 1 1

- >
qm LY — q1

Then, applying the argument used to prove 1 in Lemma 3.3.41, we find that for b > qu

and 7, —n > 0 small,

oG+ m 1
Z/a J a, b)Y ~ D ad @ s

i—T i=1

= J(@,t)yu "’ <61+ch (@, t qfqll)

(3.3.111)

for the constants ¢; given by

C; =

2NT (H%)P(b__) <M0> (3.3.112)
I (b) Cil )

and where the positive integer N > 1 denotes the multiplicity of the corresponding ¢; in the

set {q1,42, ..., Gm }- Furthermore, since for every 1 < i < m, b > i, the constants ¢; are all

positive and well-defined. Also, because ¢; > ¢;, we have % — L >0. As a result, using the

q1
continuity of w;, implies that the integral will diverge, as n 1 7., at a rate

'od 1
/0 Wat)b ~ Clj<al,t) a1 b (33113)

for all b > qu. This implies that the blow-up rate for the integral is determined by the

greatest element in the set {¢;}, whereas the values of b > 0 for which the blow-up occurs
depend on the smallest member. This interaction between ¢, and g; The above result is
summarized in Corollary 3.3.114, which may be used for studying regularity of solutions in
the more general case of uj, with distinct local behaviours. Similar arguments are possible
by following the above procedure, along with the one used in Lemma 3.3.41, to obtain

corresponding integral estimates for A < 0 and/or b < qi
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Corollary 3.3.114. For A > 0 andn, = ALMO,
a.e., and satisfies (3.3.110). In addition, let ¢ > 0 denote the greatest element(s) in the set

suppose that uy() is bounded, at least C°(0,1)

{¢;}, i = 1,2,...,m having multiplicity N, and q,, > 0 its smallest member. Then for all

b>qLm and n. —n > 0 small,

by 1
/0 s ~ g @) (3.3.115)

with positive constant

- T (1) T (0 7) (Mo)qll (3.3.116)
I'(b) Cil)

3.3.4 Smooth Initial Data and the Order of u{(x)

Definition 3.3.117. Suppose a smooth function f(x) satisfies f(zo) = 0 but f is not

identically zero. We say f has a zero of order k € N at x = z if

f(xo) = fl(wo) = ... = f(k_l)(ZEo) =0, f(k)(%) # 0.

In section 3.1, we examined a class of smooth initial data characterized by ug(«) having

order k = 1 at a finite number of locations @; for A > 0, or at a; if A < 0, namely ug'(@;) < 0

or ug'(a;) > 0. As aresult, in each case we were able to use an appropriate Taylor expansion,
up to quadratic order, to account for the local behaviour of uj, near these locations. By using
definition 3.3.117 above and assuming that u( has the same order k (k > 2) at every @; when
A >0, or a; if A < 0, we may apply the results established thus far to a larger class of smooth,
periodic initial data than the one studied in section 3.1. We do this by simply substituting
q in Theorems 3.3.65, 3.3.100, 3.3.101 and 3.3.108 by 2k in those cases where ¢ > 2. The

results are summarized in Corollary 3.3.118 below.
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Corollary 3.3.118. Consider the initial boundary value problem (1.1.1)-(1.1.2) for smooth,

mean-zero initial data. Furthermore,
1. Suppose uj(«) has order k > 1 at every a;, i =1,2,...,m. Then

e For \ € [0, k], solutions exist globally in time. More particularly, these vanish as

t1t. =+oo for A € (0,k) but converge to a nontrivial steady state if A = k.

e For A\ > k, there exists a finite t, > 0 such that both the mazimum M (t) and the

minimum m(t) diverge to +oo and respectively to —oo as t 1 t.. Furthermore,

limype, uz(v(a, t), 1) = —o0 if o ¢ {@;, a;} and limyy, [lugl|, = 400 for all p > 1.

2. Suppose ug(a) has order k > 1 at each a;, j =1,2,...,n. Then

e For % < A <0, there exists a finite t, > 0 such that only the minimum diverges,

2k
1—2kp

m(t) — —oo, ast 1 t., whereas, for <A<O0andp>1, limyy,, uz||p < +00.

o For A < {2, there is a finite t, > 0 such that both M(t) and m(t) diverge to +oo

and respectively to —oo ast 1 t.. Additionally, if o & {@;, a; }, limyy, ue(v(av, 1), 1)

+o00 while limgy, upr = +o00 for A < —-2£ ) and p > 1.

p(1—2k

Remark 3.3.119. If there are @; € {0,1} when A > 0, or a; € {0,1} for A <0, the results
in Corollary 3.3.118 may be extended to the Dirichlet setting (1.1.3) by further assuming
that u((a) admits a periodic, smooth extension to the entire real line. Also, notice that
letting ¢ — 400 in either (3.3.10) or (3.3.11) implies that u, ~ My near @;, or uy ~ mq for
o ~ a;, respectively. If, in turn, we let k — +oc in (1) of the above Corollary, we find that
for this class of locally constant uy, if a solution exist locally in time, it will persist for all
time and A > 0, a result, we remark, agrees with the regularity results derived in section 3.2

for piecewise constant wuy.
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Chapter 4

Examples

4.1 Examples for Sections 3.1 and 3.2

Examples 1-4 in §4.1.1 are instances of Theorem 3.1.1 for A € {3,—5/2,1,—1/2}. In these
cases, we will use formula (2.1.20) and the MATHEMATICA software to aid in the closed-form
evaluation of some of the integrals and the generation of plots. For simplicity, most details of
the computations are omitted. Furthermore, examples 5 and 6 in §4.1.2 are representatives of
Theorem 3.2.4 for A = 1 and —2. Finally, due to the difficulty in solving the IVP (2.1.16), the
plots in this section (except figure 4.2A)) will depict u,(y(«,t),t) for fixed a € [0, 1] against
the variable 7(t), not t. Figure 4.2A) however, will represent u(z, t) for fixed t € [0, t.) versus
x € [0,1].

4.1.1 For Theorem 3.1.1

For examples 1-3, let

uo(a) = i cos(4ma).
s
Then
ug(a) = sin(4ra)
attains its maximum M, = 1 at @; = {1/8,5/8}, while my = —1 occurs at a; =
{3/8,7/8}.

Example 1. Two-sided Blow-up for A =3

Let A = 3, then 7, = ﬁ = 1/3 and we have that

’1
—~
=
g
2
[a—
oo
W~

(4.1.1)

Kalt) = s | 3. 25907 > Nox
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and
(4.1.2)

Luf(a) do [7 5 }
L =2m(t) o Fy | =, =5 2;90(1)* ] — +oo
/O T(aD)? n(t) 21 | 2 53290(F)
as 1 1/3. Using (4.1.1) and (4.1.2) on (2.1.20), and taking the limit as n 1 1/3, we find

that
M (t) = us(y(@, t),t) = +o0

whereas, for a # @;,
uﬁﬁ(’}/(aat%t) — —00.

The blow-up time ¢, ~ 0.54 is obtained from (2.1.16) and (4.1.1). See figure 4.1(A).

Example 2. Two-sided Blow-up for A\ = —5/2

For A = —5/2 we have 7, = y— = 2/5. Also,

c oy 1325 1 ()
Ko(t) = o Fy [ 5 10,1, 1 n(t) } — T (1_70) T (g) 0.9 (4.1.3)
and
1.7
up(a)der 3 413 525 o _

as 1 2/5. Plugging the above formulas into (2.1.20) and letting n 1 2/5, we find that

m(t) = ug(v(ay, t),t) = —o0
while, for a # o,
Ux(’}/(Oé, t)? t) — +0o0.

The blow-up time ¢, ~ 0.46 is obtained from (2.1.16) and (4.1.3). See figure 4.1(B).

The next example is an instance of global existence in stagnation point-form solutions
(1.2.3) to the 2D incompressible Euler equations (A = 1). We find that solutions converge
to a nontrivial steady state as t — 4-o00.

Example 3. Global existence for A =1

Let A =1, then
1
(4.1.5)



and

Lupla)da _ ()
o Tt~ (1-ptp)F

(4.1.6)

both diverge to +o0c0 as 1T n, = 1. Also, (4.1.5) and (2.1.16) imply
n(t) = tanht,

which we use on (2.1.20), along with (4.1.5) and (4.1.6), to obtain

(o ), 1) tanht — sin(4ma)
uz(y(a, t),t) = , :
7 tanh ¢ sin(4ra) — 1

Clearly,
and

while, for a ¢ {a;, a;},

Uz (y(ayt),t) — —1

as T 1. Finally, n(t) = tanh ¢ yields

t, = lim arctanhn = 4-o00.
nTl

It is also easy to see from (4.1.5) and the formulas in section 2.1 that the nonlocal term

(1.1.1)iii) satisfies I(t) = —1. See figure 4.1(C).

Example 4. One-sided Blow-up for A\ = —1/2
For A = —1/2 (HS equation), let

ug = cos(2ma) + 2 cos(4mar).

Then, the least value my < 0 of ug, and the location a € [0, 1] where my occurs are given,
approximately, by my ~ —30 and a ~ 0.13, while n, = —mlo ~ 0.067. For this choice of
data, we find

_ 177%n(t)?

Kolt) =14+ —— (4.1.7)
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and

/01“6(‘1)«7(04,1?) doc = 17mn)(t), (4.1.8)

so that (2.1.16) and (4.1.7) give

Using these results on (2.1.20) yields, after simplification,

. 1) = @ (2 sin(2ra) + 8sin(4wa) + /34 tan <W\/§t>>
w0 = V2 tan (ﬂ@ t) (sin(27a) + 4sin(4ra)) 1

for 0 < n < n,. Setting a = « into the above formula, we see that

m(t) = uz(y(a, t),t) = —o0

as n 1T 1., whereas u,(y(a,t),t) remains finite for o # «,. Finally, from the expression for
n(t) we obtain
t. =t (—=2/mgp) ~ 0.06.

See figure 4.1(D).

4.1.2 For Theorem 3.2.4

For examples 5 and 6 below, let

—a, 0<a<1/4,
up(a) = § o — 1/2, 1/4 < o < 3/4. (4.1.9)
1—a, 3/4<a<l
so that
-1, 0<a<l/4,
up(a) = 41, 1/4 < o < 3/4. (4.1.10)
~1, 3/4<a<l.
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Figure 4.1: Figures A and B depict two-sided, everywhere blow-up of (2.1.20) for A = 3 and
—5/2 (Examples 1 and 2) as n 1 1/3 and 2/5, respectively. Figure C' (Example 3) represents
global existence in time for A\ = 1; the solution converges to a nontrivial steady-state as
n 11 (t - +o00). Finally, figure D (Example 4) illustrates one-sided, discrete blow-up for
A=—1/2asn70.067.

Then, My = 1 occurs when « € [1/4,3/4), while my = —1 for a € [0,1/4) U [3/4,1] and
1
Nx = m
for A # 0. Also, notice that (4.1.9) is odd about the midpoint & = 1/2 and vanishes at the
end-points (as it should due to periodicity). As a result, uniqueness of solution to (2.0.1)
implies that v(0,¢) = 0 and ~(1,¢) = 1 for as long as u is defined. See also our discussion in

section 2.2.2.

Example 5. Global existence for A =1
Using (4.1.10), we find that
(4.1.11)
for 0 <n < n, = 1. Then (2.1.14) implies
1 —n(t)?
1= n(t)up(a)’

90

Yala,t) =



or, after integrating and using (4.1.10) and ~(0,¢) = 0,

(1 —n(t))e,
Y t) =9 a+nt)(a—1/2),
a+n(t)(1—a),
Now, since 4 = u o 7, we have that
—on(t),
u(y(e,t),t) = 4 (a — 1/2)5(1),
(1 —a)n(),

where, by (2.1.16) and (4.1.11) above,

n(t) = (1—n(t)*)*.

0<a<1/4,
1/4 < a < 3/4,

3/4<a<l.

0<a<l1/4,

1/4<a<3/4
3/4<a<l

(4.1.12)

(4.1.13)

Notice that (4.1.12) let us solve for o = a(x,t), the inverse Lagrangian map. We find

JEoOR
—= 2x+ ( ) 1-— (t)
o, 1) TESTON i
n(t) 3+n(t)
l—n(t) ) 4

which we use on (4.1.13) to obtain the corresponding Eulerian representation

(1 =n®)(1+n(t)*x
uz,t) = 3(L+n()(1 = n(1)*(2z - 1),
(1 =n(®)(1 +n(t)*(1 — ),

which in turn yields
—(L=n®)(L+n(t)?
we(,8) = § (14 ()1 — ()2

— (1 =n()(1+n(t))?

Finally, solving the IVP for n gives

t(n) =

<arctanh(77) +

N —
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O<x<1_—"(t)

3+n(t)

<z<l,

(4.1.14)

(4.1.15)

(4.1.16)



so that the blow-up time (2.1.18) is given by

t, = limt(n) = +o0o.
lim £(7)

See figure 4.2(A) below.

Example 6. Finite-time blow-up for A = —2

Using (4.1.9) and A = —2 we find that

Raolt) = V1 =2n(t) ;L V1+2n(t) (4.1.17)

and

/1 up(a)da  do(t) 1 1 B 1
0o Jla, )5 dn 2 \/TH2m(t) /T 2n(0)

for n € [0,n,) and n, = 1/2. Then, (2.1.20) yields

(\/ 1-20(1)++/1+2n(1) ) ’
8(1+2n(t)/1-2n(t) a€(1/4,3/4),

(\/1 20(8)+/1+2 (t))3
—2n "
m(t) - - 8(1—277(15))\/1—0—277(15) ) o€ [07 1/4) U [3/47 1}7

M(t) =

uz(y(a,t),t) = (4.1.18)

so that, as n 1 1/2, M(t) — +oo whereas m(t) — —oo. The finite blow-up time ¢, > 0 is
obtained from (2.1.16) and (4.1.17) above. We find

1
t(n):6—?73<172(6—4 1—4n2)+ 1—4772—1),

so that t, = t(1/2) = 2/3. See figure 4.2(B) below.

4.2 Examples for Section 3.3

Examples for Theorems 3.3.14, 3.3.65 and 3.3.101 are now presented. For simplicity, only
Dirichlet boundary conditions are considered. Given A\ # 0, the time-dependent integrals in
(2.1.20) are evaluated and pointwise plots are generated using the MATHEMATICA software.
Whenever possible, plots in the Eulerian variable x, instead of the Lagrangian coordinate
«, are provided. For practical reasons, details of the computations in most examples are
omitted. Also, due to the difficulty in solving the IVP (2.1.16) for the function 7(¢) in terms

of elementary functions, most plots for u,(y(«,t),t) are against the variable n rather than ¢.
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Figure 4.2: In figure A, (4.1.15) vanishes as t — +o00, while figure B depicts two-sided,
everywhere blow-up of (4.1.18) as n 1 n. = 1/2.

Example 1 below applies to stagnation point-form solutions to the incompressible 3D
Euler equations, A = 1/2. We consider two types of initial data, one satisfying (3.3.10) for
q € (0,1) and the other with ¢ > 1. Recall from Table 3.2 that if ¢ > 1, global existence in
time follows, while, for ¢ € (1/2,1), we have finite-time blow-up instead. Below, we see that

a spontaneous singularity may also form if ¢ = 1/3.

Example 1. Regularity of stagnation point-form solutions to 3D Euler for
g=1/3 and ¢=6/5
For A =1/2 and a € [0, 1], first consider

up(a) = a1 — a3). (4.2.1)

Then

W=

ugla) =1 —

Q| W~

«

achieves its maximum M, = 1 at @ = 0. Also, ¢ = 1/3 and 7, = 2. Furthermore,

up(a) ¢ C1(0,1) at @, namely

. " _
alggl+ ug (o) = —o0,

a jump discontinuity of infinite magnitude in ugj. Evaluating the integrals in (2.1.20), we

obtain

. 54(n(t) — 6)n(t) — 81(2 — n(t))(6 + n(t)) arctanh (ﬁ%) (4.2.2)
olt) = — 46 + n(6))n(t)?
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and

[ san 020060 e (s 3)
; )*

J(a,ty 86+ n(0)n(t 423
27 (8n(t)(54 = (1(t) = 9)n(1)) + 6n(t)(6 + n(¢))? arctanh (245 ) )
) 8(6-+ (D) (1)’

for 0 <7 < 2. Furthermore, in the limit as n 1 7, = 2,

_ 27 Ll (o) do

Ko(ts) = 16’ . T(0.0) — +00.

Also, (2.1.16) and (4.2.2) yield

9 (27](6 —5n) + 9(n — 2)%arctanh (%))
1672

t(n) = —

so that

9
t— limt(n) = -
i t(n) = §

Using (4.2.2) and (4.2.3) on (2.1.20), we find that w,(y(«,t),t) undergoes a two-sided, ev-
erywhere blow-up as ¢t 1 9/4. Now, if instead of ¢ = 1/3 in (4.2.1) we let ¢ = 6/5, then

11
ugla) =1 — 5

6
5

and vy is now defined as a | 0. In addition, for ¢ = 6/5 we find that both integrals now
diverge to +o00 as 1 2, in contrast to the case ¢ = 1/3 where Ky(t) converged while K, (t)
diverged. The diverging of the two integrals to 400 now causes a balancing effect amongst the
terms in (2.1.20), which was absent for ¢ = 1/3. Ultimately, we find that u,(y(c,t),t) — 0
as n 1 2 for all @ € [0, 1]. Furthermore, using (2.1.16) we find that ¢, = +o00. See figure 4.3
below.

In Theorem 3.1.1, we showed that for a class of smooth initial data (¢ = 2), finite-time
blow-up occurs for all A > 1. Example 2 below is an instance of part 1 in Theorem 3.3.65.
For A\ € {2,5/4}, we consider initial data satisfying (3.3.10) for ¢ € {5,5/2}, respectively,
and find that solutions persist globally in time. Also, the example illustrates the two possible

global behaviours: convergence of solutions, as t — +o00, to nontrivial or trivial steady states.
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Figure 4.3: Example 1 for A = 1/2 and ¢ € {1/3,6/5}. Figure A depicts two-sided, every-
where blow-up of u,(v(a,t),t) for ¢ =1/3 asn 12 (t 1 9/4), whereas, for ¢ = 6/5, figure B
represents its vanishing as n 1 2 (t — +00).

Example 2. Global existence for A =2, ¢ =5 and A =5/4, ¢ =5/2
First, let A =2 and

up(a) = a(l — o). (4.2.4)

Then

up(a) =1 — 6a°
achieves its greatest value My = 1 at @ = 0 and 7, = 1/2. Since A = 2 € [0,5/2) =
[0,q/2), part (1) of Theorem 3.3.65 implies global existence in time. Particularly

lim wu,(y(a,t),t) =0.

t—+00

See figure 4.4(A). Now, suppose A = 5/4 and replace ¢ = 5 in (4.2.4) by ¢ = 5/2. Then,

7
ug(a) =1 — 5045/2

attains My = 1 at @ = 0 and 7, = 4/5. Because A = 5/4 = ¢/2, part 1 of Theorem 3.3.65

implies that u, converges to a nontrivial steady-state as t — +o00. See figure 4.4(B).
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Figure 4.4: For example 2, figure A represents the vanishing of u,(y(«a,t),t) as n 1 1/2
(t = +o00) for A = 2 and ¢ = 5, whereas, figure B illustrates its convergence to a nontrivial

steady state as n 1 4/5 (t - +o0) if g =5/2 and A =5/4 = ¢/2.

Example 3. Two-sided, everywhere blow-up for \ = % and ¢ =6

Suppose A = 11/2 and

ug(a) = (1 - a%.

Then

1
uy(0) = (1~ 7a)
attains its greatest value My = 1/11 at @ = 0. Also, . = 2 and A = 11/2 € (¢/2,q).

According to 2 in Theorem 3.3.65, two-sided, everywhere blow-up takes place. The estimated

blow-up time is ¢, ~ 22.5. See figure 4.5(A).

Example 4. One-sided, discrete blow-up for A = —5/2 and ¢ = 3/2
Let A = —5/2 and

Then wuy attains its minimum my = —1 at a = 0 and 7, = 2/5. Since ﬁ < A< —1, part
2 of Theorem 3.3.101 implies one-sided, discrete blow-up. The estimated blow-up time is
t. ~ 0.46. See figure 4.5(B). We remark that in Theorem 3.1.1, the same value of A for a

class of smooth initial data with ¢ = 2 led to two-sided, everywhere blow-up instead.
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Figure 4.5: Figure A for example 3 depicts two-sided, everywhere blow-up of wu,(y(«,t),t) as
n 12 (t122.5) for A =11/2 and ¢ = 6, while, figure B for example 4 illustrates one-sided,
discrete blow-up, m(t) = u,(0,t) — —oo, as n 1 2/5 (t T t. ~ 0.46) for A = —5/2 and
q=3/2.

In these last two examples, we consider smooth data with either mixed local behaviour
near two distinct locations a; for A = —1/3, or My occurring at both endpoints for A = 1.

Example 5. One-sided, discrete Blow-up for A = —1/3 and ¢ = 1,2

For A = —1/3, let

up(a) = a(l — a)(a — Z) (a - %) :

Then my ~ —0.113 occurs at both a; = 1 and a, = %ﬁ ~ 0.36. Now, near a,, uj
behaves quadratically (¢ = 2), whereas, for 1 — « > 0 small, it behaves linearly (¢ = 1).
The quadratic behaviour is due to g having order one at a,, ~ 0.36, thus, Corollary 3.3.118
implies a discrete, one-sided blow-up. Similarly in the case of linear behaviour according to
Theorem 3.3.14. After evaluating the integrals, we find that m(t) — —oo as ¢ T ¢, ~ 17.93.
Due to the Dirichlet boundary conditions, one blow-up location is the boundary z; = 1,
while the interior blow-up location, z,, is obtained by setting o« = a, into (2.2.1) and letting

n 1 n. = —. We find that z, ~ 0.885. See figure 4.6(A).

[mol

Example 6. Two-sided, everywhere blow-up for stagnation point-form solu-
tions to the 2D incompressible Euler equations (A = 1)
For A =1, let
up(a) = a(a —1)(a —1/2).
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Then, My = 1/2 occurs at both endpoints @; = {0,1}. Also 7, = 2 and since
up(a) = My — 3a+3a* = My — 3 |a — 1| + 3(a — 1),

the local behaviour of u{ near both endpoints is linear (¢ = 1). The integrals in (2.1.20)

evaluate to

_ 2 arctanh(y(t))
Ko(t) =
0= V3n()(4 +n(t)
and
/1 ug (@) da _ dKo(t)
0 j(Oé, t)Q d77

for 0 < n < 2 and where

V3n(t) (4 + (1))
y(t .
D=0 )
Using (2.1.11), we plug the above into (2.1.20) to find that

M(t) = uy(0,t) = ux(1,t) — 400

as n 1 2, while

Uz (x,t) = —00

for all z € (0,1). The blow-up time is estimated from (2.1.16) and Ky (¢) above as t, ~ 2.8.
See figure 4.6(B).

1o [GV] =148

Figure 4.6: Figure A for example 5 with A = —1/3 and ¢ = 1,2, depicts one-sided, discrete
blow-up, m(t) =— —oo, as t 1 17.93. The blow-up locations are z; = 1 and z, ~ 0.885.
Then, figure B for example 6 with A = 1 and ¢ = 1, represents two-sided, everywhere blow-up
of uz(x,t), as t 1 2.8.
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Appendices

Appendix A - Global existence for A =0

To obtain the corresponding solution formulae for A = 0, a limiting argument on (2.1.14)

may be used.

Suppose uy(a) is, at least, CY(0,1) a.e.. Then for n € R*, n € [0,7,) and n, =

"
e (118

Observe that ¥, > 0 for all n > 0 and « € [0, 1]. As a result, since

log (1 — %)
-~ 7 — e_nu6

lim 1, = exp lim i

n—-4o00 n—+400

then

1 1
. — /
lim Y tdo = eoda.
n—-+0oo 0 0

We conclude that

w—l enu6
n—too | [ Cahdo Jy emoda

But for A # 0, the jacobian 7, in (2.1.14) may be written as

e
T ) T fvdn

for n = ;. Then, letting n — +00 in (4.2.6) and using (4.2.5) implies that

o

Tolont) =
Ot( ) fol e dey
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(4.2.5)

(4.2.6)

(4.2.7)



in the limit as A — 0%. But we know that 4, = (uz(y(,t),t))7Va, so that

fol up(a)et ol da
fol eth (@ do

ua(Y(a, ), 1) = ug(@) — (4.2.8)

The representation formula (4.2.8) is also valid if A — 0~ by following an argument similar

to the one above. Finally, (4.2.8) easily implies that

1
0 < ug(a) — ug(y(a,t),t) < / up () e @da, ¢ > 0.
0

The global existence for the other types of initial data are analogous, and follow from

the above.

Appendix B - Proof of Lemma 3.0.11

For the hypergeometric series (3.0.7), we have the following convergence results [21]:
e Absolute convergence for all |z| < 1.
e Suppose |z| =1, then

1. Absolute convergence if Re(a +b—¢) < 0.
2. Conditional convergence for z # 1if 0 < Re(a +b—¢) < 1.

3. Divergence if 1 < Re(a + b — ¢).

Furthermore, consider the identities [21]:

d b
P fabieiz) = ZaFifa+ 1b+ Lot 152 (4.2.9)

and
oF [a,b;b;2] = (1 — 2)7¢, (4.2.10)
as well as the contiguous relations

zoFi[a+1,b+ 1;¢+ 1; 2] =

¢ b(QFl la, b+ 1;¢;2] — o Fy [a+ 1,b;¢; 2]) (4.2.11)

and

a

b
QFI[aab;C;Z]:b QFl[CL,b+1;C;Z]—b

—a —

oFy [a+1,b;¢; 2] (4.2.12)
a
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for b # a. Suppose b < 2, 0 < |6 — fy] < 1 and € > Cy for some Cy > 0. We show that

1 GolB =Bl

Ld ((5 50)2F1[1,b;1+—,
q q €

& dB D = (e+ColB— 5ol (4.2.13)

for all ¢ > 0 and b # 1/q. For simplicity, let us denote oF} by F. Also, all constants and

variables are assumed to be real-valued. Set

Col — fol”

€

a=1/q, c=a+1, z=—
Then —1<2<0,a+b—c=b—1<1 and

dz qCO

B B-hIB- Bol"™2.

Therefore,

((5 Bo)F [a,b;c; 2]) = (8 — BO) (F[a,b;¢;2]) + Fla,b;c; 2]

dg df
= ?(/B—ﬁo)F[a—f— 1,b+1;c+1;z]g—;-i—F[a,b;c;z], by (4.2.9)
b dz
= - (2Fla+1,b+ Lic+1;2]) + Fla,b;¢; 2], by —
¢ dp
b
:a_b(F[a,lH—l;c;z]—F[a+1,b;c;z])+F[a,b;c;z], by (4.2.11)
b b
:a_b(F[a,b—l—l;c;z]—F[a—l—l,b;c;z])—l—rF[ab—i—lcz] (4.2.14)
la+1,b;¢; 2], by (4.2.12)
F[a—l—lbcz] Fbya+1;¢ 2], by (3.0.7)
=F[bcc 2, byc=a+1
q
( L Golb= ﬁ“') : by (4.2.10)

e (e+ColB — Bl

Multiplying both sides by ¢~ yields our result. [

Notice that no issue arises in the use of identity (4.2.10) because, in our case, —1 < z < 0.
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Appendix C - Proof of (3.0.4) and (3.0.5)

We prove (3.0.4) and (3.0.5) for A > 0. The case of parameter values A\ < 0 follows similarly.

1 1

Suppose A > 0 and set 7. = for arbitrary € > 0. Then 0 < n. < n, for 7, =

AMo—+e /\_]\40
Also, due to the definition of M,
+ A My — ugy(a))
1 — / — € 0
ANty () o T e >0
for all a € [0, 1], while 1 — Ancug(e) = 0 only if € = 0 and o = &;. We conclude that
1 — M(t)ug(a) >0 (4.2.15)
for all 0 < n(t) < n. and a € [0, 1]. But uy(a) < My, or equivalently
up(r) (1 = An(t) M) < Mo(1 = An(t)ug(a)),
therefore (4.2.15) and ug(a@) = My, yield
up(@) _ up(@)
< 4.2.16
J(a,t) = J(a,t) ( )
for 0 <n < n, and
J(a,t) =1=Mt)ug(er),  T(@,t) =1—= An(t)Mo.
The representation formula (2.1.20) and (4.2.16) then imply

for 0 < n(t) < n. and a € [0, 1]. Then (3.0.4) follows by using (2.1.27), definition (3.0.2) and
(in)equality (4.2.17). Likewise, to establish (3.0.5) for A > 0, notice that ug(a) > my = ugy(a)
gives

up(@) (1 = An(t)mo) = mo(1 = An(t)ug(e)),
and so by (4.2.15),

up(@)  up(a)
J(o,t) — J(a,t)
for 0 <n < n, and J(a,t) =1 — An(t)mg. The representation formula (2.1.20) and (4.2.18)

(4.2.18)

then imply

up(y(a, t),t) > ua(y(a,t), 1) (4.2.19)

for 0 < n(t) < n. and a € [0, 1].
Similarly for A < 0, (4.2.15) holds with 7, = —%mo > ( instead. Both (3.0.4) and (3.0.5)

then follow as above. [
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Appendix D - Inequalities
Definition 4.2.20. A function f : R — R is called convex provided that
frz+ A —r)y) <rf(z)+ 1 —7r)f(y)
for all x,y € R and each 0 <r < 1.
Proof of (a+b)? < 2P7!(a? + b*): For p > 1 and nonnegative reals a and b,
(a+b)P <2071 (a? + )

Proof. Since f(x) = aP is convex for all p > 1, we use the above definition, with r = 1/2,

to obtain

(5 -l (9 (P

for nonnegative (a,b) € R O

Jensen’s Inequality: Assume f: R — R is convex, and U C R" is open and bounded.

In addition, let v : U — R be summable. Then

f (]{Judaf;) g]éf(u) dx (4.2.22)

where f, gdz = ﬁ Ju gdx = average of g over U and +o0 > |U| = measure of U.

Proof. Since f is convex, we have that for each p € R there exists r € R such that

fl@) = fp)+r(@—p) V qeR.

Let p = fUudx and ¢ = u. The inequality follows after integrating the above in x over

u.
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