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Abstract

Markov processes have been widely studied and used for modeling problems. A Markov process
has two main components (i.e., an evolution law and an initial distribution). Markov processes
are not suitable for modeling some problems, for example, the problem of predicting a trajectory
with a known destination. Such a problem has three main components: an origin, an evolution
law, and a destination. The conditionally Markov (CM) process is a powerful mathematical
tool for generalizing the Markov process. One class of CM processes, called C' M, fits the above
components of trajectories with a destination. The CM process combines the Markov property
and conditioning. The CM process has various classes that are more general and powerful than
the Markov process, are useful for modeling various problems, and possess many Markov-like
attractive properties.

Reciprocal processes were introduced in connection to a problem in quantum mechanics and
have been studied for years. But the existing viewpoint for studying reciprocal processes is not
revealing and may lead to complicated results which are not necessarily easy to apply.

We define and study various classes of Gaussian CM sequences, obtain their models and
characterizations, study their relationships, demonstrate their applications, and provide general
guidelines for applying Gaussian CM sequences. We develop various results about Gaussian CM
sequences to provide a foundation and tools for general application of Gaussian CM sequences
including trajectory modeling and prediction.

We initiate the CM viewpoint to study reciprocal processes, demonstrate its significance,
obtain simple and easy to apply results for Gaussian reciprocal sequences, and recommend
studying reciprocal processes from the CM viewpoint. For example, we present a relationship
between CM and reciprocal processes that provides a foundation for studying reciprocal pro-
cesses from the CM viewpoint. Then, we obtain a model for nonsingular Gaussian reciprocal
sequences with white dynamic noise, which is easy to apply. Also, this model is extended to the
case of singular sequences and its application is demonstrated. A model for singular sequences
has not been possible for years based on the existing viewpoint for studying reciprocal processes.
This demonstrates the significance of studying reciprocal processes from the CM viewpoint.

Keywords: Stochastic process, conditionally Markov process, reciprocal process, Markov
process, dynamic model, trajectory modeling and prediction.
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Chapter 1

Introduction

1.1 Importance of this Research

For modeling a problem in probability theory, usually the following order should be considered
[1]. First, if the problem is time-invariant, a random variable might be good enough. Otherwise,
a stochastic process seems necessary. An independent process can be considered first for its
simplicity. If such a simple process is not good enough, the next choice is usually a Markov
process. A Markov process has two elements (an evolution law and an initial distribution).
However, even the Markov process is not good enough for some problems. Then, sometimes a
higher order (e.g., second order) Markov process is used. But such a model does not fit some
problems well, for example, a time-varying problem with some information available about its
future (e.g., destination). More specifically, consider the problem of predicting a trajectory with
known destination. Such a problem in, e.g., air traffic control (ATC), has three elements: an
origin, an evolution law, and a destination, to which the Markov process does not fit since it can
not account for the destination information. In fact, the destination distribution of a Markov
process is completely determined by its initial distribution and evolution law. The conditionally
Markov (CM) process is a powerful mathematical tool for generalizing the Markov process.
One class of CM processes called C'M}, has the following elements: an evolution law and a joint
distribution of the two endpoints (i.e., an initial distribution and a destination distribution
conditioned on the initial). The CM|, process can model destination information and has a
Markov-like evolution law, which is powerful and simple. The C'M}, process is more suitable
than the Markov process for modeling problems with destination information. For example, it
can be used in ATC for trajectory modeling, prediction, and conflict detection.

Conditioning is a very powerful tool in probability theory. The Bayes rule follows from the
definition of conditional probability. The concept of posterior probability, which relies on the
concept of conditioning, is essential in probability and statistical inference. Conditioning is the
key idea in the total probability theorem, which is extremely useful for many problems. The
Markov property, being very important and widely used, is based on conditioning. The CM
process combines the Markov property and conditioning. Different ways of combining the two
lead to different classes of CM processes, which are more general and powerful than the Markov
process. The CM process has various classes that are more general and powerful than the Markov
process, are useful for modeling various problems, and possess many Markov-like attractive
properties. CM processes are important for problem modeling and should be studied in order to
provide useful results for their application. We define and study various classes of CM processes,
obtain their dynamic models and characterizations, study their relationships, demonstrate their
applications, and provide general guidelines for using CM processes in application.

Reciprocal processes were introduced in [2] in connection to the problem posed by Schrédinger
[3]-[4]. Later, reciprocal processes were studied more in [5]-[40] and others. However, the
existing viewpoint for studying reciprocal processes is not revealing and may lead to complicated
results which are not necessarily easy to apply. Reciprocal processes are special CM processes.
We initiate the CM viewpoint to study reciprocal processes, demonstrate its significance, show



its power, obtain simple and easy to apply results for reciprocal processes, and recommend
studying reciprocal processes from the CM viewpoint.

1.2 Existing Results and Our Contributions

Consider stochastic sequences® defined over [0, N] = {0,1,...,N}. For convenience, let the
index be time. A sequence is Markov if and only if (iff) conditioned on the state at any time
k, the segment before k is independent of the segment after k. A sequence is reciprocal iff
conditioned on the states at any two times k; and ko, the segment inside the interval (kp, k2) is
independent of the segments outside [k, k2]. In other words, inside and outside are independent
given the boundaries. A sequence is CM over [kq, ko] 2 iff conditioned on the state at time k;
(k2), the sequence is Markov over [k1 + 1, ks]| ([k1, k2 — 1]). Therefore, there are several classes
of CM sequences with different k1, k2, and the conditioning time (i.e., conditioning at the first
or the last time of the CM interval). So, the set of CM sequences is very large and its two
important special classes are the Markov sequence and the reciprocal sequence.

Markov processes have been widely studied and used for modeling problems. However, they
are not general enough in some cases [36]-[51], and more general processes are needed. The
reciprocal process is a generalization of the Markov process. The CM process is a powerful
mathematical tool for generalizing the Markov process.

In this chapter, we review existing results and our contributions in each chapter of the
dissertation. In Chapter 2 to Chapter 6, we present results about CM sequences. We also
point out applications of different classes of CM sequences. In Chapter 7, an application of
CM sequences in trajectory modeling is discussed in more detail. First, we present a general
overview of CM processes in theory and application.

1.2.1 CM Processes in Theory and Application

The CM process is a very large class of stochastic processes with various classes defined based on
the Markov property and the conditioning. Some classes of Gaussian CM processes were defined
in [52] based on mean and covariance functions, and later studied further in [29]. CM processes
are powerful in both theory and application. However, their power has not been appreciated in
the literature, and their study is limited to the above two papers. We demonstrate the power
of CM processes (the CM property) in theory and application.

Reciprocal processes have been widely studied and used in various fields/problems, e.g., ap-
plied mathematics, theoretical physics, stochastic mechanics, image processing, intent inference,
and acausal systems [2]-[51]. In these papers, reciprocal processes were defined, their proper-
ties were studied, their dynamic models were presented, their estimation was addressed, their
importance and usefulness were demonstrated, and their applications in various problems were
discussed. Reciprocal processes include the Markov process as a special case. The properties,
models, and estimators of reciprocal processes presented in the literature are much more com-
plicated than those of Markov processes. In essence, the literature studies the reciprocal process
from inside the set (of reciprocal processes) without paying attention to processes outside. As
we show later, this viewpoint may lead to complicated results and difficulties. Also, it does not
reveal some hidden properties of the reciprocal process. Fortunately, as we demonstrate later,
CM processes (including the reciprocal process) can provide an alternative and in fact better
viewpoint for studying reciprocal processes with many benefits. From the CM viewpoint we
can study the reciprocal process from outside of the set as well. This viewpoint gives a clearer
picture of the reciprocal process, is more revealing, and leads to simpler results. This demon-

LOur definitions and some of our results work for both discrete index and continuous index processes; however,
we present them all for discrete index processes (i.e., sequences).
2This is called the CM interval.



strates the power of CM processes in theory. However, the literature on the reciprocal process
has not appreciated its relationship to the CM process and has not recognized the significance
of studying the reciprocal process from the CM viewpoint. Only very few papers implicitly
benefited from the CM property [30]-[31]. For example, as we show later, studying reciprocal
sequences from the CM viewpoint is very insightful and fruitful. But there is no paper in the
literature on studying reciprocal sequences from the CM viewpoint.

CM processes are powerful and flexible for modeling complicated problems (systems/ phe-
nomena), where Markov processes are not adequate. The CM property is based on the Markov
property and the conditioning. Different ways of combining the two give different CM classes.
As we illustrate later, by an appropriate combination of the Markov property and the condi-
tioning we can define a suitable CM process for modeling a given problem. The power of CM
processes for problem modeling has not been recognized in the literature. We develop a theoret-
ical foundation of (Gaussian) CM sequences/processes, obtain results/tools (properties, models,
characterizations, representations, etc.) for their application, present guidelines for their use in
problem modeling, and demonstrate their application. For example, we demonstrate an applica-
tion of C'M[, sequences to trajectory modeling with destination information. Some papers used
(finite state) reciprocal sequences, which are special C' M|, sequences, for modeling such trajec-
tories [41]-[47]. CMp, sequences and the structure of their dynamic model provide a natural,
simpler, and more general framework for modeling trajectories with destination information.
However, they have not been used in the literature.

1.2.2 Chapter 2

The notion of Gaussian CM processes was introduced in [52] based on mean and covariance
functions of Gaussian processes. [52] studied and characterized continuous time stationary
Gaussian CM processes that are nonsingular on the interior of the time interval. [29] extended
the definition of Gaussian CM processes (in [52]) to the general (Gaussian/nonGaussian) case.
Furthermore, [29] commented on some properties of Gaussian CM processes and Gaussian recip-
rocal processes. By conditioning on the state of the process at the first time of the CM interval,
different Gaussian CM processes were defined in [52]. However, it is possible not only to extend
the definitions to non-Gaussian processes, but also to other CM processes by conditioning on
the state at the last time of the CM interval. Such processes are useful for both theory and
application. Despite their power in theory and application, to our knowledge, (unlike reciprocal
processes) CM processes have not received much attention and have not been studied well to
gain understanding and to obtain tools for application. In addition, the literature on the recip-
rocal process has not appreciated its relationship to the CM process well and has not benefited
from it except implicitly in very few cases [30]-[31]. In particular, we are not aware of any paper
studying Gaussian reciprocal sequences from the CM viewpoint.

The main goal of Chapter 2 is two-fold: 1) to define and study various useful classes of CM
sequences and provide useful and easy to apply results for their application, e.g., for motion
trajectory modeling with destination information, and 2) to lay a foundation for studying an
important special class of CM sequences, the reciprocal sequence, from the CM viewpoint.

The contributions of Chapter 2 are as follows. In [52], Gaussian CM processes were defined by
conditioning only on the state at the first time of the CM interval. We extend the definitions by
conditioning on the state at the last time of the CM interval. The usefulness of such processes
is discussed for their application (e.g., trajectory modeling) and also for studying reciprocal
processes. Definitions and derivations presented in [52] (and other papers following [52]) are
restricted to the Gaussian case. Here, to build the foundation rigorously, all definitions are
presented in the formal probability language for the general (Gaussian/non-Gaussian) case, and
properties of CM sequences are studied. Then, in order to present results in a simple language
for application, simple formulas equivalent to the formal definitions are obtained. Forward



and backward dynamic models of (stationary/non-stationary) nonsingular Gaussian (NG) CM
sequences in a recursive form are obtained. These models are complete descriptions of the
corresponding classes of NG CM sequences. Based on the models, characterizations of NG
CM sequences are obtained. As a by-product, new factorizations of two covariance matrices,
characterizing two classes of NG CM sequences, are presented.

From system theory, it is well known that the state concept is equivalent to the Markov
property, that is, conditioned on the state at a time, the states before and after are independent.
That is why there exists a simple recursive model for the evolution of the Markov sequence.
However, for the general Gaussian sequence there is no simple recursive model for the evolution.
The CM sequence is more general than the Markov sequence. Consequently, a CM sequence
does not necessarily have the above concept of state, in general. Instead, it has a similar concept
if it is conditioned at two instead of one time. That is why a simple recursive model also exists
for the evolution of Gaussian CM sequences.

Part of the results presented in Chapter 2 have appeared in [53].

1.2.3 Chapter 3

Reciprocal processes have been used in many different areas of science and engineering (e.g.,
[36]-[51]) where stochastic processes more general than Markov processes are needed. [36]-[39]
discussed reciprocal processes in the context of stochastic mechanics. In [40], the behavior of
acausal systems was described using reciprocal processes. More specifically, on the one hand, re-
ciprocal processes are a generalization of Markov processes. On the other hand, acausal systems
can be seen as a generalization of causal systems [40]. Then, the relationship between acausal
systems and reciprocal processes was studied in [40]. Also, Based on quantized state space,
[41]-][46] used finite state reciprocal sequences for trajectory modeling, detection of anomalous
trajectory pattern, intent inference, tracking, and track-before-detect. The idea of the reciprocal
process was implicitly utilized in [48]-[49] for intent inference in vehicle’s intelligent interactive
displays. Application of reciprocal processes in image processing was discussed in [50]-[51]. The
behavior of particles in the problem posed in [3]-[4] by Schrodinger can be explained in the
reciprocal process setting [2].

Reciprocal processes were introduced in [2] and studied further in [5]-[35] and others. A
reciprocal process was considered in [5] related to a first-passage time problem. [6]-[8] char-
acterized the stationary Gaussian reciprocal process and presented a functional form of the
corresponding covariance function. In [9]-[13], reciprocal processes were studied in a general
setting. A stochastic calculus study of reciprocal processes was presented in [13]. [29] com-
mented on the relationship between Gaussian CM processes and Gaussian reciprocal processes.
Following [52], [29] considered Gaussian processes being nonsingular on the interior of the time
interval of the process. Inspired by [52], a Wiener process-based representation of Gaussian
CM processes was also presented. State evolution models of Gaussian reciprocal processes were
presented and studied in [14]-[18]. A stochastic differential equation of Gaussian reciprocal
processes and their properties were studied in [14]-[15]. A dynamic model of NG reciprocal se-
quences was presented in [18]. [16] studied Gaussian Markov sequences with the same Gaussian
reciprocal model of [18]. The continuous time version of that problem was addressed in [17]. [19]
obtained a representation of the Gaussian reciprocal process in terms of the Gaussian Markov
process and connected it to a two-point boundary value problem. A covariance extension prob-
lem for reciprocal sequences was discussed in [20]. Parameter estimation for a special case of
the Gaussian reciprocal model of [18] was addressed in [21]. [22]-][23] studied characterization
of stationary multivariate Gaussian reciprocal processes in terms of their covariance. [24]-[28]
considered modeling and estimation of finite state reciprocal sequences. The optimal smooth-
ing of finite state reciprocal sequences was studied in [27]. Also, [28] presented the maximum
likelihood estimation of finite state reciprocal sequences and studied its performance.



Despite many papers on the theory of reciprocal processes (e.g., [2], [5]-[35]), there is still a
lack of easy to apply results/tools for their application. To make this issue clear and demonstrate
the significance of studying reciprocal processes from the CM viewpoint, as an example, consider
a dynamic model of NG reciprocal sequences presented in [18], which is the most significant paper
on Gaussian reciprocal sequences. It was shown that the evolution of a NG reciprocal sequence
can be described by a second-order nearest-neighbor model driven by locally correlated dynamic
noise [18]. That model describes the NG reciprocal sequence completely (i.e., necessarily and
sufficiently), and can be considered a natural generalization of the Markov model. However, due
to its nearest neighbor structure and its colored dynamic noise, it is not easy to apply. Also,
recursive estimation of a reciprocal sequence based on the model of [18] is challenging. That
is why several papers [18], [32]-[35] tried to find a recursive estimator. Clearly, a simpler and
easier to apply model for NG reciprocal sequences is desired. But it is difficult to derive such a
model from the viewpoint of the existing literature including [18]. So, a simpler yet complete
description of the NG reciprocal sequence in an alternative viewpoint is desired. CM sequences
provide such a good viewpoint, leading to many benefits. In other words, the literature studies
reciprocal sequences from inside the set of reciprocal sequences without paying attention to
sequences outside. This viewpoint may lead to complicated results and difficulties. From the
CM viewpoint, however, we can also study the reciprocal sequence from outside. The CM
viewpoint gives a clearer picture of the reciprocal sequence (from outside), is more revealing,
and leads to simple results. For example, we obtain a dynamic model with white dynamic noise
for the NG reciprocal sequence from the CM viewpoint, based on which recursive estimation is
straightforward.

The main goal of Chapter 3 is three-fold: 1) to propose studying reciprocal sequences from
the CM viewpoint and demonstrate its significance, insightfulness, and fruitfulness, 2) to study
NG reciprocal sequences from the CM viewpoint, 3) to obtain easy to apply results and tools
for NG reciprocal sequences.

The main contributions of Chapter 3 are as follows. The reciprocal sequence is studied
explicitly from the CM viewpoint, which is a larger set of sequences. Studying, modeling, and
characterizing the reciprocal sequence from this viewpoint are different from those of [18] and
the literature. This fruitful angle has several advantages. It provides more insight into the
reciprocal sequence via its relationship to other CM sequences. As a result, new properties of
the Gaussian reciprocal sequence are revealed. In addition, the CM sequence and the reciprocal
sequence can be treated in the same way. This is not only theoretically interesting, but also
useful for application. We demonstrate that the relationship between the Gaussian CM process
and the Gaussian reciprocal process stated in [29] is incomplete. More specifically we elaborate
on the comment of [29], show that the said relationship is not sufficient even for Gaussian
processes, and obtain a relationship between the general (Gaussian/non-Gaussian) reciprocal
and CM processes. A characterization of the NG reciprocal sequence is obtained based on its
relationship to the CM sequence. This characterization is the same as that of [18], but it is
obtained by a different approach and from a different viewpoint. We show that a NG sequence
is reciprocal iff it is both C'M|, (i.e., conditioned on the state at the last time N is Markov
over [0, N — 1]) and CMp (i.e., conditioned on the state at the first time 0 is Markov over
[1,N]). In addition, we discuss how characterizations change from a NG CM sequence to the
NG reciprocal sequence and then to the NG Markov sequence; that is, how different classes
of NG CM sequences contribute to the construction of the NG reciprocal sequence, namely a
spectrum of characterizations from a CM class to the reciprocal class. Moreover, we obtain new
dynamic models for the NG reciprocal sequence based on the forward and backward models of
C My, and CMp sequences. We call these models reciprocal C' My, and reciprocal C' Mg models.
They are driven by white (rather than colored) noise and are easy to apply. Also, we discuss
under what conditions these models are for NG Markov sequences.

Part of the results presented in Chapter 3 have appeared in [54].



1.2.4 Chapter 4

Due to its simple structure and whiteness of the dynamic noise, our reciprocal C'My, model is
easy to apply, e.g., for trajectory modeling with destination. For example, recursive estimation
of a reciprocal sequence based on a reciprocal C'M; model is straightforward. However, it
is not clear how parameters of a reciprocal C' My model can be designed in a problem. More
generally, a C My, sequence and its dynamic model (obtained in Chapter 2) can model trajectories
with destination. However, guidelines for parameter design of a C'M; model are required.
Following [9], [43] used a transition probability function of a finite state reciprocal sequence
from a transition probability function of a finite state Markov sequence in a quantized state
space for a problem of intent inference. But [43] did not discuss if all reciprocal transition
probability functions can be obtained from a Markov transition probability function, which is
critical for application. Also, it is not always feasible or easy to quantize the state space in
some applications. NG Markov sequences modeled by the same reciprocal model of [18] were
studied in [16]. However, the results are based on the model of [18], which is not simple or easy
to apply.

The main goal of Chapter 4 is three-fold: 1) to present some approaches/guidelines for
parameter design of C My, C Mg, and reciprocal C' My, models for their application, 2) to obtain
a representation of NG CMy, CMp , and reciprocal sequences, revealing a key fact about
these sequences, and to emphasize the significance of studying reciprocal sequences from the
CM viewpoint, and 3) to present a full spectrum of dynamic models from a C'Mj model to
a reciprocal C' My model and show how models of various intersections of CM classes can be
obtained.

The main contributions of Chapter 4 are as follows. From the CM viewpoint, we not only
show how a Markov model induces a reciprocal C'Mp, model, but also prove that every reciprocal
C M7, model can be induced by a Markov model. Then, we give formulas to obtain parameters
of the reciprocal C' My, model from those of the Markov model. This approach is more intuitive
than a direct parameter design of a reciprocal C My model, because one usually has an intuitive
understanding of Markov models. A full spectrum of dynamic models from a C'My, model to a
reciprocal C'Mp, model is presented. This spectrum helps to understand the gradual change from
a C'Mp, model to a reciprocal C My, model. For application of other CM classes, e.g. intersection
of two CM classes defined in Chapter 2, we need their dynamic models. It is demonstrated how
dynamic models for intersections of NG CM sequences can be obtained. In addition to their
usefulness for application, these models are particularly useful to describe the behavior of a
sequence (e.g., a reciprocal sequence) belonging to more than one CM class. Based on a valuable
observation, [29] discussed representations of NG continuous time CM processes (including NG
continuous time reciprocal processes) in terms of a Wiener process and an uncorrelated NG
vector. First, we show that the representation presented in [29] is not sufficient for a Gaussian
process to be reciprocal (although [29] stated that the representation was sufficient, which has
not been corrected so far). Then, we obtain a simple (necessary and sufficient) representation
for NG reciprocal sequences from the CM viewpoint. As a result, the significance of studying
reciprocal sequences from the CM viewpoint is demonstrated. Second, inspired by [29], we show
that a NG CM, (CMp) sequence can be represented by a sum of a NG Markov sequence and
an uncorrelated NG vector. This (necessary and sufficient) representation makes a key fact of
CM sequences clear and provides some insight for parameter design of C My, and C Mp models
based on those of a Markov model and an uncorrelated NG vector. Third, we study the obtained
representations of NG C'My, CMp, and reciprocal sequences in detail and, as a by-product,
obtain new representations of some matrices, which are characterizations of NG CMy, CMp,
and reciprocal sequences.

Part of the results presented in Chapter 4 have appeared in [55].



1.2.5 Chapter 5

From the viewpoint of singularity, one can consider two extreme cases for Gaussian sequences.
One extreme is a sequence being almost surely constant throughout the time interval. The other
extreme is a nonsingular sequence, i.e., a sequence with a nonsingular covariance matrix. For
example, a Gaussian sequence can be singular because it is almost surely constant over time
or at a time (i.e., the state over time or at a time is almost surely constant), or because the
states of the sequence at two or more times are almost surely linearly dependent. There are
various such causes (corresponding to different times) leading to singular Gaussian sequences.
As a result, we have various singularity. It is desired to model and characterize all singular and
nonsingular Gaussian sequences in a unified way.

Characterizations of NG Markov, reciprocal, and CM sequences presented in [56], [18], Chap-
ters 2, and Chapter 3 are based on the inverse of the covariance matrix of the whole sequence.
So, they do not work for singular sequences. In [57] a characterization was presented for the
scalar-valued (singular/nonsingular) Gaussian Markov process in terms of the covariance func-
tion. However, that characterization does not work for the general vector-valued case. In [58]
a characterization was presented for a special kind of NG reciprocal processes (i.e., second-
order NG processes, that is, Gaussian processes with covariance matrices corresponding to any
two times of the process being nonsingular) in terms of the covariance function of the process.
[19] presented a characterization of the Gaussian reciprocal process based on the Markov prop-
erty. That characterization is actually a representation of the reciprocal process in terms of
the Markov process and is specifically for continuous time processes. [30] presented a different
characterization of the Gaussian reciprocal process based on the Markov property. Characteriza-
tions of [19] and [30] converted the question about a characterization of the Gaussian reciprocal
process to the question about a characterization of the Gaussian Markov process, which was left
unanswered for the general vector-valued Gaussian process. Later studies on the covariance of
Gaussian processes were mainly under nonsingularity assumption [59]-[61]. Despite the above
attempts, to our knowledge, there is no characterization in terms of the covariance function for
the general (singular/nonsingular) Gaussian CM (including reciprocal and Markov) process in
the literature.

The well-posedness of the reciprocal dynamic model presented in [18] (i.e., the uniqueness
of the sequence obeying the model) is guaranteed by the nonsingularity assumption for the
covariance of the whole sequence. It can be seen that unlike the model of [18], the nonsingularity
assumption is not critical for the uniqueness of sequences obeying CM dynamic models presented
in Chapter 2. Dynamic models of the NG reciprocal sequence obtained in Chapter 2 does not
work for singular sequences, although the nonsingularity assumption is not critical for its well-
posedness. To our knowledge, there is no dynamic model for the Gaussian reciprocal sequence?
in the literature. For example, it is not clear how the model of [18] can be extended to the
Gaussian reciprocal sequence. More generally, there is no dynamic model for Gaussian CM
sequences in the literature.

Although they make the analysis and modeling easy, nonsingularity assumptions restrict
application of Gaussian CM (including reciprocal and Markov) sequences. Without such as-
sumptions, we have a larger and more powerful set of sequences for modeling problems. Some
problems can be modeled by a singular sequence better than a nonsingular one. For example,
a NG CMy sequence is used in Chapter 7 for trajectory modeling between an origin and a
destination. Now assume that the origin/destination is known, i.e., some components of the
state of the sequence at the origin/destination are almost surely constant. Then, a singular
CM7p, sequence is better for modeling such trajectories.

3In this subsection and in Chapter 5, by the “Gaussian sequence” we mean the general singular/nonsingular
Gaussian sequence. Otherwise, we make it explicit if we only mean the nonsingular Gaussian sequence (i.e.,
covariance of the whole sequence being nonsingular).



The main goal of Chapter 5 is threefold: 1) to obtain dynamic models and characteriza-
tions of the general Gaussian CM sequence to unify singular and nonsingular Gaussian CM
sequences theoretically, 2) to provide tools for application of (singular/nonsingular) Gaussian
CM sequences, e.g., in trajectory modeling with destination information, 3) to emphasize the
significance of studying reciprocal sequences from the CM viewpoint, e.g., by obtaining two
dynamic models for the general Gaussian reciprocal sequence from the CM viewpoint.

The main contributions of Chapter 5 are as follows. Dynamic models and characterizations
of (singular/nonsingular) Gaussian CM, reciprocal, and Markov sequences are obtained. Two
types of characterizations are presented for Gaussian CM and reciprocal sequences. The first
type is in terms of the covariance function of the sequence. The second type, which has a
similar spirit to (but different from) those of [19] and [30], is based on the state concept in
system theory (i.e., the Markov property). Then, by deriving a characterization for the general
vector-valued Gaussian Markov sequence in terms of the covariance function, we can check the
Markov property. Then, the second type of characterization of Gaussian CM and reciprocal
sequences becomes complete and makes a better sense. It is shown that dynamic models of
Gaussian CM sequences have a structure similar to those of NG CM sequences presented in
Chapter 2, and the difference is in the values of their parameters. Therefore, the presented
models unify singular and nonsingular CM sequences. We obtain two dynamic models for
the Gaussian reciprocal sequence from the CM viewpoint. As a result, the significance and
the fruitfulness of studying reciprocal sequences from the CM viewpoint is demonstrated. A
full spectrum of models (characterizations) ranging from a C'My model (characterization) to
a reciprocal C' M, model (characterization) for Gaussian sequences is presented. The obtained
models and characterizations unify singular and nonsingular Gaussian CM sequences. The
representation of NG C My, /C Mg sequences presented in Chapter 4 is extended to the general
singular /nonsingular Gaussian case.

1.2.6 Chapter 6

The evolution of a Markov sequence can be modeled by a Markov, reciprocal, C M, or CMp
model?. Similarly, the evolution of a reciprocal sequence can be modeled by a reciprocal model
[18] or a CM} (CMp) model (Chapter 2). Therefore, a CM sequence can be modeled by
more than one model. One model can be easier to apply than another in an application. For
example, a reciprocal C' My, model (Chapter 3) is easier to apply than a reciprocal model of [18]
for trajectory modeling with destination information (Chapter 7). The dynamic noise is white
for the former but colored for the latter. Also, the reciprocal model of [18] can be useful for some
other purposes since it is a natural generalization of a Markov model in the nearest-neighbor
structure. In addition, a Markov model is simpler than a reciprocal, CM;y,, or CMp model. So,
if we have a reciprocal, CMp, or CMpr model whose sequence is Markov, a Markov model is
desired. Moreover, sometimes only a forward (backward) model is available when a backward
(forward) one is required. So, it is important to determine these models from each other.

Two models are said to be probabilistically equivalent® if their sequences have the same
distribution. In some cases, this definition of equivalent models is not sufficient because it is
only about the distribution, not individual sample path. The two-filter smoothing approach is
an example, where to verify the conditions required for derivation, one needs the relationship in
dynamic noise and boundary values® between forward and backward Markov models for having
the same sample path of the sequence [62]-[64]. In other words, it is desired to find forward and
backward Markov models whose stochastic sequences are path-wise identical. Two models are
said to be algebraically equivalent if their stochastic sequences are path-wise identical. Despite

1By a “dynamic model” or “model”, we may mean a model with or without its boundary condition, as is clear
from the context.

SLater, by “equivalent” we mean probabilistically equivalent.

SFor a forward (backward) Markov model, a boundary value means an initial (a final) value.



several attempts, to our knowledge, there is no general and unified approach for determination
of algebraically equivalent Markov, reciprocal, or CM models in the literature.

Motivated by the two-filter smoothing approach, determination of a backward Markov model
from a forward Markov model has been the topic of several papers [65]-[71]. [65] studied a
backward model for a second order (or Gaussian) process equivalent to a forward model. To
derive a smoother for a Markov process, [66] obtained a reverse-time model describing a process
statistically equivalent to the original process up to second-order properties. In [67]-[68], a
derivation of a backward Markov model was presented based on the scattering theory. [69]
derived backward Markov models for second order processes equivalent to the forward models in
the sense that they give the same state covariance. The forward and backward Markov models
derived in [65]-[69] are equivalent, but not algebraically equivalent. The backward Markov
model presented in [70] is algebraically equivalent only for forward models with nonsingular
state transition matrices, not for other models. For models with a singular state transition
matrix, [70] only provides an equivalent backward model. Later papers followed the approach
of [70] and, to our knowledge, there is no backward Markov model algebraically equivalent to
a forward one for a singular state transition matrix in the literature. As a result, we can not
check the required conditions of a two-filter smoother for a Markov model with a singular state
transition matrix.

Given a Markov model, [18] determined an algebraically equivalent reciprocal model. How-
ever, [18] did not present a unified approach for determination of other algebraically equivalent
CM models.

An important question in the theory of reciprocal processes is regarding Markov processes
governed by the same reciprocal evolution law [16], [17], [9]. Given a reciprocal model of [18],
[16] discussed determination of Markov sequences sharing the same reciprocal model. The
continuous-time counterpart of that problem was addressed in [17]. Also, given a reciprocal
transition density, [9] determined the required conditions on the joint endpoint distribution so
that the process is Markov. It is desired to have a simple approach for studying and determining
Markov models whose sequences share the same reciprocal/C' M, model. This is not only useful
for understanding the relationship between these models and between their sequences, but also
helpful for application of these models. For example, C' M}, models induced by Markov models
are discussed in Chapter 4 for trajectory modeling with destination information. It is shown that
inducing a C'My, model by a Markov model is useful for parameter design of a reciprocal C My,
model for trajectory modeling with destination information. Also, it is shown that a reciprocal
CMp, model can be induced by any Markov model whose sequence obeys the given reciprocal
CM, model (and some boundary condition). So, it is desired to determine all such Markov
models and to study their relationship. But a simple approach for this purpose is lacking in the
literature.

The main goal of Chapter 6 is threefold: 1) to study the relationships between dynamic
models of different classes of CM sequences including Markov, reciprocal, CMp, and CMp,
2) to define and distinguish the notions of probabilisticlly equivalent and algebraically equiv-
alent dynamic models, and 3) to present a unified approach for determination of algebraically
equivalent models.

Chapter 6 makes the following main contributions. The relationship between C My, C Mp, re-
ciprocal, and Markov dynamic models for NG sequences are studied. The notion of algebraically
equivalent models is defined versus (probabilistically) equivalent ones. Then, a general and uni-
fied approach is presented, based on which given one of the above models, any algebraically
equivalent model can be obtained. The presented approach is simple and not restricted to the
above models. As a special case, a backward Markov model algebraically equivalent to a forward
Markov model is obtained. Unlike [70], this approach works for both singular and nonsingular
state transition matrices. So, the required conditions in the derivation of two-filter smoothing
can be verified for all Markov models (with singular/nonsingular state transition matrices). The



reciprocal model algebraically equivalent to a Markov model presented in [18] is obtained as a
special case of our result. A simple approach is presented for studying and determining Markov
models whose sequences share the same reciprocal/C' My, model.

Part of the results presented in Chapter 6 have appeared in [72].

1.2.7 Chapter 7

Modeling and predicting trajectories with an intent or a destination have been studied in the
literature. This problem has two steps: (a) trajectory modeling, (b) trajectory processing
(filtering and prediction). The corresponding papers can be divided into two groups. One
group of papers focus on trajectory processing without explicitly modeling trajectories with
intent/destination. In the modeling step, they consider Markov models developed for trajectories
with no intent or destination information. Also, in the processing step they use estimation
approaches developed for the case of no intent or destination. Then, in the processing step
they heuristically utilize the intent/destination information to improve trajectory filtering and
prediction performance. Such approaches for intent-based trajectory prediction can be found
in [73]-[81]. [73]-[76] presented some trajectory predictors based on hybrid estimation aided
by intent information for air traffic control (ATC). In [77], the interacting multiple model
(IMM) approach was used for trajectory prediction, where a higher weight was assigned to
the model with the closest heading towards the waypoint. Then, a pseudo measurement of
destination was used to improve the prediction. To incorporate destination information, [78]-
[79] also used a pseudo measurement to improve state estimation. [80] presented an approach for
trajectory prediction using an inferred intent based on a correlation factor. [81] used the intent
information (broadcast by ADS-B) in a tracking filter to improve state estimation in ATC. The
trajectory model is not clear in the above approaches. However, to study, generate, and analyze
trajectories, it is desired to model them. A rigorous mathematical model of trajectories is a
basis for a systematic approach for handling them.

Another group of papers first consider the trajectory modeling step and explicitly model
trajectories with intent/destination information. Then, in the processing step they use the
obtained model for filtering and prediction. Such a filter and trajectory predictor are derived
from one principle and are not based on a heuristic combination of different pieces. Therefore,
one can systematically study and analyze them. Due to many sources of uncertainty, trajec-
tories are mathematically modeled as some stochastic processes. An approach was presented
in [82] to incorporate predictive information in trajectory modeling. After quantizing the state
space, [41]-][46] used finite-state reciprocal sequences for intent inference and trajectory model-
ing with destination/waypoint information. [41] presented an approach to determine anomalous
trajectory patterns using stochastic context-free grammar and finite state reciprocal sequences
to assist the human operator in a surveillance system. The inadequacy of Markov models for
modeling trajectory patterns with a destination was also discussed. In addition, the complexity
of the corresponding estimation approaches was pointed out. [42] presented several trajectory
patterns based on the context-free grammar and reciprocal sequences in a quantized state space.
[43] used context-free grammar and finite state reciprocal sequences for trajectory modeling and
intent inference in a quantized state space. The presented trajectory filter was based on combin-
ing a finite state reciprocal sequence filter and a context-free grammar filter. A track extraction
approach, that is, confirming target existence in a set of observations, was presented in [44] using
a finite state reciprocal sequence in a quantized state space. [45] presented a smoother for a gen-
eralized finite state reciprocal sequence used for trajectory modeling in a quantized state space.
A track-before-detect approach was presented in [46] using maximum likelihood estimation and
finite state reciprocal sequences in a quantized state space. Reciprocal sequences provide an
interesting mathematical model for trajectories with destination information. However, it is not
always feasible or easy to quantize the state space. So, it is desirable to use continuous state

10



reciprocal sequences to model trajectories. Gaussian sequences have continuous-state space. A
dynamic model of NG reciprocal sequences was presented in [18]. However, due to the nearest-
neighbor structure and the colored dynamic noise, the model of [18] is not easy to apply for
trajectory modeling and its generalization is not easy. For example, following [18], a generalized
Gaussian reciprocal sequence was presented in [47] for trajectory modeling. The approach of
[48]-[49] for intent inference (e.g., in selecting an icon on an in-vehicle interactive display) based
on bridging distributions can also be seen in the reciprocal process setting, although reciprocal
processes were not explicitly used or mentioned. To emphasize that trajectories end up at a spe-
cific destination, we call them destination-directed trajectories. A class of stochastic sequences
capable of modeling the main components of destination-directed trajectories (i.e., an origin, a
destination, and motion in between) with an appropriate and easy to apply dynamic model is
desired.

Consider a trajectory modeling problem, where there is information available about the des-
tination of a moving object. An example is an airliner flying from an origin to a destination.
For modeling trajectories in such a problem there are three main components: an origin, a
destination, and motion in between. The behavior of a Markov sequence can be described by an
evolution law and an initial probability density function. So, the Markov sequence is not flexi-
ble enough to model destination-directed trajectories. Given an initial density and an evolution
law, the future of a Markov sequence is determined probabilistically. C M}, sequences have the
following main components: a joint endpoint density (i.e., an origin density and a destination
density conditioned on the origin) and a Markov-like evolution law. C'M[, sequences are suit-
able for modeling destination-directed trajectories. Also, they can be easily and systematically
generalized if necessary.

In Chapter 7, we propose the use of C' M}, sequences for destination-directed trajectory mod-
eling. Considering the main components of destination-directed trajectories, we demonstrate
how naturally one would use the C M|, sequence for modeling such trajectories. This class of
CM sequences provides a general framework for modeling destination-directed trajectories. The
CM7p, sequence models the main components of destination-directed trajectories and the only
assumption in its definition is the Markov-like (i.e., conditionally Markov) property of its evo-
lution law. We show how parameters of a C'M}, model can be designed for destination-directed
trajectory modeling. The C'M|, sequence enjoys several desirable properties for trajectory mod-
eling (for example in ATC). The Gaussian C'M[, sequence, its realization, its properties, and its
dynamic model (the C' M}, model) are studied for the purpose of trajectory modeling. Filtering
and prediction formulations are derived based on the CMy model. The behavior of the filter
is studied. Trajectory predictors with and without destination information are compared based
on their formulations and some simulations. Several simulations are presented to demonstrate
the results.

Part of the results presented in Chapter 7 have appeared in [83].

1.2.8 Conventions and Notations

We give conventions used in multiple chapters of the dissertation.

We consider stochastic sequences defined over the interval [0, V], which is a general discrete-
index interval. For convenience this discrete-index is called time. The following conventions are
used:

li,j]) = {ivi+1,...,5—1,j}hi<j
[mk]if £ {ar, k € [i, 4]}

2] £ [z]0
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i, 7, k1, ka,l1,1le € [0, N]

o ([zx]])

where k in [z]] is a dummy variable. [z] is a stochastic sequence. [zx]] is not defined for i > j.
Also, a([wk]g), for i > j, and o([zg]¢\ {z.}) are defined as the trivial o-field (i.e., including only
the empty set and the whole set Q). The symbols “’” and “\” are used for matrix transposition
and set subtraction, respectively. In addition, 0 may denote a zero scalar, vector, or matrix, as
is clear from the context. P{-} denotes probability and F'(-|-) denotes a conditional comulative
distribution function (CDF). Also, p(-) and p(:|-) are a probability density function (PDF)
and a conditional PDF, respectively. R denotes the set of real numbers. N (ug, Cy) denotes
the Gaussian distribution with mean pj and covariance Cy. Also, N (zx; pg, Ck) denotes the
corresponding Gaussian density with (dummy) variable zj. C;; is a covariance function, and
C; £ Ci;. C is the covariance matrix of the whole sequence [xx] (C' = Cov(z)). A Gaussian
sequence [z is nonsingular if its covariance matrix C' is nonsingular. The abbreviations ZMNG
and NG are used for “zero-mean nonsingular Gaussian” and “nonsingular Gaussian”. For a
matrix A, A, .y e 0o denotes its submatrix consisting of (block) rows 71 to ro and (block)
columns ¢; to ¢y of A. For square matrices My, we have

[I> M

o-field generated by [$k]f

My 0 -~ 0

N 0 Ml 0
diag(Mo,Ml,...,MN) = . . . .
0 0 MN

The evolution of a sequence can be modeled by a forward or a backward model. The for-
ward direction is the default. For forward direction/models, we drop the term “forward”, but for
backward direction/models we make “backward” explicit. We have different dynamic models in-
cluding a Markov model, a reciprocal model, a reciprocal CMy/CMp model, and a CMy/CMp
model. For example, a Markov model has an initial condition and a C'M}, model has a boundary
condition. For unification, we may call an initial condition a boundary condition. Sometime
we need to refer to a dynamic model including its boundary condition, but sometimes we need
to refer to a dynamic model without its boundary condition. The term “dynamic model” or
“model” is used to refer to both these cases when the meaning is clear from the context. But to
avoid confusion in some cases we use the term “evolution model” to emphasize that we mean
a dynamic model without considering its initial/boundary condition. For example, a “Markov
evolution model” means a Markov model without considering its initial condition. Also, a “C M,
evolution model” means a C'M}, model without considering its boundary condition.

Some equations and statements hold almost surely (and not strictly), as is clear from the
context. For clarity, in some cases we mention it explicitly. The abbreviation “a.s.” stands for
“almost surely”. Definitions and some of the results work for both discrete-time and continuous-
time processes, but we present them all for discrete-time processes (i.e., sequences).
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Chapter 2

Modeling and Characterizing Nonsingular Gaussian CM Sequences

In this chapter, we 1) provide useful and easy to apply results for application of CM sequences,
e.g., for motion trajectory modeling with destination information, and 2) lay a foundation for
studying an important special class of CM sequences, the reciprocal sequence, from the CM
viewpoint.

2.1 Definitions and Preliminaries

To build a solid foundation, we start from definitions in the formal probability language. How-
ever, all the main results are presented in a simple language ready for application. We assume
the stochastic sequences are defined with respect to an underlying probability triple (€2, A, P).

2.1.1 CM Definitions and Notations

A sequence [zg] is [k1, ko]-C M., ¢ € {ki, k2}, (i.e., CM over [k, ko]) iff conditioned on the state
at time k1 (k2), the sequence is Markov over [k1+1, k2| ([k1, k2 —1]). To build a solid foundation,
we need a formal definition of CM sequences (Definition 2.1.1 below). To provide results for
application, however, later we present Corollary 2.1.5, which is equivalent to Definition 2.1.1.

Definition 2.1.1. [zy] is [k1, k2|-C M., c € {ki,ka}, if for every j € [k1, k2]
P{AB|zj,x.} = P{Al|zj, x.} P{B|z;, .} (2.1)
where A € o([zx)'2, \ {zc}) and B € o([zll "\ {zc}).

The interval [k1, ko] of a [k1, ka]-C' M, sequence is called the CM interval of the sequence. By
Definition 2.1.1, the sequence is defined over the interval [0, N] but the CM interval is [k1, k2].

Remark 2.1.2. We use the following notation

[kl,kg]—CMF ’if C:kl

[kl) kZ]_CMc = { [k»l’ k:2]_CML Zf o= ]{72

where the subscript “F7 or “L” is used because the conditioning is at the first or the last time
of the CM interval.

Remark 2.1.3. When the CM interval of a sequence is the whole time interval, it is dropped:
a [0, N]-CM, sequence is called C'M..

A CMy (CMpy) sequence is called a CMp (CMy) sequence. For the backward direction, a
CMy (CMp) sequence is a CMp, (CMFp) sequence. We consider mainly the forward direction.
For the backward direction we present only results that are useful for some applications (e.g.,
smoothing).
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We define that every sequence with a length smaller than 3 (i.e., {zg,z1}, {0}, and {}) is
Markov. Similarly, every sequence is [k1, k2]-C M., |ka — k1| < 3. So, CM, and C My N [k1, N]-
CMp, k1 € [N — 2, N]| are the same.

Assuming [zg] is a [k1, ko|-C M, sequence, then [xk]if is a C'M, sequence.

Different values of k1, k2, and ¢ define different classes of CM sequences. For example, CMp
and [1, N]-C M|, are two classes. By CMp N [1, N]-C My, we mean a sequence being both CMp
and [1, N]-CMj,. We use similar notations for intersections of other classes.

2.1.2 Preliminaries (for Gaussian CM Sequences)

In this subsection, some results are presented, to be used in proofs in later sections. The goal
is to find simple necessary and sufficient conditions for Gaussian sequences to be CM.

Lemma 2.1.4. [zy] is [k1, ko]-CM,,c € {k1,kao}, iff for every Borel measurable function f,

E[f(zi)l[2:]],, ve] = E[f (w)|z;, zc] (2.2)
for every j, k € [k1,ka],j < k, or equivalently,
B[f(xp)|[z?, ac) = Ef (21) |25, 2] (2.3)

for every k,j € [k1, ko], k < j.

Proof. We prove (2.2) first. It can be seen that Definition 2.1.1 of the [k, k2]-C' M. sequence
and (2.4) below are equivalent; that is, [zx] is [k1, k2]-C M, iff

P{Alzil],,zc} = P{Alzj, ] (2.4)
for every j € [k1, k2 — 1], where A € U([.ﬁk]?il \ {z.}) [85], [6]. Also, (2.4) holds iff

Eh([zif3 \{ze})llzilf,, xe] = Elh((eilf3, \ {zc)lzy, ] (2.5)

for every j € [k1, k2 — 1] and every Borel measurable function h. Clearly (2.2) follows from (2.5).
So, we need to show that if (2.2) holds, so does (2.5). We will do it by mathematical induction
on j. For j = ko — 1, (2.5) follows from (2.2). Fix [ € [k1, k2 — 2]. Assume that (2.5) holds for
j=1+1, that is,

Elg(feilizs \ ezt ze] = Blg(lej2s \ {ze}) e, o (2.6)

for every Borel measurable function g. Then, we prove that it holds for j = I,

Blh(ilf?, \ {we)lwilly, 2] = B[ Bl(ilf?, \ felailly, 2 o | [oi, o)
= B|Elh(ilft, \ {ec))er, a2l leil,
= B|Blh(ilf2, \ {wehlan w1, 2l o, 2]

= Efh([ziz, \ {zh)lar, ] (2.7)

for every Borel measurable function h. Note that the second equality follows from (2.6), and the
third equality is due to (2.2) (note that E[h([z ]l+1 \ {xc})|xr, 2141, 2] is a function of z;, zy41,
and z.). By mathematical induction, (2.5) is concluded. (Note that the required integrability
condition for nested expectations [86] holds.)

The following has been used in the third equality of (2.7). By Corollary 2.1.5 below, (2.8)
below follows from (2.2)

F(&ll@ill,  ve) = F(&§alar, ze), V&1 € RY (2.8)
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where F'(-|-) is the conditional CDF of x;;41 and d is the dimension of x;41. Then, (2.9) below
follows from (2.8):

F(§la£l+la£c|[xi]§gla$c) = F(Elagl-‘rlaéCkEla ‘TC) (29)

where F(+|-) is the conditional CDF of z;, x;11, and z.. On the other hand, let g1 (z;, x;11, z¢)
= E[h([xl]fj_l \ {zc})|x, 141, ). By the definition of conditional expectation, g; is a Borel
measurable function. Based on (2.9), it is concluded that (see the proof of Corollary 2.1.5 for
more details)

Elgi (w1, i1, ze)| [T, » 2e) = Elg1 (21, T, 7e) |20, 2c) (2.10)

which has been used in the third equality of (2.7). A similar fact has been used in the second
equality of (2.7), too.

A proof of (2.3) is similar. To prove sufficiency, it suffices to show that (2.11) follows from
(2.3) by mathematical induction. (Observe that for j = k; + 1, (2.11) follows from (2.3). Then,
assume (2.11) holds for j =1 —1 (fix [ € [k1 + 2, k2]) and prove it for j =1.)

Elh((zdi, " \ e}zl xc] = Elh((eili; "\ {zc})lzy, ] (2.11)
O

Corollary 2.1.5. [zy] is [k1, ke|-C M., c € {ki,ka}, iff its CDF satisfies
F (&[]}, 7c) = F(&lj, xc), Yér € R (2.12)

for every j, k € [k1,ka],j < k, or equivalently,

F(&kl[i]}?,2c) = F(&laj, xe), v € RY (2.13)

for every k, j € [ki1, ko], k < j, where d is the dimension of xy.

Proof. Tt is enough to show that (2.2) is equivalent to (2.12) and (2.3) is equivalent to (2.13).
We briefly address the former and skip the latter, since they are similar.

Assume (2.2) holds. Then, let f(zg) = la(zx) (la(xg) = 1 for z, € A, and 14(zx) = 0
for z; ¢ A), where A = {93,1C < f,i} X {xi < f,%,} X oo X {x% < fg}, T = [:c,lg,xz,...,a:‘,f]’, and
& = [€},€2,..., &%) . Then, the RHS (LHS) of (2.2) is equal to the RHS (LHS) of (2.12).

Assume (2.12) holds. Then, P{B|[mi]i1,xc} = P{B|zj,z.} for every B € o(xy) [87], and
(2.2) is concluded. O

Remark 2.1.6. Due to simplicity we recommend considering Corollary 2.1.5 as the definition
of [k1, ka]-C M. sequences in application.

For Gaussian sequences, Lemma 2.1.4 is equivalent to the following.
Lemma 2.1.7. A Gaussian sequence [xy] is [k, ka2]-C M., c € {ki, ka}, iff
Elagl[z:]],, xe] = Elagl), x] (2.14)
for every j, k € [k1, ka],j < k, or equivalently,
Elag|[2:]}?, xc] = Elagla;, v (2.15)

for every j, k € [k1,ka], k < j.
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Proof. We prove (2.14). Proof of (2.15) is similar and is skipped. Necessity: By Lemma 2.1.4,
for a [k1, k2]-C M, sequence [xg], (2.14) holds.

Sufficiency: Let [z)] be a Gaussian sequence for which (2.14) holds. The conditional covari-
ance can be calculated as

Covlenl il 7o) = B[ (an — Blalfaal}y o] ) (- )’([xi]g;l,xc}

On the other hand, for conditional expectation we have E[(xy — E[xk][xl]fﬂ , xc])g([xl]i,l ,xe)] =0
for every Borel measurable function g. Thus, z; — E [xk.\[a:z]il,xc] is orthogonal to (and due to

Gaussianity independent of) [z;]; and z.. Therefore, noting (2.14), we have

Cov(wk|[xi]i1,xc) =F [(xk — Elzg|xy, xc]> ( . )/}
= E{(:ck - E[a:k\xj,ch ( : ),‘xj,xc} = Cov(zg|zj, xc) (2.16)

Due to Gaussianity, (2.14) and (2.16) lead to the equality of the corresponding conditional
distributions. In other words, a Gaussian conditional distribution is completely determined by
its conditional expectation [57]. Therefore, (2.2) holds and the sequence [xg] is [k1, k2]-CM.. O

2.2 Dynamic Models of C'M,. Sequences

The C' M. sequence is an important class of CM sequences. For example, a C' M|, sequence can
be used for motion trajectory modeling with destination information (Chapter 7). In addition,
CM;j, and C'Mp sequences play a very important role in the study of the reciprocal sequence
from the CM viewpoint.

A dynamic model for the zero-mean nonsingular Gaussian (ZMNG) reciprocal sequence was
presented in [18]. Inspired by [18], we first present a model for evolution of the ZMNG CM,
sequence, called a C' M, model. Then, we discuss a model of the nonsingular Gaussian (NG)
CM_, sequence. The following lemma demonstrates construction of a C'M, model for the ZMNG
C M. sequence.

Lemma 2.2.1. Let [z;] be a ZMNG CM,. sequence with covariance function Cy, 1,. Then, its
evolution obeys

r = Gpp—12p—1 + Greve + e, ke [1,N]\ {c} (2.17)
where [ex] (G, = Cov(ey)) is a zero-mean white NG sequence, and boundary condition®
xo =-e€0, o= Geoxo+ec (forc=N) (2.18)
or equivalently?
Te=¢€., o= Goctc+ ey (forc=N) (2.19)

Proof. We prove the lemma in three steps: (i) model construction, (ii) boundary conditions and
the whiteness of [eg], and (iii) nonsingularity of covariance matrices G, k € [0, V].
(1) Model construction: Since [z] is C'M,, by Lemma 2.1.7 for every k € [1, N\ {c¢} we have

Elag| [ zc] = Elglag_1, z] (2.20)

'Note that (2.18) means that for c = N we have xo = ep and xn = Gn,0T0 + en. Also, for ¢ = 0 we have
xo = eg. It is similar for (2.19).

2Tt should be clear that ep and ey in (2.18) and in (2.19) are not necessarily the same. Just for simplicity we
use the same notation.
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Since [z] is Gaussian, for ¢ = 0 and k = 1 we have E[zy|zg_1,zc] = CLOCO_lmo. Let G1g =
%CLOC’al. For other ¢ and k values (i.e., c=0and k € [2,N], and ¢ = N and k € [1, N —1]),

Ci—1 Ci-1,c ]1 [ Tp—1 }

Elzplep-1, 2] = [Chp-1 Chl { Cep—1 C .

-1
Let [Grr—1 Grel = [Chr-1 Crel { gkk11 C]gl’c ] . So, for every k € [1,N]\ {¢} and
c,k— c

c € {0, N}, we have Elxg|rr—1, %] = Grr—12k—1 + Grcxc. Define ey, k € [1,N]\ {c}, as

e =z — Elrg|rp—1, x.] (2.21)
=Tk — G r—1Tk—1 — Gr,cTec

Then, for c =0 and k = 1, G1 = Cov(e;) = C; — Cip ‘Co_lci,o For other ¢ and k values,

-1

Cr-1 Cg-1, [Cr k-1 C’Cvc]/

Gk é COV(ek) - Ck - [Ckzkfl Ck7c:| Cc,kfl CC

lex] [1,N)\{c} 18 a zero-mean white Gaussian sequence uncorrelated with zo and x.. It can be
verified as follows. By the definition of conditional expectation and based on (2.20) we have

E[(zr, — Blzg|zi—1, z])g([z;)6 7 20)] = El(zr — Elwglfzidt " z)g([zi]e 2] =0 (2.22)

for every Borel measurable function g. Thus, by (2.21) and (2.22), ej is uncorrelated with
[%]’5*1 and x.. Then, for k > j,

Gr k=

’ !
E[ekej] = E[ek(fﬂj - do—lxj—l - ijcxc) ] = { 0 otherwise

(2.23)
Likewise for j > k. Therefore, Elee)] = Gy, and Eleye}] = 0,k # j. So, [ex][1,n)\{c} is white.

(ii) Boundary conditions: For ¢ = 0, we have Gy = Cp. Let ¢ = N and consider (2.18).
Since x¢ and zy are jointly Gaussian, we have E[zy|zo] = Gnoxo, where Gy = CN70C0_1.
Then, we define ey £ zny — GnN,0To, where ey is a ZMNG vector with covariance Gy =
Cn — CnoCy 1C']’V’O. Also, by the definition of conditional expectation, ey is uncorrelated with
xo (i-e., E[(xny—E[xn|x0])g(x0)] = 0 for every Borel measurable function g). Also, for notational
unification ey £ xo with covariance Gy £ Cp.

Similarly for ¢ = N and (2.19), we have zg = Gony =N + €0, Go N = COVNC’_I, and Gog =
Co—Co, NC’;,lC(’L N+ Where eg is a ZMNG vector with covariance Gy, uncorrelated with z . Also,
set ey =z with covariance Gy £ Cy.

By (2.22), [ek][L N\{c} 18 uncorrelated with g and z., and thus uncorrelated with ey and e..
So, [e] is white.

(iii) From (2.30) in the proof of Lemma 2.2.5 below, nonsingularity of the covariance matrices
Gy, k € [0, N], follows from nonsingularity of the covariance matrix of [z]. O

Lemma 2.2.2. For ¢ = N, the boundary conditions (2.18) and (2.19) can be obtained from each
other.

Proof. For clarity, denote (2.18) and (2.19) as

o = 6(1), IN = GN701‘0 + 6}\[ (2.24)
zn =en, o= GoNTN + € (2.25)

where G§ = Elej(e})] and G}, = E[el(e})']. Now, we obtain (2.25) from (2.24). We will have
(2.25) if ep and e are chosen such that e} = Gonzn +eo and ey = G oz + 611\7, where it can
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be easily seen that ey and ey are uncorrelated with [ek]{v ~1. because 6(1), 611\7, xg, and xy are
uncorrelated with [ex]N 1. Also,

Eleoely] =E[(ef — Gonzn) (el + Gnowo)']
=Eleg(en)'] + ElegzlGly o — GonElzn(ey)'] = GonElenag)Gly g
=Eleg(ep)'|Glvyo — GonE[(Goeg + en)(en)] = GonEl(Groep + en) (€)' ]Gl o
=GGlyo — GonGl — GonGNoGGlv o
=Co(CnoCy ) = ConCyH(Cn — CnoCy ' Cov) — ConCr'CnoCy ' Con =0
which means ey and ey are uncorrelated. Similarly, one can obtain (2.24) from (2.25). O
So, for ¢ = N, (2.18) and (2.19) have different forms, but are equivalent. Therefore, for
brevity later we may refer to only one of them, although similar results hold for the other.

Remark 2.2.3. Boundary condition (2.19) emphasizes the role and importance of xy in a C M,
model (i.e., the evolution law from k =0 to k = N — 1 depends on zy ).

It is important that a dynamic model gives a unique covariance function of the corresponding
sequence [18]. As the following lemma shows, this is the case for model (2.17).

Lemma 2.2.4. Model (2.17) along with (2.18) or (2.19) for every parameter value admits a
unique covariance function.

Proof. Let [xj] obey (2.17) along with (2.18) or (2.19) with ¢ = N. That is,
Gr=ce, e=2][e,...,ex] (2.26)

where G will be given below. Post-multiplying both sides by 2’ and taking expectation, we have
GC = U, where C = Cov(z) and U = Cov(e, z).

To show the uniqueness of the covariance function, it suffices to show that G is nonsingular.
Consider (2.18) for which G is

I 0 0 e 0 0
_Gl,O I 0 0 _GI,N

0 —Gg,l I 0 _G2,N

. . : (2.27)

0 0 o —Gn-in—2 I —Gnon

| —Gno 0 0 0 I
. s . | An A | . _ . _
The determinant of a partitioned matrix A = A A is |A] = |A11]| - |Ag2| if A12 =0 or
21 A2

Az =0 [88]. So, it can be seen that |G| # 0 for every choice of the parameters, as follows. Since
Gpa,2:n41) = 0, we have |G| = |Gpa.n41,2:n41)] For a similar reason (i.e. Giny1:n41,2:8 = 0),
we have |Gio.n41,2:v+1]| = |G2:v,2:3)], Where it is clear that [Gjo.n o.n]| = 1. Therefore, model

(2.17)—(2.18) always admits a unique covariance function.

Since (2.18) and (2.19) are equivalent (Lemma 2.2.2), model (2.17) with (2.19) always admits
a unique covariance function, too. It can be also verified based on the nonsingularity of G
corresponding to (2.19), which is

I 0 0 0 —Gow
_Gl,O I 0 0 _GI,N
0 —Gao I 0 —Gox
. . . (2.28)
0 0 o —Gyoan—2 I —-Gnoan
0 0 0 0 I
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Let [vx] obey (2.17)—(2.18) with ¢ = 0. That is, Gz = e,e £ [€}), ..., i)/, where G is

1 0 0 e 0 0
—2G1 I 0 fe 0 0
_GQ,O —Gz,l I 0 s 0
. . . . (2.29)
—GN-1,0 0 o —GN_1,N—2 I 0
—-GnNp 0 0 e —-GNnN-1 T |
Since (2.29) is nonsingular, (2.17)-(2.18) always admits a unique covariance function. O

Lemma 2.2.5. [z;] governed by (2.17)—(2.18) is always nonsingular (for every parameter value).

Proof. Let [xy] obey (2.17)—(2.18), where the covariance matrices Gy, k € [0, N], are nonsingu-
lar. Based on (2.26), we have Gz = e, where G is given by (2.27) for ¢ = N and by (2.29) for
¢ = 0. Then, the covariance matrix of [z} can be obtained as

C=¢"'G@g)™! (2.30)

where G = Cov(e) = diag(Go, . . ., Gn) and by the proof of Lemma 2.2.4, G is nonsingular. Since
all G, k € [0, N], are nonsingular, G is nonsingular. Therefore, by (2.30), [xx] is nonsingular.
O

By the previous lemmas, a model for the ZMNG C'M, sequence was constructed and some
related properties were studied. Now, we can present the main result for the C'M,. model as
follows.

Theorem 2.2.6. A ZMNG sequence [z} with covariance function Cj, ;, is C M, iff it obeys
(2.17) along with (2.18) or (2.19).

Proof. The necessity was proved as Lemma 2.2.1. So, we just need to prove the sufficiency.
This amounts to proving that [xj] is (i) nonsingular and (ii) Gaussian C'M,. Lemma 2.2.5 has
established (i). So, we just need to prove (ii).

Since [zg] is Gaussian, by Lemma 2.1.7, [zy] is C M, if E[a:k|[xl]é, xc] = Elzglxj, x|, for every
gk € [0, NJ\ {c},j < k. From (2.17) we have zp = G}, jz; + G}, o|;Tc + ey|j, where the matrices
Gy,j and Gy o; can be obtained from parameters of (2.17), and ey; is a linear combination of

[el]§+1- Since [eg] is white, [el];?_H (and so ey;) is uncorrelated with [2;]) and z.. Thus, we have

E[xk\[xz]é,xc] = Elzi|xj, xc], meaning that [x] is CM.. O

Let z ~ N(uz,C;) and y ~ N(py,Cy) be jointly Gaussian random vectors with cross-
covariance C,,. Also, let Z and § be zero-mean parts of z and y, respectively. We have
Elzly] = pz + C.yCf (y — py), where ‘4’ denotes the Moore-Penrose inverse. On the other
hand, E[2|g] = C.,C, (9). So, Elzly] — p. = E[Zg]. Then, by Lemma 2.1.7, a Gaussian
sequence is C'M, iff its zero-mean part is C'M,. Therefore, a Gaussian sequence [z3] with mean
function ug, k € [0, N], is CM, iff its zero-mean part [z — ug] obeys (2.17)—(2.18). Thus, we
only present models of zero-mean CM sequences.

Backward Markov/hybrid models have been developed and used, e.g., for smoothing [65]-
[71], [89]. The evolution of the C'M. sequence can also be modeled by a backward C'M, model.
A backward C M. model may provide more insight and tools regarding the C M, sequence. Also,
it is useful for smoothing. The next proposition presents a backward C M. model.

Proposition 2.2.7. A ZMNG [zy] is C M, iff

ok = Gh 1@t + Grote +ep k€ [0,N — 1]\ {c} (2.31)
z.=¢€el, xn= Gﬁcazc + €8 (for c =0) (2.32)
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and [eB] (GB = Couv(eP)) is a zero-mean white NG sequence.

Proof. A proof is paraller to that of the C'M, model (Theorem 2.2.6). The only difference is in
time order. ]

Similar to Theorem 2.2.6, we have a different form of the boundary condition equivalent to
(2.32):

ry=e¥, =z, = GEN.CL‘N +eB (for ¢ = 0) (2.33)
Similar to (2.30), the covariance matrix of [x;] can be obtained as
C=(G")GPIGh) (2.34)

where GP = diag(GF,--- ,G¥) and GB for c = N is

I -GF, 0 e 0 -GPy ]
0o I =GP, o 0 —G§N
0 0 I -Gk, ... -G
Go = : : : :273 : :27N (2.35)
0 0 0 I 2GR,y
L0 0 0 0 I |

(2.35) will be used in the next sections.

2.3 Characterization of C M. Sequences

Definition 2.3.1. A symmetric positive definite matriz is called C My, if it has form (2.36) and
CMrp if it has form (2.37).

Ay By 0 0 0 Dy
B, A, B, 0 - 0 Dy
0 B, A4 By - 0 Dy
S : : : : : (2.36)
0 -+ 0 By_3 Av—2 Bn—2 Dn—2
0 -~ 0 0 By, Ay By_
L D6 Dﬂ D/Q DEV—Q B?V—l AN
[ Ay By Dy -+ Dn_2 Dn_1 Dy ]
B) A B 0 - 0 0
D, B, A, By - 0 0
. . . E . : . (2‘37)
Dy, 0 By, Ay—o Bys 0
D?Vfl 0 0 B§V72 An_1 Bpy_1
Dy, 0 0 - 0 By, Ay

Here Ay, By, and Dy, are matrices in general.

Remark 2.3.2. We use CM, to mean both C My, and C Mg matrices: A C M. matrixz forc = N
1s CMy, and for c =0 is CMp.

Remark 2.3.3. A CM, sequence is one defined in Subsection 2.1.1, but a C M. matriz is one
defined by Definition 2.5.1.
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First, several new factorizations of C M, matrices are presented in the following lemma. Then,

based on the lemma, characterizations of C'M,. sequences are obtained.

Lemma 2.3.4. A CM,. matriz A with d x d blocks can be uniquely factorized as A = V'DV,
where D is block diagonal with d x d blocks, and V is a block matriz (with d x d blocks) with the
same dimension as A: (i) for CMy, V is in the form of (2.38), (2.39), or (2.40); (i) for CMp,
V is in the form of (2.41), (2.42), or (2.43).

where x 1s not necessarily zero.

Proof. See Appendix A.
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It is known that a positive definite matrix has a unique triangular factorization [88]. Corollary
2.3.4 shows that the unique triangular factorization of a C' My, matrix has a special form as (2.38).
In addition, it shows that a C'Mj, matrix has non-triangular factorizations of forms (2.39) and
(2.40), which are unique. Moreover, given a C'M}, matrix, the proof of Corollary 2.3.4 shows
how the matrices V and D of the factorizations can be easily calculated. The same is true for
a CMp matrix.

Theorem 2.3.5. A NG sequence with covariance matriz C is CM, iff C~' is CM,.

Proof. We can prove the theorem based on results about the relationship between the conditional
independence of some Gaussian variables and their covariance matrix (e.g., see [60]). However,
here we present a proof based on the C'M. dynamic model and a factorization presented in
Lemma 2.3.4. It suffices to consider the ZMNG sequence. Necessity: Consider ¢ = N. Let [zy]
be a ZMNG CM|, sequence. By Lemma 2.2.1, [xj] obeys (2.17)—(2.18). From (2.30), we have

cl=g'c'g (2.44)

where G is given by (2.27) and G = diag(Go, ..., Gx). Substituting G in (2.27) into (2.44) leads
to a C~! that is C M. The same proof works for ¢ = 0 (i.e., CMp).

Sufficiency: We need to show that for every C' M, matrix C~!, there exists a Gaussian C M.,
sequence with covariance matrix C. This has been shown in the proof of Lemma 2.3.4 based on
the C M, matrix factorization. ]

Markov and reciprocal sequences are special C'M, sequences (Chapter 3). That is why
characterizations of NG Markov [56] and NG reciprocal sequences [18] are special cases of those
of NG C' M, sequences.

Remark 2.3.6. Given a C M, matriz C~', parameters of the forward and backward C M, models
of a ZMNG CM, sequence with covariance matrix C' can be directly (and uniquely) determined
in terms of the entries of C~1.

Remark 2.3.6 is verified in Lemma B.1 and Lemma B.2 (Appendix B). The uniqueness is clear
either by Lemma B.1 and Lemma B.2 or the definition (uniqueness) of conditional expectation.
Parameters of a C M. model can be calculated based on the covariance function of the sequence.
However, Remark 2.3.6 says that the parameters can be directly determined in terms of the
entries of C~! without calculating C. This is particularly useful for determination of parameters
of a backward (forward) C'M, model in terms of those of a forward (backward) C'M, model for
the same sequence (by equating C~! calculated from the two models). In addition, it is useful
for determination of Markov sequences governed by the same CM, model. This is related to
an important question in the theory of reciprocal processes regarding determination of Markov
processes governed by the same reciprocal evolution law (Chapter 6).

2.4 Dynamic Models of [k, k2]-C' M. Sequences

[k1, k2]-C' M, sequences are important for the study of the reciprocal sequence (Chapter 3).
Also, an application of [0, ko]-C' M|, sequences is in trajectory modeling with waypoint or desti-
nation information (Chapter 4). Characterizations of NG [ky, k2]-C'M,. sequences are obtained
in Chapter 3. A dynamic model of [0, k2]-C' M, sequences is given next.
Proposition 2.4.1. A ZMNG [z}] with covariance function Cy, y, is [0, ka]-C M, (ke € [1, N—1])
if
xp = Gpr—12p—1 + Grcte +ex, ke[l ko] \{c} (2.45)
Te=¢€c, o= Goce+ ey (forc=ka) (2.46)
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k—1
T = Z Grivi+ep, ke [k2 + 1, N] (2.47)
=0

and [ex] (G = Cov(ey)) is a zero-mean white NG sequence.

Proof. Necessity: By the definition of the [0, ko]-C' M, sequence, [x}]%2 is CM.. Therefore, by
Theorem 2.2.6, [xk]gg obeys (2.45)—(2.46). Also, its parameters can be calculated from the co-
variance function (see the proof of Theorem 2.2.6). For the evolution over [ky + 1, N| we have

Elzp|[z]t ") = X5 Grizi,k € [ka+1,N], where [ Gro -+ Grp—1 | = C[k+1:k+1,1:k}cﬁ:1;€71:k]-
We define e}, = xk—Zf;Ol Grizi k € [k2+1, N], where Gy, £ Cov(ey) = C’k—C[k+1;k+171:k]C’[}1k 18]
'C[/k+1:k+1,1:k]' By the definition of conditional expectation we have E[(z—E[z| [mi]gfl])g([xj]gfl

)] =0, k € [ke+ 1, N], for every Borel measurable function g. Therefore, [ek]ﬁ 41 Is a zero-mean
white Gaussian sequence (see the proof of Lemma 2.2.1) with the nonsingular covariances Gy,
(nonsingularity of Gy, k € [0, N], follows from nonsingularity of [zx] and nonsingularity of 7" in
(2.48) (see the proof of Lemma 2.2.1)). Also, [ek]fc\gﬂ is uncorrelated with [ex]52. So, [ex] is
white.

Sufficiency: Consider ¢ = ky. Let [zx] obey (2.45), (2.46), and (2.47). Then, we can write

Tx=e (2.48)
T 0
AN V) A _ 11
Wheree—[eo,...,eN],T—[T21 ng]’
[T 0 0 0 —Gog, |
G I 0 0 —Gig
0 —GQ,O I 0 te _G2,kz2
Ty = . . : . : . (2.49)
0 O e _Gk271,k‘272 I _szfl,kz
0 0 0 0 I
[ —Gryt10 —Gryr11 - —Grytik,
~Grot20 —Grot21 -+ —Grogok
To = .2+ o e (2.50)
—GnNp -Gn1 - —GNpke
and T22 is
I I 0 cee 0 0]
—Groto ko1 1 0 e 0
~GN-1kot1 -+ —GN_1 N2 I 0
~GNjot1 - —GnnN—2 —Gnyn-1 T ]

From (2.48) it is clear that [:Uk]g2 is C M|, (see Theorem 2.2.6 and (2.28)).

Also, the covariances Gi, k € [0, N], and the matrix 7" are nonsingular. Thus, by (2.48) [z]
is nonsingular. Therefore, [xy] is a ZMNG [0, k2]-C' M}, sequence.

For ¢ = 0 we have a similar proof with the following difference. For ¢ = ko, (2.49) is in the
form of (2.40) (consider (2.46)). It can be seen that for ¢ = 0, T1; is in the form of (2.41). So,
(2482 is CMp and [z}] is a ZMNG [0, ko]-C My sequence.

Since T is always nonsingular, (2.45)—(2.47) admit a unique covariance function for every
parameter value (see proof of Lemma 2.2.4). O
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It is meaningful to compare the evolution model of the [0, ko]-C' M, sequence over [k + 1, N]
with a general Gaussian sequence. First, consider the following lemma.

Lemma 2.4.2. [z3] is a ZMNG sequence with covariance function Cj, 1, iff it obeys

k—1
T = ZLk,il‘i + dk, ke [1,N], o = dg (2.51)
1=0

and [di] (Lx = Cou(dy)) is a zero-mean white NG sequence.

Comparing (2.47) and (2.51) indicates that given a sample path of the sequence over [0, k2], a
ZMNG [0, k2]-C M. sequence has the same evolution over [kz + 1, N] as that of a general ZMNG
sequence.

Proofs of Proposition 2.4.3 and 2.4.4 are parallel to that of Proposition 2.4.1.

Proposition 2.4.3. A ZMNG [zy] is [k1, N]-CM,. (k1 € [1, N —1]) iff

2k = G pTha1 + Ghote +ef k€ [k, N — 1]\ {c}

ze=eB, ay= Gﬁycxc + €& (for e = k)

N
T = Z Gﬁixi—i—eg, ke [0,k — 1]
i=k+1
and [eP] (GB = Cov(eP)) is a zero-mean white NG sequence.
Proposition 2.4.4. A ZMNG [zy] is [k1, ko]-C M. (ki,k2 € [1, N —1]) iff

r, = Grp—12p—1 + Grete +ep, k € [ky + 1, k) \ {c}
Te=€c, Tk = Gy e+ eg, (forc= k)
N
T = Z Gl?,le +er, k€ [0, k1 — 1]
i=k+1
k—1
T = ZGk,iwi—i_ek? k€ [k2 + 1, N]

i=k1

and [ex] (Gr = Cov(er)) is a zero-mean white NG sequence.
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Chapter 3

Reciprocal Sequences from the CM Viewpoint

In this chapter, we 1) propose studying the reciprocal sequence from the CM viewpoint and
demonstrate its significance and fruitfulness, 2) study the NG reciprocal sequence from the CM
viewpoint, and 3) obtain easy to apply results and tools for the NG reciprocal sequence.

3.1 Reciprocal Sequences

A sequence is reciprocal iff conditioned on the states at any two times j and [, the segment
inside the interval (j,[) is independent of the segments outside [j,]. A formal definition is as
follows.

Definition 3.1.1. [xy] is reciprocal if V5,1 € [0, N], j <,
P{AB|zj,x;} = P{A|z;,x;}P{B|z;,z} (3.1)
where A € a([mk]zjrll) and B € o([xg] \ [xk]é)
To provide results for application, later we present Corollary 3.1.7, which is equivalent to
Definition 3.1.1.

A sequence is Markov iff conditioned on the state at any time j, the segment before j is
independent of the segment after j. Formally, we have the following definition.

Definition 3.1.2. [zy] is Markov if Vk1 € [0, N],
P{AB|z;} = P{Al|x;)P(B|xz;} (32)
where A € a([xk]é_l) and B € 0([:6;{]%_1).
Lemma 3.1.3. [x}] is Markov iff
F(&|[vi])) = F(&lz)) (33)
for every j < k, or equivalently,
F(&l[])) = F(&lz;) (3.4)
for every k < j, where &, € R® and d is the dimension of xy,.
Lemma 3.1.4. A Gaussian [zy] is Markov iff
Elay|[z:))) = Ellz;] (3.5)
for every j < k, or equivalently,
Blzg|[i]]] = Elaxlz;) (3.6)
for every k < j.
Proofs of Lemmas 3.1.3 and 3.1.4 are similar to those of Corollary 2.1.5 and Lemma 2.1.7,

respectively.
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3.1.1 Reciprocal Characterization from CM Viewpoint

First, the relationship between the CM sequence and the reciprocal sequence is presented in
Theorem 3.1.5 for the general Gaussian/non-Gaussian case. Then, according to this relation-
ship, the reciprocal characterization of [18] is obtained based on the characterizations of CM
sequences.

Theorem 3.1.5. [zy] is reciprocal iff it is

(i) [k1, N]-CMp, Yk, € [0,N], and C My,
or equivalently

(ii) [0, ko] -C My, Vks € [0, N], and CMp

Proof. Necessity: Let [x] be reciprocal. Comparing Definition 2.1.1 and Definition 3.1.1, we
can see that Definition 2.1.1 with [k1,¢] = [0, k2] and Definition 2.1.1 with [c, k2] = [k1, N] are
both special cases of Definition 3.1.1. Therefore, [x] is both [0, ko]-C My, Vke € [0, N] and
[kl,N]—CMF, Vky € [O,N]

Sufficiency: We prove the sufficiency for (i). Proof of the sufficiency of (ii) is similar. It can
be seen that (3.1) and (3.7) below are equivalent; that is, [z] is reciprocal iff

P{Bl[x:l;?] = P{Blay,, z1,] (3.7)

for every ki, ks € [0, N] (k1 < ko), where B € o([xg] \ [mk]gf) [85]. On the other hand, (3.7) and
(3.8) below are equivalent, meaning that [zj] is reciprocal iff

Elg([eals ™ h(zalip) w2 = Elg(leals ™ h(zalian)lor o) (3.8)

for every ki,k2 € [0, N] (k1 < k2) and every Borel measurable function g and h.
Similarly, it can be seen that the definition of [k;, N]-CMp (Definition 2.1.1) and (3.9) below
are equivalent; that is, [xg] is [k1, N]-C Mp iff

P{B|[x]}?} = P{B|x,, vr,} (3.9)

for every ki, ko € [0, N] (k1 < k2), where B € a([xk]{g\g_ﬂ) [85]. Also, (3.9) and (3.10) below are
equivalent, meaning that [zy] is [k1, N]-CMp iff
Eh([zalpy s )l[:]i2] = Elh([ze]p 1) [Tr > Ty (3.10)

for every kg € [k1 + 1, N — 1] and every Borel measurable function h.
By Definition 2.1.1, [zx] is C M, iff

Elg([eals' ™ wiliy] = Elg(fwle'™lzr,, 2] (3.11)

for every ki € [1, N — 1] and every Borel measurable function g. Now, let [z}] be [k, N]-CMF,
Vky € [0, N], and C M. We show that (3.8) holds. We have

Bly(lenlf (i) 3]82] =B [Blo(eal ) (eal ol Lol 1]

)
=B (sl ) Blo(loally ), ][l
=B [([ealf ) Bl (el on, [l ol
=B [n(wl ) Elo(al§ ™l (o] o 72,
=B |Blg(aly (el o, [wi085) | on s 2,

=Eg([zel ) h(wrlhy 1) Tk, 2,
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where the third equality holds because [z}] is C My, and thus by (3.11) we have

Elg([zals' i) = Elo(fwnls'™Dlzr,, [wilf)]

The fourth equality holds because [xg] is [k1, N]-CMF for every ki € [0, N] and so by (3.10) we
have

Elq(fexliy: or)lleiliz] = Ela([ealdy or)|2r, 2]

for every Borel measurable function gq. Therefore, [zy] is reciprocal. (Note that the required
integrability condition for nested expectations [86] holds.)

Due to the symmetry ([k1, N]-CMp, Yk € [0, N], and C My, vs. [0, ke]-C My, Vky € [0, N],
and CMp), sufficiency of (ii) is proved using (3.8), (3.12) and (3.13) below. Similar to (3.11),
[Ik] is [O,kg]—CML iff

Elg([eals ™ Iwili2]) = Elg(fle' ™ )lzry, zr,] (3.12)

for every k1 € [1,ky — 1] and every Borel measurable function g. Also, considering k1 = 0 in

Elh([erlty)[il6?]) = Elh([2alf, 1) |20, 71, (3.13)
for every ko € [1, N — 1] and every Borel measurable function h. O

Note that Theorem 3.1.5, Lemma 3.1.6, and Corollary 3.1.7 below are for the general
(Gaussian/non-Gaussian) case.

[29] commented on the relationship between the Gaussian CM process and the Gaussian
reciprocal process, where a part of the condition, i.e., [k1, N]-CMp (Vk; € [0, N]) was mentioned,
but the other part, i.e., C M}, was overlooked. We will show in Section 3.2 that the condition
presented in [29] is not sufficient for a Gaussian process to be reciprocal.

From the proof of Theorem 3.1.5, a sequence that is [k, N]-CMp (Vk; € [0, N]) and C M,
or equivalently [0, ko]-C My, (Vko € [0, N]) and CMF is actually [k1, N]-CMp and [0, ko]-C M,
(Vk1, k2 € [0, N]). It means that a sequence is reciprocal iff it is [k, N]-CMp and [0, ko]-C M|,
(Vk1,ko € [0,N]). This was pointed out for the Gaussian case in [30]. However, [30] did
not discuss if the condition presented in [29] is sufficient even for the Gaussian case. By the
relationship between the CM sequence and the reciprocal sequence it can be seen that the set
of CM sequences is much larger than that of reciprocal sequences.

The following lemma presents an equation which is equivalent to the definition of the recip-
rocal sequence. Lemma 3.1.6 follows from [6]. However, our proof is based on the relationship
between the reciprocal sequence and the CM sequence (Theorem 3.1.5), which is simple and
different from that of [6]. This proof demonstrates the advantage of the CM viewpoint for
studying reciprocal sequences.

Lemma 3.1.6. [zy] is reciprocal iff
E(f (wp)l[wilf, [#:]]'] = ELf (@x)]aj, ] (3.14)
for every j,k,1 € [0,N] (j < k <1) and every Borel measurable function f.
Proof. Necessity: It can be seen that (3.1) is equivalent to
P{A|[iff, [z} = P{Alj, @1} (3.15)

where A € a([:ck.]é;ll) [85]. Let [x] be a reciprocal sequence. Then, (3.14) follows from (3.15).
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Sufficiency: It is based on Theorem 3.1.5. Assume that (3.14) holds for [xj]. Then,

BLf @) lfwilhy 2] = E[BU @)l (0] loi, 2]
=E [E[f($k)|xj7 i ‘ (2]}, :rz}
= E[f(zx)|zj, 2]

where the second equality holds due to (3.14). So, by Corollary 2.1.5, [zx] is [0,1]-CMy. Simi-
larly, we have

E[f (xk)|zj, (2] = E[f (xx)|z;, 2]

meaning that, by Corollary 2.1.5, [z] is [j, N]-CMp. Then, by Theorem 3.1.5, [xj] is reciprocal.
O

Corollary 3.1.7. [zy] is reciprocal iff
F(llzdl), [2:0)) = F(&klxg, 1) (3.16)

for every j,k,l € [0,N] (j < k < 1), where F(-|-) is the conditional cumulative distribution
function (CDF) of x., & € R?, and d is the dimension of xy,.

Proof. See the proof of Corollary 2.1.5. O
Corollary 3.1.7 (in a simple language) is equivalent to Definition 3.1.1.

Remark 3.1.8. Due to its simplicity, we recommend Corollary 3.1.7 as the definition of recip-
rocal sequences in application.

Lemma 3.1.6 reduces to the following lemma for the Gaussian case.

Lemma 3.1.9. A Gaussian sequence x| is reciprocal iff
Elwg|[wilf, [x:]}] = Elwg|z;, (3.17)
for every j, k,l € [0, N] (j <k <1).

Proof. Necessity: Let [z;] be a Gaussian reciprocal sequence. Clearly (3.17) follows from (3.14).

Sufficiency: We present a proof based on Theorem 3.1.5. Let [x] be a Gaussian sequence for
which (3.17) holds for every j,k,l € [0, N] (j < k < ). Then, as in the proof of Lemma 3.1.6,
we have

Elag|[:}, z1]) = Elag|z;, z]
Elxg|zj, [2:])] = Elwg|;, 2]

meaning that [z] is [0,{]-C M, and [j, N]-CMp (Lemma 2.1.7). Then, by Theorem 3.1.5, [zy]
is reciprocal. ]

Note that Lemma 3.1.9 works for both singular and nonsingular Gaussian sequences.

In order to characterize the NG reciprocal sequence based on Theorem 3.1.5, we obtain
characterizations of NG [k, k2]-C' M. sequences. We first consider the general case, and then
address some important special cases.
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Proposition 3.1.10. Let A = C~! be the inverse of the covariance matriz of a NG sequence.
The sequence is [k1, ka]-CM. (ki,ke € [1, N —1]) iff Ap,, has the CM, form, where

Ap,, = By — B}3By' Bia (3.18)

B=Au, = Asa — AaAy Al (3.19)

and for a (k2 +1)d x (k2 +1)d matriz X we have X11 = X[1:5; 1:61)> X22 = X[y +1:ko+1,k1 +Liko+1]»
X12 = X[1k oy +1:ka41], and for an (N +1)d x (N +1)d matriz Y we have Yoq = Y[1:5y41,1:k0+1]

Yoo = Vgt 2:N41kot2:N41] and Yab = Y[1ikyt 1 kot 2:N11] (d x d is the dimension of each block
entry of these matrices).

Proof. We have

Ayl —AG AabAb‘b

-1 _
A= AbblAfsz_ Ay +AbblA:1bA AabAb_bl

Also,

o Caa C 1
C_[Céb Cbb] 4

Clearly Cgq = AZ;. Then, define B £ Ay,,. We have

Bl — [ By + By BiaAg ]5123111 -By' Bl?AE;u

ABllB/2B1_1 Aéll

Also, let

D11 Dqo
D —
[ Diy Do

:| écaa

Since B~! = D, we have D,; = Ap,,. Therefore, the sequence [z}] is [k, ka]-C M, iff Ap,,
has the C M, form, where Ap,, is given by (3.18). O

Definition 3.1.11. A positive definite matriz A is called a [k1,ko]-C M, matriz (or A is said
to have the k1, ka]-C M, form) if Ap,, in (3.18) has the CM, form.

The characterization of the [k;, ka]-C' M, sequence can be presented in a different formulation
(Proposition 3.1.12). Actually, Proposition 3.1.10 and Proposition 3.1.12 below give different
formulations of the same characterization. However, in some cases one formulation is more
convenient to use than the other (Section 3.2).

Proposition 3.1.12. Let A = C~! be the inverse of the covariance matriz of a NG sequence.
The sequence is [k1, ka]-C M. (ki,ke € [1, N —1]) iff Ap,, has the CM, form, where

A322 = BH — B12B 312 (320)
B = Ay, = Agy — Ap AT Ars (3.21)

and Bi1 = Bligy—ky+1,1ko—k1+1]s B22 = Bk 42:N—ki+ Lka—k1+2:N—ki+1]s B12 = Byt 41,
ko—k14+2:N—ky+1]> A11 = Ak 1:01] 422 = Ay 1N+ Lk +1:841), ond A1 = Ajs gy k41841
Proof. Similar to the proof of Proposition 3.1.10. O

Corollary 3.1.13. Let A = C~! be the inverse of the covariance matriz of a NG sequence. (i)
The sequence is [0, ka]-CM. (ko € [1,N —1]) iff An,, in (3.19) has the CM. form. (ii) The
sequence is [k1, N]-CM. (k1 € [L, N —1]) iff Aa,, in (3.21) has the CM,. form.
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Proof. Proofs of (i) and (ii) are special cases of those of Proposition 3.1.10 and Proposition
3.1.12, respectively. O

In order to make clear the properties of the [0, k2]-C' M, sequence!, we study the sequence

over [k2 + 1, N], too. In the following, we discuss the distribution of [xk]fi\g 41+ First, relevant
properties of the positive definite matrices are reviewed. Consider a symmetric matrix

M:{Mﬂ M12:|

My Mo

Then, M > 0 iff My; > 0 and My — M{QMﬁlMlg > 0; M > 0 iff Moy > 0 and My —
Mo My,  Mjy > 0.

Now, let [x%] be a NG sequence with the covariance matrix (following the notation of Propo-
sition 3.1.10)

_ Caa Cab
C= [ C(/Lb Cho ] (3.22)

[x4] is [0, ko]-C' M, iff (Cyq) ! has the CM, form. Then, given C,, of a NG [0, k2]-C' M, sequence,
the only restriction on Cyy, and Cyy, is that Cp, — (Cup) (Caa) "1Cup > 0. As an example, for Cyp, =
(Cm)%B, where B is any nonsingular matrix, we have Cy, — (Cyp) (Caq) 1 Cup = Cyppy — B'B > 0.
Now, let Cyp = 0. Then, there is no more restriction on Cy, (other than positive definiteness). It
can be also seen from the covariance matrix C' with Cy, = 0. Therefore, there exist [0, k2]-C' M,
sequences for which the covariance of [xk],?g 41 can be any positive definite matrix without extra
restriction.

Marginal distributions of the NG [k, ko|-C' M. sequence over [0, k; — 1] and [ky + 1, N] can
be similarly studied. Let its covariance matrix be

Cnn Ci2 Ci3
C=|Cly Cyu C
! /
C13 Cz3 Css3
where C11 = Clig, 1:81]> C12 = Cliiky ky+1:k0+1]5 €13 = Clicky kot2:N+1)» €22 = Cliy 4 1:ko 1,51 +1:k2 1)
. -1
C23 = Cliy+ iko+1,ko42:N+1)> and C33 = Clpypo.N41 kot2:8+1)- Given Cop (where Cyy has the

CM, form), we have

Ci1 — 01202_210{2 >0

—1
Cni Cr2 013]
Csz — ra CY >0
[ Chs O | [ 12 Cx ] [ Cas
or
C33 — C§302’21023 >0
—1
Coy Cag ] [ Cla ]
Ci1—| C C >0
n—|[Ca Cis ] { Chy Cas cl

A characterization of the NG reciprocal sequence was presented in [18]. Based on the above
characterizations of [ky, ka]-C' M. sequences, that characterization of the NG reciprocal sequence
can be obtained from the CM viewpoint (Theorem 3.1.14 below). The corresponding proof is
simple and different from the one presented in [18].

'One can similarly study [k1, N]-C'M..
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Theorem 3.1.14. A NG sequence with the covariance matriz C is reciprocal iff C~1 is cyclic
(block) tri-diagonal as

[ Ay Bo O 0 0 Dy
B) A4, B 0 - 0 0
0 B, A, By - 0 0
T ' : ' ' (3:23)
0 0 By, Ay.s By 0
0 0 0 By, Av-1 By
D, 0 0 0 By, Ay

Proof. Necessity: By Theorem 3.1.5, characterization of the NG reciprocal sequence is the same
as that of the NG sequence being CMp and |0, ko]-C My, Vke € [0,N]. Let [zx] be a NG
sequence (with the covariance matrix C'), which is CMp and [0, k2]-C My, Yka € [0, N]. By
Theorem 2.3.5, C~! is (block) cyclic tri-diagonal, because a matrix being both CM}, and C M
is cyclic tri-diagonal.

Sufficiency: Assume that the inverse of the covariance matrix (C~1) of a NG [zy] is cyclic
(block) tri-diagonal. A cyclic tri-diagonal matrix has the CMp and the [0, ko]-C M|, forms
Vky € [0,N]. Thus, by Theorem 2.3.5 and Corollary 3.1.13, [zx] is CMp and |0, k2]-C M,
Vky € [0, N]. Therefore, by Theorem 3.1.5, [z}] is reciprocal. O

The following corollary of Theorem 3.1.14 has an important implication about the relation-
ship between the CM sequence and the reciprocal sequence. Once more, it demonstrates the
significance of the CM viewpoint for studying the reciprocal sequence.

Corollary 3.1.15. A NG sequence is reciprocal iff it is both CMy and CMp.

Proof. Clearly, a NG sequence with the covariance matrix C is both CMy, and CMp iff C~!
has the form of (3.23). So, by Theorem 3.1.14, it is reciprocal iff it is both C My and CMp. O

By Corollary 3.1.15, a NG sequence being both C My, and C M is [ky, ko]-C My, and [k, ko]~
CMp,Vki,ky € [O,N].
A characterization of the NG Markov sequence is as follows [56].

Remark 3.1.16. A NG sequence with the covariance matriz C is Markov iff C~1 is (block)
tri-diagonal as (3.23) with Dy = 0.

Theorem 2.3.5, Theorem 3.1.14, Corollary 3.1.15, and Remark 3.1.16 show how CM, recip-
rocal, and Markov sequences are connected.

3.1.2 Reciprocal C'M, Dynamic Models

A dynamic model of the ZMNG reciprocal sequence was presented in [18], where the evolution
of reciprocal sequences is described by a second-order nearest-neighbor model driven by locally
correlated dynamic noise [18]. That model can be considered a generalization of the Markov
model. However, due to the autocorrelation of the dynamic noise and the nearest-neighbor
structure, it is not necessarily easy to apply (see Subsection 3.1.3). In the following, two models
of the ZMNG reciprocal sequence are presented from the CM viewpoint. These models have
white dynamic noise, and their corresponding recursive estimators are easily obtained.

Dynamic models of C M, sequences were presented in Chapter 2. On the other hand, the
reciprocal sequence is a special C'M, sequence. The following theorem gives the condition under
which a C M, model is for a reciprocal sequence. Also, it is shown that every ZMNG reciprocal
sequence has such a dynamic model.
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Theorem 3.1.17. A ZMNG [x}] with the covariance function Cy, 5, is reciprocal iff it obeys
(2.17) along with (2.18) or (2.19), and

Gy 'Gre = Gl 4Gt Gre (3.24)

Vk € [I,N —2] forc= N, orVk € [2, N — 1] for c = 0. Moreover, for c = N, [x}] is Markov iff
in addition to (3.24), we have

Gy Gro =G NGT G (3.25)

for (2.18), or equivalently
Gy 'Gon = GGGy (3.26)
for (2.19). Also, for ¢ =0, the reciprocal sequence is Markov iff in addition to (3.24), we have
Gno=0 (3.27)

Proof. Let ¢ = N. A ZMNG sequence is C M, iff it obeys (2.17) along with (2.18) or (2.19).
Also, by Theorem 2.3.5, a NG sequence is C M, iff its C~! is C M, given by (2.36). Entries of
C~! of a ZMNG C M/, sequence can be calculated in terms of the parameters of (2.17) along with
(2.18) or (2.19) (see (3.29) below). On the other hand, by Theorem 3.1.14, a NG sequence is
reciprocal iff its C~! is cyclic (block) tri-diagonal given by (3.23). Therefore, a ZMNG sequence
is reciprocal iff it obeys (2.17) along with (2.18) or (2.19) and its C~! is given by (2.36) with
Dy=--+=Dy_9=0. By Dy =--- = Dy_5 = 0, we obtain (3.24). In addition, by Remark
3.1.16, a NG sequence is Markov iff in addition to D1 = --- = Dy_o = 0, we have Dy = 0, which
leads to (3.25) for (2.18), and (3.26) for (2.19) (see (B.5),(B.8),(B.11) in Appendix B.1 for the
explicit relationship between D;,i € [0, N — 2] and parameters of the C M}, dynamic model).
Proof of the theorem for ¢ = 0 is similar to that of c= N. By Do = D3 =---= Dny_1 =0,
we get (3.24) and by Dy = 0 we obtain (3.27) (see (B.41)-(B.42) in Appendix B.2 for the
explicit relationship between D;,i € [2, N| and parameters of the C Mg dynamic model). O

The Markov sequence is a subset of the reciprocal sequence, and the reciprocal sequence
is a subset of the CM, sequence. A C'M, model is a complete (i.e., necessary and sufficient)
description of the C M, sequence. Theorem 3.1.17 shows under what conditions a C' M. model
is a complete description of the reciprocal sequence, and under what conditions a C'M. model is
a complete description of the Markov sequence. In other words, Theorem 3.1.17 shows simple
and explicit iff conditions for the CM (model) to reduce to the reciprocal, and for the reciprocal
to reduce to the Markov.

Theorem 3.1.17 can be presented in a different way.

Corollary 3.1.18. Model (2.17) along with (2.18) or (2.19) is one for a ZMNG reciprocal
sequence iff the matriz

A=GG'¢g (3.28)

is (block) cyclic tri-diagonal, where G = diag(Go,G1,..., Gn), and for ¢ = N the matriz G
is (2.27) for (2.18), (2.28) for (2.19), and for ¢ =0, G is (2.29). In addition, the sequence is
Markov iff A in (3.28) is (block) tri-diagonal.

Proof. Let [xy] be a ZMNG C M, sequence that obeys (2.17) along with (2.18) or (2.19). Then,

ngeé [6676/17"'76/N]/
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where for ¢ = 0, G is given by (2.29); for ¢ = N, G is given by (2.27) for (2.18) and by (2.28)
for (2.19). C~1 of [x}] is calculated as

clt=¢G"¢g (3.29)

which is a C'M, matrix (Theorem 2.3.5). By Theorem 3.1.14, [x}] is reciprocal iff its C~! (i.e.,
G'G71G) is (block) cyclic tri-diagonal. In addition, by Remark 3.1.16, [z] is Markov iff G’G~1G
is (block) tri-diagonal. O

The ZMNG reciprocal sequence can be modeled by either the reciprocal C'M. model of
Theorem 3.1.17 or the reciprocal model of [18]. We use the term “reciprocal C'M, model” for
our model (Theorem 3.1.17) and the term “reciprocal model” for the model of [18].

Remark 3.1.19. A C'M,. model of a reciprocal sequence is called a reciprocal C M. model. In
this way, we distinguish between the reciprocal model of [18] and our reciprocal C M, model.

Similarly, the Markov sequence is a special C'M. sequence. Theorem 3.1.17, gives the nec-
essary and sufficient condition under which a C'M, model is actually a dynamic model of the
ZMNG Markov sequence. A C'M. model describing a Markov sequence is called a Markov C M.,
model.

The following proposition presents a backward model of the reciprocal sequence.

Proposition 3.1.20. A ZMNG sequence [x] with the covariance function Cy, 1, is reciprocal
iff it obeys (2.31) along with (2.32) or (2.33) and

(GkB+1)71GkB+1,c = ( Ek+1)/(GE)71G£c (3.30)

Vk e [1,N —2] forc=0, orVk € [0, N — 3] for c = N. Moreover, for c =0, [xi] is Markov iff
in addition to (3.30), we have

(GR)'GRo = (GR_1.3) (GR_1) ' GR_10 (3.31)
for (2.32), or equivalently
(GF) TGN = (GR_10) (GN-1) ' GR 1w (3.32)
for (2.33). Also, for c = N, [zg] is Markov iff in addition to (3.30), we have
Gfn=0 (3.33)
Proof. 1t is similar to that of Theorem 3.1.17 and is omitted. O

The dynamic model presented in Proposition 3.1.20 is called a backward reciprocal C'M,
model.

3.1.3 Recursive Estimation of Reciprocal Sequences

A dynamic model was presented in [18] for the NG reciprocal sequence. That dynamic model
with the second-order nearest neighbor structure is a complete (i.e., necessary and sufficient)
description of the NG reciprocal sequence. It was shown in [18] that the well-posedness of the
model? is guaranteed by a condition on all parameters of the model (i.e., parameters should be
determined in a way leading to a nonsingular sequence). That condition on all the parameters of
the model is not easy to check. On the contrary, our C'M, dynamic models (including reciprocal

2A dynamic model is well-posed iff it admits a unique solution. For the Gaussian case, a model is well-posed
iff it admits a unique covariance function [18].
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C'M,. models) are always well-posed for every value of their parameters (Chapter 2). In addition,
the condition on parameters of a C' M, model of a reciprocal sequence is much simpler than the
well-posedness condition for the model of [18].

Due to the nearest neighbor structure and the colored dynamic noise, recursive estimation of
a reciprocal sequence based on the model of [18] is not straightforward. That is why several pa-
pers were presented for recursive estimation of NG reciprocal sequences based on that dynamic
model. For example, [32]-[33] presented some recursive estimators for NG reciprocal sequences
based on the model of [18] with different boundary conditions using a higher-order state whose
dimension was 3 times of that of the state of the sequence. Later, a different recursive estimator
was presented in [34] using a higher-order state whose dimension was 2 times of that of the
state of the sequence. After lengthy and complicated manipulation of the second-order model
of [18], [34] obtained a first-order forward/backward dynamic model with white dynamic noise.
Then, derivation of a recursive estimator based on the obtained first-order forward/backward
model was straightforward based on existing results from linear system theory. This straight-
forwardness is why the approach of [34] is highly desired. The difficulty in the approach of [34]
is to obtain the forward/backward first-order model with white dynamic noise from the second-
order model of [18]. However, it can be easily seen that the first-order forward/backward model
of [18] is actually a forward/backward C'M, model (Theorem 2.2.6 (¢ = N) and Proposition
2.2.7 (¢ = 0)), which is available without any effort from the CM viewpoint. Therefore, it
demonstrates the significance of the CM viewpoint for studying reciprocal sequences.

Note that the first-order forward/backward model in [34] (which turned out to be a for-
ward /backward C'Mj, model) was obtained after complicated manipulation of the dynamic
model of [18]. That is why the relationship between parameters of the obtained first-order for-
ward /backward model and those of the dynamic model of [18] is complicated. Consequently, the
relationship between different parameters of the obtained first-order forward/backward model
is complicated and not straightforward. However, we obtained the forward /backward reciprocal
C M7, model directly from the CM viewpoint. Thus, we do not need to connect parameters of our
forward /backward reciprocal C' M, model to those of the model of [18]. Also, the relationship
between different parameters of a forward /backward reciprocal C' My, model is clear. Moreover,
a reciprocal C'M, model clearly shows how a C'M, model of the C'M,. sequence reduces to its
special case (i.e., reciprocal C' M. model) for the reciprocal sequence (Theorem 3.1.17). This
is desired for unifying treatment of CM and reciprocal sequences leading to more insight into
reciprocal sequences.

Recursive estimation (filtering/smoothing/prediction) based on our reciprocal C' M, model is
straightforward based on the results from linear system theory (Chapter 7).

3.2 Characterizations: Other CM Classes vs. Reciprocal

In order to reveal the relationship between various CM sequences (including reciprocal se-
quences), their intersections are studied. As a result, we show how the characterizations change
from a CM sequence to the reciprocal sequence.

We do not consider trivial special cases. For example, it is obvious by definition that every
sequence is [ky, ka]-C M., 0 < ko — k1 < 2. We are interested in the general cases with arbitrary
N, ky, and ke. The only difference between some classes of CM sequences is time direction.
For example, the C My, N [0, k]-C My, sequence and the C Mg N [k, N]-CMp sequence (i.e., the
backward C M|, N [k, N]-C M|, sequence) differ only in time direction. Due to the similarity, we
only consider one of such cases.

3.2.1 CMLﬂ[kl,N]-CMF

By Theorem 2.3.5 and Corollary 3.1.13 we have
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Special case: A sequence is CMy N[N — 3, N]-CMp iff its C~! is given by (2.36) with
Dn_o=0.

Special case: A sequence is CMy N[N — 4, N-CMp iff its C~! is given by (2.36) with
DNn_3=Dn_2=0.

General case: A sequence is CMy, N [k1, N]-CMp iff its C~1 is given by (2.36) with

Dyyy1=Dpyyo=-=Dny-3=Dn2=0

Important special case: A sequence is C My, N CMp iff its C~! is given by (2.36) with
Di=Dy=---=Dn_o=0
which is actually the reciprocal characterization (Corollary 3.1.15).

It is thus seen how the characterizations (i.e., C~!) gradually change from C' M, to reciprocal
and then Markov. In addition, based on the results above, the CMy N [k1, N|-CMp sequence
has been characterized for every ki € [0, N — 1].

Similarly, a sequence is C Mg N [0, ko]-C' M, iff its C~1 is given by (2.37) with Dy = D3 =
ov=Dj,_1 =0.

3.2.2 CMLO[O,/{ZQ]-CML (CMFﬂ[k‘l,N]-CMF)

In this subsection, we study characterizations of C My N[0, ko]-C M|, sequences to see their rela-
tionship with the reciprocal sequence. As a result, the condition presented in [29] is addressed.
By Theorem 2.3.5 and Corollary 3.1.13 we have

e Special case: A sequence is C MN[0, 3]-C' My, iff its C~! is given by (2.36) with DUy 3D} =
0, where Up 3 = Riy_3.n—3, N—3:n—3) and R = (A[5:N+1,5:N+1})*1. Clearly, a trivial solution
is D2 =0.

e Special case: A sequence is C MN[0,4]-C' My, iff its C~! is given by (2.36) with DyUp 4D} =
0, DoUpaD3 = 0, and D1UpaD3 = 0, where Ups = Riy_sN—sN—s:N—4) and R =
(A[G:N+1,6:N+1])71- A trivial solution is Dy = D3 = 0.

e General case: A sequence is C My, N [0, ko]-C My, iff its C~! is given by (2.36) with

DoUp i, Dy =0, i=2,...,ky—1
DIUO,ngQZO, izS,...,kQ—l

Dy, —3U0 1, Digy—1 = 0

where ljo’]g2 = R[N*kQ:N*kQ,N*kQZN*kQ] and R = (A[kg +2:N+1,k2+2:N+1])_1' A trivial solu-
tion is D2:D3: "':Dk2_1 = 0.

e Important special case: A sequence is CM, N[0, N —1]-C My iff its C~! is given by (2.36)
with

DoUpn_1D, =0, i=2,...,N—2

D\Uyn-_1D, =0, i=3,...,N—2

)

DNn_4Up,n-1Dy_5 =0

where U()7N_1 = (AN)il.

35



A trivial solution for the last case above is Dy = D3 = --- = Dy_9 = 0 and D can be
non-zero. Note that this trivial solution is actually a trivial solution of all the above equations
for CMp, N [0,3]-CMy, through CMp N[0,N — 1]-CMy. On the other hand, a sequence is
ﬂfc\g:l[O, ko]-C' My, iff its C~1 is given by (2.36) and all the above equations (for C My, N [0, 3]-
C My, through CMy N[0, N — 1]-C M) hold. As a result, a sequence with C~! given by (2.36)
with Dy = D3 = --- = Dy_o = 0 is ﬂkNFl[O,kQ]—C'ML. From the C' My, sequence to the
ﬂ,i\g _110, k2]-C' M|, sequence, as we consider intersections of more classes of sequences, the set of
solutions for Dy,..., Dy_o shrinks in general, while a trivial solution for Ds, ..., Dy_2 (i.e.,
Dy = -+ = Dy_o = 0) always exists. However, it can be seen that for the mkNFl[o,kQ}-
C'Mj, sequence, there is no guarantee that D1, Ds, ..., Dyx_o are all equal to zero. Therefore,
ﬂé\g _110, k2]-C' My, is not necessarily reciprocal. Similarly, ﬂ,];i _t[k1, N]-CMp is not necessarily
reciprocal. This means that the condition of [29] is not sufficient because equation (4) in [29]
(which is the foundation of the argument of [29]) is necessary but not sufficient for a Gaussian
process to be reciprocal.

Note that we need to check if a solution of the above equations is valid, that is, there exists
a sequence with such a C~1. This is because the above equations do not guarantee the positive
definiteness of C~!. In order to show the existence of a sequence corresponding to a solution
of the above equations (for C My N [0, 3]-C My, through CMp N[0, N — 1]-CM}), we can find
parameters of a C My model (Theorem 2.2.6) of a sequence with the corresponding C~! (i.e.,
satisfying the above equations).

The trivial solution (Dy = D3 = --- = Dy_9 = 0 and D; # 0) really exists for all the
above equations (for CMp N [0,3]-C My, through CMy N[0, N — 1]-CMp), that is, there exists
a sequence with C~! given by (2.36) with Dy = D3 = --- = Dy_o = 0 and D; # 0. Based

on the relation of (block) entries of a C'M, matrix and the parameters of the C' My, model and
its boundary condition (Appendix B.1), we can determine parameters of a C My, model and its
boundary condition so that Do = D3 =--- = Dx_9 =0 and D; # 0. Then, by Theorem 2.2.6,
there exists a C'Mj, sequence corresponding to the above trivial solution. For example, the set
of parameters of a C My, model (Gj y—1,Gr,n,Gr), k € [1, N —1], with Gy, y =0, k € [2, N —1],
and G1,n # 0 leads to Dy = D3 = --- = Dy_o =0 and D7 # 0.

From the above equations (for the characterization of the C MN[0, k2]-C M|, sequence), it can
be seen that for scalar sequences, a C M N|0, l3]-C M, sequence is CMp N[0, ka]-C My if ko < Is.
However, this is not true for vector-valued sequences in general. Here is a counterexample.

Example 3.2.1. Consider CM sequences defined over [0, N] with N = 5. According to the
results above, the characterization of C My, N[0, 3]-C M, is given by (2.36) with DUy 3D5 = 0,
where Up 3 = Rp.22:9) = (A5 — BjA;'By)~' and R = (Ajs65:6) - Also, the characterization
of CMp, N |0,4]-C My, is given by (2.36) with

DoUp 4D = 0, DoUp 4Dy = 0, D1Uy 4 D5 = 0 (3.34)

where Up 4 = (A5)~L.
Based on the parametric relation of a C M, model and C~! of its sequence, we have (Appendix
B.1)

Dy = —Gs50G5" + GGy 'G5
D =—G;'Gis+ Gy ,Gi Giyrs, i=1,2,3

4
A5 = Ggl + Z G;75G;1Gi75
=0

Byi=-G;'Gygs
Ay =Gyt
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Let G;=1,1=0,...,5, G4z =G35 =Gos =0, G15 = 1. Also,

= O oot
= O oot
= O oot

1 0 0 1 1 0
Gis=1|1 1 0|, G275 =11 0], G075 =
1 1 1 1 1 0

Then, we can see that D3 = 0, DoUy 4D = 0, but DoUp 3D # 0. Thus, for the above choice of
parameters, (3.34) holds but DyUp3D5 # 0. Thus, for vector-valued sequences, C My, N [0, 4]-
CM, is not CMp, N [0,3]-C My, in general.

3.2.3 More About Intersections of CM Classes Relative to Reciprocal

In this subsection, intersections of some other interesting CM classes are studied relative to the
reciprocal sequence.

For the Gaussian sequence the only restrictions on C~! are the symmetry and the positive
definiteness. The restrictions on C~! gradually increase from the Gaussian sequence to the
Gaussian C'M, sequence to the Gaussian reciprocal sequence, and then to the Gaussian Markov
sequence. A CMp, N [k1, N]-CMFp sequence is reciprocal over [ki, N] (Corollary 3.1.15).

It can be seen that a ﬂff\; 1[0, ko]-CMp Y k1 ! [k1, N]-C My sequence is not necessarily recip-
rocal because Dy, Da, ..., Dy_g in (2.36) are not necessarily zero for such a sequence. However,
the CMp N CMp sequence is reciprocal. It means that to be reciprocal the sequence must
be both CMy and CMp. In addition, a C My N[0, N — 1]-CMp sequence is not necessarily
reciprocal. This can be seen as follows. A sequence is CM; N[0, N —1]-C M iff its C~! is given
by (2.36) with

Di(An)"'D i=3,...,N—2
D1(AN)™ 1BN 1_0
Dy(AN)"'Di=0, i=4,...,N -2
Dy(AN)'BN_ ;=0

Dn_4(AN)'Dly_5 =0
DN,4(AN)7lB§V,1 =0
Dn_3(An)'By_1 =0

The above equations have a trivial solution D; = Dy = --- = Dy_9 = 0, which corresponds to
the reciprocal sequence. Another trivial solution is

D3=Djy=--=Dy_o=By_1=0 (3.35)

where Dy and Dj are non-zero. So, a CMp N[0, N — 1]-CMp sequence is not necessarily
reciprocal. Consider the following choice of parameters of the CMy model: G; n = 0, © =
3,...,N — 1, and other parameters equal to the identity matrix I. This set of parameters
satisfies (3.35) (see Appendix B.1 for the relation of the C'M}, model parameters and the (block)
entries of C~1).

Using Theorem 2.3.5, Proposition 3.1.10 or 3.1.12, and Corollary 3.1.13, we can study the
relationship between some other CM classes. We skip the details and only present some results.

A ﬂff\g;ll [0, ko)-C' M7, ﬂﬁj} [k1, N]-C M sequence is not necessarily C' M. If it were, it would
be reciprocal (Corollary 3.1.15), but it is not reciprocal. So, it is not C M. This again shows
the role of the C'Mj, sequence and the C'Mp sequence in the construction of the reciprocal
sequence.
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An interesting class of CM sequences is [0, []-CMN[l, N|-CMp (I € [1, N—1]). Conditioning
on z;, the sequence is Markov over [0,/ — 1] and Markov over [l + 1, N]. A sequence is [0,[]-
CMy, N [l, N]-CMp iff its C~1 has both [0,]-C M|, and [I, N]-CMp forms.

A scalar C My, N [k1, ko]-C M}, sequence is CMy, N [l1,l2]-CMp, k1 <1 < ly < ky. However,
this is not necessarily true for vector-valued sequences. A scalar CMpN[k;, N—1]-C M sequence
is CMpN[ly,lo]-CMp, k1 <1y <la <N —1. In general, a CMp, N [k, k2]-C MF sequence is not
necessarily CMp N [ll,lg]—CMF,kl <h<lpb<ky<N-1.
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Chapter 4

Models and Representations of Gaussian Reciprocal and Other Gaussian
CM Sequences

In this chapter, we 1) present some approaches/guidelines for parameter design of C My, C My,
and reciprocal C'My, models for their application, 2) present a full spectrum of dynamic models
ranging from a C'My, model to a reciprocal C My model, 3) show how models of various in-
tersections of CM classes can be obtained, and 4) obtain a representation of NG CMy, CMp,
and reciprocal sequences, revealing a key fact behind these sequences, and demonstrate the
significance of studying reciprocal sequences from the CM viewpoint.

4.1 Dynamic Models of Reciprocal and Intersections of CM Classes

4.1.1 Reciprocal Sequences

By Theorem 3.1.17, one can determine whether a C'M evolution model is for a reciprocal
sequence or not. In other words, it gives the required conditions on the parameters of a C M,
evolution model to design a reciprocal C' My, evolution model. However, Theorem 3.1.17 does
not provide an approach for designing the parameters. Theorem 4.1.3 below provides such an
approach. First, we have a lemma.

Lemma 4.1.1. The set of reciprocal sequences modeled by a reciprocal C My, evolution model

(2.17) with parameters (Ggr—1,Grn, Gi), k € [1, N — 1] includes Markov sequences.

Proof. By Theorem 3.1.17, (2.17) (for ¢ = N) satisfying (3.24) with (2.19) models a reciprocal
sequence. By Theorem 2.3.5, C~! of such a sequence is cyclic (block) tri-diagonal given by
(2.36) with Dy =--- = Dy_9 =0 and
Dy = G oGy Gy — Gy 'Gon (4.1)
(see (B.11) in Appendix B.1).
Now, consider a reciprocal sequence modeled by (2.17) satisfying (3.24) with the parameters

(Gri—1,Gr,N,Gg), k € [1, N —1], and boundary condition (2.19) with the parameters Go v, Go,
and Gy, where

Go,n = GOG/LoGl_lGl,N (4.2)

meaning that Dy = 0. This reciprocal sequence is Markov (Theorem 2.3.5). Note that since for
every possible value of the parameters of the boundary condition the sequence is nonsingular
reciprocal modeled by the same reciprocal C' My, evolution model, choice (4.2) is valid. Thus,
there exist Markov sequences belonging to the set of reciprocal sequences modeled by a reciprocal
CM], evolution model (2.17) with the parameters (Gj x—1,Gr.n,Gg), k € [1, N —1]. O

Lemma 4.1.2. A ZMNG [yi] is Markov iff it obeys
Yk = Mg g—1yk—1 + ek, k€[l N] (4.3)

where yo = eg and [ex] (Cov(er) = My) is a zero-mean white NG sequence.
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Theorem 4.1.3. (Markov-induced C My, (evolution) model) A ZMNG [xy)] is reciprocal iff it
can be modeled by a C M, model (2.17) and (2.19) (for ¢ = N ) induced by a Markov evolution
model (4.3), that is, iff the parameters (G x—1,Gr,n,Gr), k € [1, N — 1], of the CM|, evolution
model (2.17) of [xi] can be determined by the parameters (M p—1, My), k € [1, N], of a Markov
evolution model (4.3), as

Gri—1= Myr—1— GeNMpyjp My g1 (4.4)
Grn = GeMyCypy
Gr = (My ' + My Oy M) ™ (4.6)

where My = Myn—1- Mit1p, Cyk = Soncp Myjpy1Mp 1My, s k € [LN = 1], and
Myn = I, where My 1, k € [1,N], are square matrices, and My, k € [1, N], are positive
definite with the dimension of xp.

Proof. First, we show how (4.4)—(4.6) are obtained and prepare the setting for our proof.

Given the square matrices My 1,k € [1, N], and the positive definite matrices My, k €
[1, N], there exists a ZMNG Markov sequence [yi] (Lemma 4.1.2):

Yo = My gp_1yr—1 +enl, ke[l,N], yo=¢e} (4.7)

where [e}] is a zero-mean white NG sequence with covariances My, k € [0, N].

Since every Markov sequence is C M, we can obtain a C' My, model of [yx] as
Yk = Grp—1Yk—1 + Genyn + €}, ke [l,N —1] (4.8)

where [e}] is a zero-mean white NG sequence with covariances Gy, k € [1, N — 1], Gy, G%;, and
boundary condition

ynv = ey, Yo = Gj nyn + € (4.9)

Parameters of (4.8) can be obtained as follows. By (4.7), we have p(yk|yk—1) = N (yk;
My, k—1Yk—1, My). Since [yg] is Markov, we have, for Vk € [1, N — 1],

P(Yk|ye—1)P(YN Yk Yr—1)
P(yn|ye—1)

_ P(klye—1)p(ynlys) (4.10)
p(yn|ye—1) '

= N(yi; Grp—1Yk—1 + G nyN, Gi)

P(Yk|Yk—1,YnN) =

and it turns out that Gji_1, Gpn, and Gy are given by (4.4)—(4.6) [90], where we have
P(Yklyr—1) = N (ks My p—196—1, Mp).-
Now, we construct a sequence [x] modeled by the same evolution model (4.8) as

T = Gk,k,lxk,l + GhNCCN +en, k€ [1, N — 1] (4.11)

where [eg] is a zero-mean white Gaussian sequence with nonsingular covariances G, and bound-
ary condition

N =en, 9= GoNTN + € (4.12)

but with different parameters of the boundary condition (i.e., (Gn,Gon,Go) # (G?{V,G(‘%’N,
G})). By Theorem 2.2.6, [zy] is a ZMNG C M, sequence. (Note that parameters of (4.8) and
(4.11) are the same (Gyx—1,Gr N, Gk, k € [1, N — 1]), but parameters of (4.9) (GaN,Gg,G?V)
and (4.12) (Go,n,Go, Gn) are different.)

40



Sufficiency: we prove sufficiency; that is, a C' M model with the parameters (4.4)—(4.6) is a
reciprocal C'Mp, model. It suffices to show that the parameters (4.4)—(4.6) satisfy (3.24), and
consequently [z] is reciprocal. Substituting (4.4)-(4.6) in (3.24), for the right hand side of
(3.24), we have

/ —1
Gri1xGri1GriN =

/ -1 / —1 —1 / —1 —1 ! —1
My Cir1 = MO Mnie1 (M + My Oyt M) ™ My Oy

and for the left hand side of (3.24), we have G,;lGhN = ijlkC;[‘lk = M]’V‘k (CNjg41 +
MN\k+1Mk+1M;V|k+1)717 where from the matrix inversion lemma it follows that (3.24) holds.
Therefore, [zy] is reciprocal. So, equations (2.17) and (2.19) with (4.4)-(4.6) model a ZMNG
reciprocal sequence.

Necessity: Let [zr] be ZMNG reciprocal. By Theorem 3.1.17 [zj] obeys (2.17) and (2.19)
with (3.24). By Lemma 4.1.1, the set of reciprocal sequences modeled by a reciprocal C' My,
evolution model contains Markov and non-Markov sequences (depending on the parameters of
the boundary condition). So, a sequence modeled by a reciprocal C' M, evolution model and a
boundary condition determined as in the proof of Lemma 4.1.1 (i.e., satisfying (4.2)) is actually
a Markov sequence whose C~1 is (block) tri-diagonal (i.e., (2.36) with Dy = --- = Dy_o = 0).
Given this C~!, we can obtain parameters of a Markov model (4.7) (My -1,k € [1,N], My, k €
[0, N]) of a Markov sequence with the given C~! as follows. C~! of a Markov sequence can
be calculated in terms of parameters of a Markov C My, model or in terms of parameters of a
Markov model. Equating these two formulations of C~!, parameters of the Markov model are
obtained in terms of parameters of the Markov CMy,. Thus, for k=N -2, N —3,...,0,

Myt = Ay (4.13)

My N1 =—-MyBy_4 (4.14)

Myl = Apr = My gt My o Micyo e (4.15)

M1 = — M1 B, (4.16)

Myt = Ag = M{gM; ' Mg (4.17)

where

Ag =Gyt + GG G (4.18)

Ay =Gt + Gy 1 Gt Grar o k € [LN = 2] (4.19)

An_1 =Gy, (4.20)
N-1

Ay =Gy + ) GiunG Gy (4.21)
k=0

By = —Glp11Gryys k€ [0, N - 2] (4.22)

By_1=-Gy" ,Gnoan (4.23)

Following (4.10) to get a reciprocal C My, model from this Markov model, we have (4.4)—-(4.6).

What remains to be proven is that the parameters of the model obtained by (4.4)-(4.6) are
the same as those of the C M}, model calculated directly based on the covariance function of
[zr]. By Theorem 2.2.6, the model constructed from (4.4)—(4.6) is a valid CMy model. In
addition, given a C'M, matrix (a positive definite cyclic (block) tri-diagonal matrix is a special
C M, matrix) as the C~! of a sequence, the set of parameters of the C'M[, evolution model and
boundary condition of the sequence is unique (it can be seen by the almost sure uniqueness of
a conditional expectation (Chapter 2)). Thus, the parameters (4.4)—(4.6) must be the same as
those obtained directly from the covariance function of [x]. Thus, a ZMNG reciprocal sequence
[z1] obeys (2.17) and (2.19) with (4.4)—(4.6). O
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Note that by matrix inversion lemma, (4.6) is equivalent to Gy = My — MkM]’V|k(CN|k +
MN\kMijlv|k)71MN\kMk-

Note that Theorem 4.1.3 holds true for every combination of the parameters, i.e., square
matrices My, ,—1 and positive definite matrices My, k € [1,N]. By (4.4)-(4.6), parameters of
every reciprocal C'M, model are obtained from My, 1, My, k € [1, N], which are parameters of
a Markov evolution model (4.3). This is particularly useful for parameter design of a reciprocal
CMp, model. In Chapter 7 we use Theorem 4.1.3 for parameter design of a C'M; model for
motion trajectory modeling with destination information.

Markov sequences modeled by the same reciprocal evolution model of [18] were studied in
[16]. This is an important topic in the theory of reciprocal processes [9]. In the following,
Markov sequences modeled by the same C M|, evolution model (2.17) are studied and deter-
mined. Following the notion of a reciprocal transition density derived from a Markov transition
density [9], a C' M|, evolution model induced by a Markov model is defined as follows. A Markov
sequence can be modeled by either a Markov model (4.3) or a C My, model (2.17). Such a CM,
evolution model is called the C' M}, evolution model induced by the Markov evolution model since
parameters of the former can be obtained from those of the latter (see (4.10) or (4.13)—(4.23)).
Definition 4.1.4 is for the Gaussian case.

Definition 4.1.4. Consider a Markov evolution model (4.3) with parameters My 1,k € [1, N],
My, k € [1,N]. The CMj, (evolution) model (2.17) with parameters (G x—1,GrnN,Gr), k €
[1,N — 1], given by (4.4)—(4.6) is called the CMy, (evolution) model induced by the Markov
(evolution) model or simply the Markov-induced C My, (evolution) model.

Corollary 4.1.5. A CMy, model (2.17) is for a reciprocal sequence iff it can be so induced by
a Markov model (4.3).

Proof. See our proof of Theorem 4.1.3. O

By the proof of Theorem 4.1.3, given a reciprocal C'M}, evolution model (2.17) (satisfying
(3.24)), we can choose a boundary condition satisfying (4.2) and then obtain a Markov model
(4.3) for a Markov sequence that obeys the given reciprocal C' M}, evolution model (see (4.13)—
(4.23)). Since parameters of the boundary condition (i.e., Go n, Go, and G) satisfying (4.2)
can take many values, there are many such Markov models and their parameters are given by
(4.13)—(4.17).

The idea of obtaining a reciprocal evolution law from a Markov evolution law was used in
[3], [9], and later for finite-state reciprocal sequences in [41], [27]. Also, [16] studied Markov
sequences with the same reciprocal evolution model of [18]. Our contributions are different.
First, our reciprocal C'My, model above is from the CM viewpoint. Second, Theorem 4.1.3 not
only induces a reciprocal C M|, evolution model by a Markov evolution model, but also shows
that every reciprocal C' M, evolution model can be induced by a Markov evolution model (by
necessity and sufficiency of Theorem 4.1.3). This is important for application of reciprocal se-
quences (i.e., parameter design of a reciprocal C' My, model) because one usually has an intuitive
understanding of Markov models (Chapter 7). Third, our proof of Theorem 4.1.3 is constructive
and shows how a given reciprocal C' My, evolution model can be induced by a Markov evolution
model. Fourth, our constructive proof of Theorem 4.1.3 gives all possible Markov evolution
models by which a given reciprocal C M}, evolution model can be induced. Note that only one
C M}, evolution model can be induced by a given Markov evolution model (it can be verified
by (4.13)-(4.23)). However, a given reciprocal C' M|, evolution model can be induced by many
different Markov evolution models. This is because (4.2) holds for many different choices of
parameters of the boundary condition (i.e., Go,n, Go, and G ) each of which leads to a Markov
model with parameters given by (4.13)—(4.17) (see the proof of necessity of Theorem 4.1.3).
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4.1.2 Intersections of CM Classes

In some applications sequences with more than one CM property (i.e., belonging to more than
one CM class) are desired. An example is trajectories with waypoint and destination infor-
mation. A C M|, sequence can be used for modeling trajectories with destination information
(Chapter 7). Assume not only the destination density (at time N') but also the density of the
state at a time ka(< N) is known (i.e., waypoint information). First, consider only the way-
point information at ko (without destination information). In other words, we know the state
density at ko but not after. With a CM evolution law between 0 and ko, such trajectories can be
modeled as a [0, k2]-C M|, sequence. Now, consider only the destination information (density)
without waypoint information. Such trajectories can be modeled as a C' My, sequence. Then,
trajectories with waypoint and destination information can be modeled as a sequence being both
[0, k2]-C My, and C' My, denoted as C My, N [0, ko]-C M. In other words, the sequence has both
the C My, property and the [0, k2]-C' M}, property. Studying the evolution of other sequences be-
longing to more than one CM class, for example C' My, N[k, N]-C MF, is also useful for studying
reciprocal sequences. The NG reciprocal sequence is equivalent to CMy N CMp (Chapter 3).
Proposition 4.1.6 below presents a dynamic model of CMy, N [k1, N]-C Mp sequences, based on
which one can see a full spectrum of models from a C M, sequence to a reciprocal sequence.

Proposition 4.1.6. A ZMNG [xi] is CM N [k, N|-CMp iff it obeys (2.17) and (2.19) with
(Vk € k1 +1,N —2])

Gy Grn = Gl kG Gray (4.24)

Proof. A ZMNG CM}, sequence has a C My model (2.17) and (2.19) (Theorem 2.2.6). Also, a
NG sequence is [k1, N]-CMp iff its C~! has the [k1, N]-CMp form (Corollary 3.1.13). Then, a
sequence is CMy, N [k1, N]-C Mg iff it obeys (2.17) and (2.19), where C~! of the sequence has
the [k1, N]-CMp form, which is equivalent to (4.24) (see Appendix B.1 for calculation of C~*
in terms of parameters of a C' My model). O

Proposition 4.1.6 shows how models change from a C'M}, model to a reciprocal C' My, model
for k1 = 0 (compare (4.24) and (3.24) (for ¢ = N)). Note that CMy and C My, N [k, N]-CMF,
ki1 € [N — 2, N] are equivalent (Subsection 2.1.1).

Following the idea of the proof of Proposition 4.1.6, we can obtain models for intersections
of different CM classes, for example C M, N [k1, ko]-C M. N [mq, m2]-C M, sequences. However,
the above approach does not lead to simple results in some cases, e.g., CMp N [0, ko]-C My,
sequences. A different way of obtaining a model for C' M, N [0, k2]-C' M1, sequences is presented
in Proposition 4.1.7.

Proposition 4.1.7. A ZMNG [zy] is CMp N[0, ko|-C My, iff

T = Gk,k—lmk—l + Gk7k2$k2 + ek, ke [1, k‘g — 1] (4.25)

Ty = €y, To = Go,k2xk2 + eg (4.26)
ko

TN = Z GNJ{L'Z‘ +en (4.27)
=0

Tr = Grr-12p—1 + Geneny + e k € [ka + 1, N — 1] (4.28)

where [eg] (Cov(er) = Gi) is a zero-mean white NG sequence,

v GN G =0 (4.29)
Gy Gy = Gl G Gk, + Gy Gy G, (4.30)

1=0,...0ks—3,i=7+2,....ks—1,and 1l =0,..., ko — 2.
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Proof. Necessity: Let [zj] be a ZMNG CMp, N [0, k2]-C M|, sequence. Let p(-) and p(-|-) be its
density and conditional density, respectively. Then,

Ty ~ P(Thy) (4.31)
zo ~ p(zo|Tk,) (4.32)

Since [xg] is C ML N[0, ka]-C My, it is [0, ko]-CMy,. Thus, for k € [1, ks — 1],

x ~ p(Tg|To, . .. Tr—1, Thy) = P(Xk|TR—1, Thy) (4.33)

Also, since [zg] is CMp, for k € [k + 1, N|,

zn ~ p(zN|To, ..., Tky) (4.34)

Ty ~ p(Tk|T0, - -, Th1,TN) = P(Tk|TR-1, TN) 4.35)

According to (4.31)—(4.32), we have x, = ey, and 29 = G, Tk, +€0, where eg and ey, are un-
correlated ZMNG with nonsingular covariances Go and Gi,, Go k, = Co k. Ck_2 L Gi, = Cky, Go =

Co — ngsz,;lC(’),ky and Cj, 5, is the covariance function of [xy]. For k € [1, ks — 1], by (4.33),
we have xp = Gir—12p—1 + G Ty + €y G = Cov(ex) (Theorem 2.2.6), [Gk,k—laGk,kg] =

Cr-1 - O Ciot Cio
(=1, Cre] C’kkkll kC’kLkQ ; and Gy = Ckp — [Cpp—1, Chko) o bk
2,R— 2
[Crk—1, Cr o)

Crae—1 Chy
For k € [ka + 1, N], by (4.34), we have zy = Z?io Gnixzi+ en, Gy = Cov(ey), and

[GN0sGNs -GNkl = Cv 1N +1, 1000 01) (Cliska 1,15k +1))
~1
GN = ON = C\N41:N+1,1:k041) (Cliiko+ 1,1k +1)) C[,N+1:N+1,1:k:2+1]
Here, Cly,.ry,c:c,) denotes the submatrix of the covariance matrix C' of [xx] including the block

rows 71 to ro and the block columns ¢; to ¢y.
By (4.35), we have zj, = Gy p—125—1 + Gp NN + e, k € [ko +1, N — 1], Gi, = Cov(eg), and

Cr-1 Cr-in ]1
Cni—1 Cn

Ci—1 Cr-1n
Cni-1 Cn

(Grk—1,Gr,N]| = [Crp—1, Cr,N] [

1
Gr = Cr — [Cr -1, Cr,N] [ ] (Cr -1, Crn]

In the above, [eg] is a zero-mean white NG sequence with covariances Gy,.

Now we show that (4.29)—(4.30) hold. We construct C~! of the whole sequence [z}] and
obtain (4.29)-(4.30) from the fact that C~! is both C My, and [0, ko]-C'My,. [x4]52 obeys (4.25)~
(4.26). So, by Theorem 2.2.6, [x}]k2 is CMy. Then, by Theorem 2.3.5, (Cliskyt1,1:k911]) " 18
CMj, for every value of parameters of (4.25)—(4.26) (i.e., C~!is [0, ko]-CMp). C~1 of [zy] is
calculated by stacking (4.25)—(4.28) as follows. We have

gr=e (4.36)

0
where 2 2 [af oo il € 2 fep ikl 6= | g D],

Go1 G22

Note that C is an (N + 1) x (N + 1) matrix for a scalar sequence.
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T 0 —Glyt ks
0 0 0
Go1 = :
—Gno —GN k-1 GN ks
T 0 0 0 —Gog, |
—Gio I 0 0 —G1
0 —Gao I 0 o G
Gi1 = : . . : : :
0 0 . _Gk2_17k2_2 I _Gkg—l,kz
I 0 0 0 R 0 I i
I 0 0 —Giryr1nN |
—Gryt2kor1 1 0 v "GhaN
Goo = : : :
0 oo —=Gn-oin-2 I —Gnon
I 0 .. 0 0 I ]
Then,
C_l — g/G—lg (437)

where G = diag(Go, G1, ..., Gx). Since [z] is C My, C~! has the C My, form, which is equivalent
to (4.29)—(4.30).

Sufficiency: We need to show that a sequence modeled by (4.25)-(4.30) is C My, N [0, kal-
CMyp, that is, its C~! has both C M, and [0, k2]-C My, forms. Since [mk]gz obeys (4.25)—(4.26),
(C[l;k2+l,1:k2+1])71 has the C' M}, form for every choice of parameters of (4.25)—(4.26) (Theorem
2.2.6 and Theorem 2.3.5). So, [z}] governed by (4.25)-(4.30) is [0, k2]-C M. Also, C~! can be
calculated by (4.37). It can be seen that (4.29)—(4.30) is equivalent to C~! having the C M|,
form. Thus, a sequence modeled by (4.25)-(4.30) is C M, N [0, ko]-C M. The Gaussianity of
[xf] follows clearly from linearity of (4.25)-(4.28). Also, [z] is nonsingular due to (4.37), the
nonsingularity of G, and the positive definiteness of G. O

4.2 Representations of CM and Reciprocal Sequences

A representation of NG continuous-time CM processes in terms of a Wiener process and an
uncorrelated NG vector was presented in [29]. Inspired by [29], we show that a NG CM,
sequence can be represented by a sum of a NG Markov sequence and an uncorrelated NG vector.
We also show how to use a NG Markov sequence and an uncorrelated NG vector to construct
a NG C'M, sequence. This is useful for construction of a C My /CMp model in application.

Proposition 4.2.1. A ZMNG [xg] is CM, iff it can be represented as
T =yp + Tpxe, k€ [0, N] \ {C} (4.38)

where [yr]\{ye} 2 is a ZMNG Markov sequence, . is a ZMNG vector uncorrelated with [y \{ye},
and Ty, are some matrices.

*For c = N, [yx] \ {yc} = [yk]évfl, and for ¢ =0, [yx] \ {yc} = [yk]{v
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Proof. Let ¢ = N. Necessity: It is shown that a ZMNG CMj, [zx] can be represented as (4.38).
[xx] obeys

T = Gka_lxk_l + Gk’NxN +er, k€ [1, N — 1] (4.39)
zo = Go,NTN + € (4.40)
TN =en (4.41)

where [e;] (G = Cov(ey)) is zero-mean white NG.
According to (4.40), we consider yg = ey and I'g = Gon. So, z9 = yo + I'oxy. For
k€ [1,N — 1], we have

xp = Gpr—12x—1 + G NTN + e
= Grp—1(Yr—1 + Tro1zn) + G nan +ep
= Grp—1Ye—1 T ex + (Grr—1lr—1 + Gy n)oN

By induction, [x] can be represented as zy = yr + N, k € [0, N —1], where for k € [1, N —1],
Yk = Up p—1Yk—1 + ek, Ug k-1 = Grp—1, I't = G p—1I'k—1 + Gr N, yo = eo, I'o = Go, v, and 2
is uncorrelated with the Markov sequence [yk]év ~1 because zy is uncorrelated with [ek]év -1

What remains is to show the nonsingularity of [yk]év ~! and the random vector zy. Since
the sequence [z] is nonsingular, zy is nonsingular. Also, we have yp = eg. In addition, the
covariances Gy, k € [0, N|, are nonsingular. Thus, U, = Cov(eg), k € [0, N — 1], are all non-
singular. Similar to (4.37), we have CY = Cov(y) = W UW’'~1, where y = [y}, v}, ..., ¥Nn_1],
U = diag(Up, Uy, ...,Un_1) and W is a nonsingular matrix. Therefore, [y;])' "' is nonsingular
because U and W are nonsingular.

Sufficiency: We show that given a ZMNG Markov sequence [yk]év ~! uncorrelated with a
ZMNG vector xy, [z)] constructed as z = yp+Trzn, k € [0, N —1] is a ZMNG C' M|, sequence,
where I'y, are some matrices. Therefore, it suffices to show that [zj] obeys (2.17) and (2.19).
Since [yk]év_l is a ZMNG Markov sequence, it obeys (Lemma 4.1.2) v = Upr—1Yk—1 + €,
k€ [1,N —1], yo = e, where [eg]y " is a zero-mean white NG sequence with covariances U,

We have g = yo + Loz n. So, consider G y = I'g. Then, for k € [1, N — 1], we have

T =Y + Ty = U p—1yp—1 + e + Ty
= Uk,k—lxk—l + (Pk — Uk,k—lrk—l)«TN + e (4.42)

We consider Gy -1 = Ugr—1 and Gy ny = I'y — U p—1I'x—1. Covariances Uy, k € [0, N — 1]
and Cov(xy) are nonsingular. So, covariances Gy, = Cov(eg), k € [0, N] (let exy = xy), are all
nonsingular. So, [zx] is nonsingular (it can be shown similar to (4.37)). Thus, by (4.42), it can
be seen that [z)] obeys (2.17) (note that [eg] is white). So, [zx] is a ZMNG CM, sequence.

For ¢ = 0 we have a parallel proof. So, we skip the details and only present some results
required later. Necessity: Let ¢ = 0. The proof is based on the CMp model. Let [zg] be a
ZMNG CMFp sequence governed by (2.17)—(2.18) (for ¢ = 0). It is possible to represent [zj] as
(4.38) with the Markov sequence [ka\/ governed by yi = Uk k—1Yk—1 + €, k € [2, N], where for
ke [2,N], Ugp—1 = Grr—1, 't =2G10, ' = G y—1Tk—1 + G 0.

Sufficiency: Let [yx]Y be a ZMNG Markov sequence governed by yr = Uk r_19Yk—1 + €,
k € [2,N], where [ex]) (let y1 = e1) is a zero-mean white NG sequence with covariances Uy,.
Also, let 79 be a ZMNG vector uncorrelated with the sequence [y;]Y¥. It can be shown that
the sequence [zy] constructed by (4.38) obeys (2.17)—(2.18) (for ¢ = 0), where for k € [2, N],
Grp—1 = Ug g1, G10 = 31, and Ggo =Ty, — Ugp—1Ts—1. O

Proposition 4.2.1 makes a key fact behind the NG CM, sequence clear, that is, every NG
CM, sequence can be represented as a sum of two components: a NG Markov sequence and
an uncorrelated NG vector. As a result, it provides some insight and guideline for design
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of CM,. models in application. Below we explain the idea for designing a C'M; model for
motion trajectory modeling with destination information. A C'My, model is more general than a
reciprocal C' M, model. Consequently, the following guideline for C My, model design includes the
approach of Theorem 4.1.3 as a special case. The guideline is as follows. First, a Markov model
(e.g., a nearly constant velocity model) with the given origin distribution (without considering
other information) is considered. The sequence modeled by this model is [y]) ™" in (4.38).
Assume the destination (distribution of ) is known. Then, based on 'y, the Markov sequence
[yk]év ~1 is modified to satisfy the available information in the problem (e.g., about the general
form of trajectories) leading to the desired trajectories [xx] which end up at the destination.
A direct attempt to design parameters of a C'M; model for this problem is hard. However,
the above guideline makes parameter design easier and intuitive. In addition, one can learn
Iy (which shows the impact of the destination) from a set of trajectories. In the following,
the representation of Proposition 4.2.1 is studied further to provide insight and tools for its
application.
The following representation of C'M. matrices is a by-product of Proposition 4.2.1.

Corollary 4.2.2. Let C be an (N + 1)d x (N + 1)d positive definite block matriz (with (N + 1)
blocks in each row/column and each block with dimension d x d). C~1 is C M, iff

C = B+TDI (4.43)

where D is a d x d positive definite matriz and (i) for ¢ = N, B = [ B;)l 8 ], r = [ }S’ ],

(ii) for c =0, B = [ 8 j}(?) ], I = [ é ], where (B1)~! is Nd x Nd block tri-diagonal, S is
1

Nd x d, and I is the d X d identity matrix.

Proof. Let ¢ = N. Necessity: By Theorem 2.3.5, for every C My, matrix C~!, there exists a
ZMNG CMp, sequence [zy] with the covariance C. By Proposition 4.2.1, we have

r=y+Tan (4.44)

where z £ [z, 2], ..., 2x_1,2N], Y 2 W vy 1), ¥y 2 IY,0, S & [T4,Th, ..., 4],
T2 [, 1], and [yx])' " is a ZMNG Markov sequence uncorrelated with the ZMNG vector z .
Then, by (4.44), we have

Cov(z) = Cov(y) + I'Cov(zy)I' (4.45)

because y and xy are uncorrelated. Then, (4.45) leads to (4.43), where C £ Cov(z), B =
[ %1 8 ] = Cov(y), B1 = Cov(y), D = Cov(zy), and by Remark 3.1.16, (B1)~! is block
tri-diagonal. Therefore, for every C' M, matrix C~1 we have (4.43).

Sufficiency: Let (B;)~! be an Ndx Nd block tri-diagonal matrix, D be a d x d positive definite
matrix, and § be an Nd x d matrix. By Theorem 2.3.5, for every Nd x Nd block tri-diagonal
matrix (By) ™', there exists a Gaussian Markov sequence [y;]5 ~* with (CY)~! = (B;)~', where
CY = Cov(y) and y = [y, ¥}, ..., Yn_q)/. Also, given a d x d positive definite matrix D, there
exists a Gaussian vector xy with Cov(zy) = D. Let zx and [y])" ™' be uncorrelated. By
Proposition 4.2.1, [x;] constructed by (4.44) is a C M|, sequence. Also, by Theorem 2.3.5, C~1
of [z}] is a C M, matrix. With C' = Cov(x), (4.43) follows from (4.45). Thus, for every block
tri-diagonal matrix (B1)~!, every positive definite matrix D, and every matrix S, C~1 is a C M,
matrix. The proof for ¢ = 0 is similar. O

Corollary 4.2.3. For every C M, sequence, the representation (4.38) is unique.
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Proof. Let ¢ = N, and [z} be a C M, sequence governed by (2.17) with parameters (Gj, y—1, Gk N
,Gr), k € [1, N —1], and (2.19) with the parameters (Go n, Go, Gn). By Proposition 4.2.1, [x]
can be represented as (4.38). Parameters (denoted by Uy y—1,k € [1, N — 1], Uy, k € [0, N — 1])
of the Markov model (4.3) of [yx]o/ ™!, covariance of z) denoted by D, and the matrices T,
k € [0, N — 1], can be calculated in terms of the parameters of the C'My, model as follows (see
the proof of Proposition 4.2.1):

D=Gyn, T'o=Gon (
Up=Gy ke[0,N—1] (
Ukt = Grso1, k€[N —1] (4.48
T = Gri1Tso1 + Gry, ke[1,N—1] (

Now, assume that there exists a different representation of the form (4.38) for [zj]. Denote
parameters of the corresponding Markov model by f]k,k_l, kell,N—1], Uy, k € [0, N —1], and
the weight matrices by T'x, k € [0, N — 1] (covariance of zy is D). By the proof of Proposition
4.2.1, parameters of the corresponding C'M, model are

Gon=To, Gn=D (
Gri-1=Urp1, k€[l,N—1] (4.51

Gin =Tk —Upp1lis1, ke[l,N—1] (

Gy =Uk, kec[0,N—1] (

Parameters of a C'Mj model of a C M, sequence are unique (Appendix B.1). Comparing
(4.46)-(4.49) and (4.50)-(4.53), it can be seen that the parameters Uy, x_1,k € [1, N — 1], Ug, k €
[0, N — 1], and Iy, k € [0, N — 1], are the same as Uy 1,k € [1,N — 1], U,k € [0, N — 1],
and I'y, £ € [0,N — 1]. In other words, parameters of the representation (4.38) are unique.
Uniqueness of (4.38) for ¢ = 0 can be proven similarly. O

Based on a valuable observation, [29] discussed the relationship between Gaussian CM and
Gaussian reciprocal processes. Then, based on the obtained relationship, [29] presented a repre-
sentation of NG reciprocal processes. It was shown in Chapter 3 that the relationship between
Gaussian CM and Gaussian reciprocal processes presented in [29] was incomplete, that is, the
presented condition was not sufficient for a Gaussian process to be reciprocal (although [29]
stated that it was sufficient, which has not been corrected so far). Then, the relationship be-
tween CM and reciprocal processes for the general (Gaussian/non-Gaussian) case was presented
(Theorem 3.1.5). In addition, it was shown that C' M, in Theorem 3.1.5 was the missing part in
the results of [29]. Consequently, it can be seen that the representation presented in [29] is not
sufficient for a NG process to be reciprocal and its missing part is the representation of C My,
processes.

In the following, we present a simple necessary and sufficient representation of NG reciprocal
sequences from the CM viewpoint. It demonstrates the significance of studying reciprocal
sequences from the CM viewpoint.

Proposition 4.2.4. A ZMNG |xy] is reciprocal iff it can be represented as both

ar=yF +Thay, ke[0,N—1] (4.54)
zk =yt +Timo, ke[l N] (4.55)

where [y ™" and [yf' 1Y are ZMNG Markov sequences, xn and xo are ZMNG vectors uncor-
related with [yl];“]évfl and [y N, respectively, and T¥ and T are some matrices.
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Proof. A NG [xg] is reciprocal iff it is both CMy, and CMp (Theorem 2.3.5). On the other
hand, [zx] is CM (CMp) iff it can be represented as (4.54) ((4.55)) (Proposition 4.2.1). So,
[xf] is reciprocal iff it can be represented as both (4.54) and (4.55). O

By (4.54)(4.55) the relation between sample paths of the two Markov sequences is yF +
FﬁxN = y,f —i—F,fxg, ke[l,N—1], g5 +Tiaxn = x0, oy = yf, —|—F1€,x0.

The following representation of cyclic block tri-diagonal matrices is a by-product of Propo-
sition 4.2.4.

Corollary 4.2.5. Let C be an (N + 1)d x (N + 1)d positive definite block matriz (with (N + 1)
blocks in each row/column and each block with dimension d x d). Then, C~1 is cyclic block
tri-diagonal iff

C =Bl +rEpl(rty = BY 4+ T DF(FY (4.56)

where D* and DY are d x d positive definite matrices, BY = [ Lél 8 }, It = [ b;.l }, BF =

[ 8 39 ], rf = [ 5{ }, (B1)~! and (B2)™! are Nd x Nd block tri-diagonal, S1 and Sy are
2 2

Nd x d, and I is the d X d identity matrix.

Proof. Necessity: Let C~! be a positive definite cyclic block tri-diagonal matrix. So, C~! is
CMy, and CMp. Then, by Corollary 4.2.2 we have (4.56). Sufficiency: Let a positive definite
matrix C' be written as (4.56). By Corollary 4.2.2, C~! is CMy and C My and consequently
cyclic block tri-diagonal. d

The reciprocal sequence is an important special CMp, (CMp) sequence. So, it is important
to know under what conditions the representation (4.38) is for a reciprocal sequence.

Proposition 4.2.6. Let [yi]\{y.}, c € {0, N}, be a ZMNG Markov sequence, yr = Uy p—1yp—1+
elmk € [17N] \ {CL},

|1 ife=0 _ 1 ifc=0
“TVN ife=N"' "T1UN-1 ifc=N

where [eg] \ {ec} is a zero-mean white NG sequence with covariances Uy (for ¢ = 0 we have
e1 = yi1; for ¢ = N we have eqg = yo). Also, let x. be a ZMNG vector with a covariance C,
uncorrelated with the Markov sequence [yx] \ {yc}. Let [xx] be constructed as

g =Yk + Trxe, k€ ]0,N]\ {c} (4.57)
where Ty, are some matrices. Then, [zy] is reciprocal iff Vk € [1, N — 1]\ {r},
U (T = Uk e—1T%—1) = Ui 4 Ui (Degt = Uipr,6l) (4.58)
Moreover, [xr] is Markov iff in addition to (4.58), we have
(Uo)™'To = Ut oU; '(I'y — Ur0Ig), (for ¢ = N) (4.59)
I'n —Unn-1I'n—1 =0, (forc=0) (4.60)

Proof. By Proposition 4.2.1, [zx] constructed by (4.57) is a C'M, sequence. Parameters of the
CMp, model (i.e., ¢ = N) are calculated by (4.50)(4.53) (Ugx_1,k € [1, N—1], Uy, k € [0, N—1]
and Ty, k € [0, N — 1] are replaced by Ukk—1,k € [1,N — 1], Uy, k € [0,N — 1], and T'y, k €
[0, N — 1]). Parameters of the CMp model (i.e., ¢ = 0) are calculated as Gy r—1 = U1,
k€ [Q,N], Gy =U, k € [I,N}, GI,O = %Pl, Go =D, Gk70 = Fk—Uk’k,lrk,l, k€ [Q,N]. Then,
by Proposition 3.1.17, the C'M. sequence [zy] is reciprocal iff (4.58) holds. Also, [z] is Markov
iff in addition to (4.58), (4.59) holds for ¢ = N and (4.60) for ¢ = 0. O
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Due to their importance in design of C'M,. dynamic models, the main elements of represen-
tation (4.38) are formally defined.

Definition 4.2.7. In (4.38), [yx] \ {yc} is called an underlying Markov sequence and its Markov
evolution model (i.e., its Markov model without considering the initial condition) is called an
underlying Markov (evolution) model. Also, [xy] is called a C M, sequence constructed from the
underlying Markov sequence and its C M, evolution model (i.e., the C M. model of [xy] without
considering its boundary condition) is called a CM. (evolution) model constructed from the
underlying Markov (evolution) model.

Corollary 4.2.8. For CM. models, having the same underlying Markov evolution model is
equivalent to having the same Gy —1,Gy, Vk € [1,N]\ {a} (a = N forc= N, and a =1 for
c=0).

Proof. Given a Markov evolution model with parameters Uy r_1,Ui, k € [1,N] \ {a}, by our
proof of Proposition 4.2.1, parameters of a CM, evolution model constructed from the Markov
evolution model are Gy, —1 = U -1, Gke = Uk — Uk —1T'k—1, Gk, = Uk, k € [1, N]\ {a}. Clearly
all C M, models so constructed have the same Gy, ;—1, Gk, k € [1, N]\ {a}.

For a C'M, evolution model with the parameters Gy ;—1, G ¢, Gi, Yk € [1, N]\ {a}, param-
eters of its underlying Markov evolution model are uniquely determined as (see the proof of
Proposition 4.2.1)

Ukp—1 = Grr—1, Up=Gyp, kec[l,N]\{a} (4.61)

So, CM, evolution models with the same G ;_1,Gg, Vk € [1,N]\ {a}, are constructed from
the same underlying Markov evolution model. O

In the following, we try to distinguish between two concepts which are both useful in the
application of C M}, and reciprocal sequences: 1) a C'M|, evolution model induced by a Markov
evolution model (Definition 4.1.4) and 2) a C M, evolution model constructed from its underlying
Markov evolution model (Definition 4.2.7).

By Theorem 4.1.3, a C M}, evolution model induced by a Markov evolution model is actually
a reciprocal C M7, evolution model. In other words, non-reciprocal C'Mj, evolution models can
not be so induced (with (4.4)-(4.6)) by any Markov evolution model. By Corollary 4.1.5, every
reciprocal C'M}, evolution model can be induced by a Markov evolution model. However, the
corresponding Markov evolution model is not unique. In addition, every Markov sequence
modeled by a Markov evolution model is also modeled by the C' M7, evolution model induced by
the Markov evolution model.

Every C' My, evolution model can be constructed from its underlying Markov evolution model,
which is unique (Corollary 4.2.3). So, an underlying Markov evolution model plays a funda-
mental role in constructing a C'Mj, evolution model. However, an underlying Markov sequence
is not modeled by the constructed C' M}, evolution model.

The underlying Markov evolution model of a reciprocal C M}, evolution model induced by a
Markov evolution model is determined as follows. Let My 1, My, Vk € [1, N], be the param-
eters of a Markov evolution model (4.3). Parameters of the reciprocal C My, evolution model
induced by this Markov evolution model are calculated by (4.4)—(4.6). Then, by (4.61), pa-
rameters of the underlying Markov evolution model denoted by (U x—1,U), Vk € [1, N — 1],
are

Uk k-1 = My p—1 — (UkM]/v\kC&\lk)MMkA (4.62)
Up = (My ! + My O M) ™ (4.63)

where MN|k = MN,N—l < ~M]§+17]€ for k € [O,N - 1], ON|k = ny:_kl MN|”+1MW+1M]/V|n+1 for
ke [I,N— 1]7 and MN|N =1.
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Chapter 5

Singular/Nonsingular Gaussian CM Sequences

In this chapter, we 1) obtain dynamic models and characterizations of the general Gaussian
CM (including reciprocal and Markov) sequence to unify singular and nonsingular Gaussian
CM sequences theoretically, 2) provide tools for application of (singular/nonsingular) Gaussian
CM sequences, e.g., in trajectory modeling with destination information, 3) emphasize the
significance of studying reciprocal sequences from the CM viewpoint, e.g., by obtaining two
dynamic models for the general (singular/nonsingular) Gaussian reciprocal sequence from the
CM viewpoint.

For a matrix P, P; ; denotes the (block) entry at (block) row ¢+ 1 and (block) column j + 1
of P. Also, P; & P; ;. For example, C is the covariance matrix of the whole sequence [zj], C; ;
is the covariance function', and C; & Ci;. By the “Gaussian sequence” we mean the general
singular /nonsingular Gaussian sequence. Otherwise, we make it explicit if we only mean the
NG sequence. The abbreviation ZMG is used for “zero-mean Gaussian”.

5.1 Dynamic Model and Characterization of C'M,. Sequences

5.1.1 Dynamic Model

The following theorem presents a model of ZMG CM, sequences called a CM, model. A
Gaussian sequence is C'M, iff its zero-mean part is C M, (Chapter 2). So, based on Theorem
5.1.1, a model of nonzero-mean Gaussian C'M, sequences can be easily obtained.

Theorem 5.1.1. A ZMG [zy] is CM,,c € {0, N}, iff it obeys
xp = Grpr_12kp—1 + Grexe +ex, ke[l,N]\{c} (5.1)
where [ex] is a zero-mean white Gaussian sequence with covariances Gy, and boundary condition®
Te=¢€c, x9= Gocxe+ ey (forc=N) (5.2)
or equivalently’
xg =e€9, o= Geoxo+ec (forc=N) (5.3)

Proof. Necessity: We first prove it for ¢ = N (i.e., CMp). Let [x;] be a ZMG CM]|, sequence
with covariance function Cj, ,. It is shown that [z] is modeled by (5.1) along with (5.2) or
(5.3). First, we obtain boundary condition (5.3). Let xzo = eg, where ep, a ZMG vector with

!Note that 4,5 € [0, N], but matrix C' has (block) rows (columns) 1 to N + 1.

2Note that (5.2) means that for ¢ = N we have xx = ex and zo = Go, NN + €o; for ¢ = 0 we have z¢ = eg.
Likewise for (5.3).

3eo and en in (5.2) are not necessarily the same as eg and ey in (5.3). Just for simplicity we use the same
notation.
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covariance Cy, is defined for notational unification. The conditional expectation E[xy|z¢] is the
a.s. unique Borel measurable function of zg for which

El(zy — Elznlzo])g(z0)] = 0 (5.4)

for every Borel measurable function g.

We show now that there exists B for which E[(xn — Bzol)g(zo)] = 0 for every Borel measur-
able function g. Then, by the uniqueness of the conditional expectation in (5.4), we conclude
E[a:N]xo] = Bl’o [57], [91]

Let B satisfy the following normal equation

BCy = Co (5.5)

which always has a solution B = Cn(Co)" + S(I — Cy(Cp)™) for any matrix S, where the
superscript “4” means the Moore-Penrose inverse (MP-inverse) [1]. Since [xj] is zero-mean,
(5.5) can be rewritten as

E[(zy — Bxo)xy) =0 (5.6)

which means z — Bxg is uncorrelated with (and orthogonal to, because [z] is zero-mean) .
Due to the Gaussianity of [zy]|, zny — Bxo and ¢ are independent and we have

El(xy — Bxo)g(wo)] =0 (5.7)

for every Borel measurable function g. Comparing (5.4) and (5.7), and by the uniqueness of
the conditional expectation, we have E[zy|zo] = Bxg for B given above (i.e., solution of (5.5)).
Also, since Cov((I — Co(Cp)T)zo) = 0, we have (I — Co(Co)T)zg " E[(I — Co(Co)T)xo] = 0.
Therefore, E[zy|zo] = Cno(Co)Tzo. We define ey as ey = oy — Cn0(Co)Txo. By (5.6), en
and eg are uncorrelated. Also, the covariance of ey is Cy — CN70(CO)+C§V7O.

We can obtain (5.2) as zny = en and zg = Con(Cn)TzN + €9, where ey and eg are inde-
pendent ZMG vectors with covariances Cy and Cp — Co n(Cn) T (Co n)’, respectively.

Following a similar argument as above, based on the definition of the conditional expecta-
tion Elzg|yk—1], yr = [z, 2y, we obtain E[zi|yg—1] = Agyr—1, where Ay = C’,ffjg_l(C,f_l)Jr +
ST —-cCy (¢l ), ¢ = Cov(yg—1), and le,@;c—l = Cov(xy,yk_1). In addition, we have
(I-Cy (S DP)yk—1 = 0, as., because Cov((I — C}_(CY_)T)yk—1) = 0 and E[(I —
CY_(CY_ )" )yk—1] = 0. Thus, we have a.s.

Elzglye—1] = Cih_1 (C{_1) vk (5.8)
We define e, Vk € [1, N — 1], as
€ = T — E[xk\xk,l, .CI?N] (5.9)

where [eg] is a zero-mean white Gaussian sequence (with covariances Cp — C.%_,(CY_)*
(Cg% 1)k € [1,N —1]), which can be verified as follows. By the definition of the condi-

tional expectation E[z|[z;]f ", zx], we have
El(zy, — Elog|lzi] " an])g([zi]s " an)] =0 (5.10)
for every bounded Borel measurable function g. Then, by Lemma 2.1.7, (5.10) leads to
E((ay — Elagler—1, an)g(fi] " an)] = 0 (5.11)
Since 23, — Ezg|z)_1, 2n] is uncorrelated with g([z;]f ™", ), it can be seen from (5.9) that [ez]

is white (E[eke;-] =0, k # j). Thus, given any ZMG CM], sequence, its evolution obeys (5.1)
along with (5.2) or (5.3).
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Proof of necessity for ¢ = 0 (i.e., CMp) is similar. We have zo = eq, 21 = C1,0(Co) T z0 + €1,
and zp = legf—l(clg—l)—’—yk_l + ep, k € [Q,N}, where Gy = Cy, G1 = Cy — 0170030170, and
Gr=Cr — lezc—l(cif—ﬁﬂciffz—ﬁ/v k € [2,N].

Sufficiency: Our proof of sufficiency is similar to that of the ZMNG C'M,. model in Chapter
2. From (5.1), we have zy = Gy ;7 + Gy ojTc + €g|j, where Gy ; and Gy, ; can be obtained
from parameters of (5.1), and ey; is a linear combination of [el]é?_ﬂ. Since [eg] is white, [el]?_ﬂ
(and so ey;) is uncorrelated with [xk]é and z.. So, we have E[azk|[xi]é, ze] = Elxg|xj, xc]. Then,
by Lemma 2.1.7, [z] is CM,.

(5.13) and (5.15) (below) are always nonsingular. Then, by (5.12), (5.1)-(5.2) (for every
parameter value) admit a unique covariance function (i.e., a unique sequence). Similarly, (5.1)
and (5.3) admit a unique covariance function for every parameter value (see Lemma 2.2.4). [

The boundary conditions (5.2) and (5.3) are equivalent. So, later we only consider one of
them.
Consider (5.1)—(5.2) for c = N. We have

gr=e (5.12)
where e = [}, €],... ]/, x £ [zf, 2}, ..., 2], and G is
T 0 0 0 —Gon |
_GI,O I 0 0 -GN
0 —Gao I 0 ~Gon
. . (5.13)
0 0 o —=Gn-in—2 I —Gn-on
0 0 o0 0 I

From (5.12), the covariance matrix of z (i.e., C) is calculated as
C=¢g'G@H)! (5.14)

where G = diag(Go,...,Gn). Similarly, for ¢ = 0, the covariance is given by (5.14), where
G = diag(Gy,...,Gn) and G is

I 0 0 0 0
—2G10 I 0 0 0
—Gz,o —Gg}l I 0 e 0
S . . . (5.15)
—GN-10 0 o —GN_1N-2 I 0
-GNy 0 0 e -GynN-1 T |

By (5.14), we can determine the imposed condition on the parameters of (5.1)—(5.2) due to
a specific singularity. An example is as follows.

Corollary 5.1.2. A ZMG [z}] with covariance function Cy, 1, is C My, with the matrices

Cr CknN ]
’ ke |0,N —2 5.16
ok G| keov - (5.16)
being nonsingular iff
T = Gk,kfll'kfl + Gk,NfEN +er, k € [1, N — 1] (5.17)
IN =en, o :GQ,N[BN“Fe() (5.18)
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where [ex] is a white Gaussian sequence with covariances Gy, and the matrices

[ P, Pin

ke[0,N—2 5.19
e v ke - (5.19)

are nonsingular (positive definitet), with P = G1GG'!, G = diag(Gy,...,Gy), and G being
given by (5.13).

Proof. A ZMG [zy] is CMy, iff we have (5.17)—(5.18). Also, P is the covariance of [z] (see
(5.14)). So, (5.16) and (5.19) are equal. O

By having different values of the parameters, (5.1)—(5.2) can model all Gaussian C'M, se-
quences ranging from a nonsingular C' M, sequence to a singular C'M,. sequence a.s. zero through-
out the time interval. For example, let |G| = 0,Vk € [0,N] (| - | denotes the determinant
operator), and all other parameters of (5.1)—(5.2) be zero. By (5.14), such a C M, model is
for a white sequence with |Cy| = 0,Vk € [0, N] (for a scalar-valued sequence, it is actually an
a.s. zero sequence). Another extreme is when all the matrices Gy are nonsingular leading to a
nonsingular Gaussian C'M, sequence.

Let [z;] be a ZMG C M, sequence. z, and yn—1 = [2],_;,2y] are a.s. linearly dependent iff
en is a.s. zero (i.e., Cov(e,) = 0). It can be verified by (5.9).

Let [zx] be a ZMG CMp, sequence. x, is a.s. zero (i.e., Cov(z,) = 0) iff both e, and
CrY (CY_)Tyn—1 are a.s. zero. It is verified as follows. By (5.9), x,, is a.s. zero iff we have

n,n—1
a.s.

en+ Gyl 1 (Ch_1) Y1 =0 (5.20)

Post-multiplying both sides of (5.20) by e/, and taking expectation, it is concluded that Cov(e,,) =
0, where the fact that e, is orthogonal to x,_1 and =y, has been used (see (5.11)). Then, by
(5.20), we have a.s. Cp% (C)_)Tyn—1 = 0. Therefore, 2, is a.s. zero iff both terms of (5.20)
are a.s. zero.

5.1.2 Characterization

Two characterizations are presented for Gaussian C' M, sequences with any kind of singularity.
The first characterization is as follows.

Theorem 5.1.3. A Gaussian [xj] with covariance function Cy, 4, is CM.,c € {0, N}, iff
_ Ci Cic " [ Cii
Cri=[ Crj Chre | [ co; Ch . (5.21)
Vi, 3,k € [0, N]\ {c}, i < j <k, where the superscript “+” means the MP-inverse.

Proof. A Gaussian sequence is C'M, iff its zero-mean part is CM,. Also, a sequence and its zero-
mean part have the same covariance function. So, it suffices to consider zero-mean sequences.
Necessity: Let [zx] be a ZMG CM, sequence with covariance function Cj, j,. Define

r(k,j) = zk — Elzyly;] (5.22)

Vi, k € [0,N]\ {c}, j <k, and y; & [, 2;]'. Then, since [z}] is Gaussian, (5.22) leads to (see
(5.8))

¥ c Te

r(k,j)=xp — [ Chj Che ] [ (ij Cie r [ i ] (5.23)

4P is always positive (semi)definite.
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On the other hand, by the definition of the conditional expectation E[xy| [a:i]é, xc], we have
Bl(xy, - Blaul ey g (il )] = 0 (5.24)

for every Borel measurable function g. Then, by Lemma 2.1.7, we have
El(wx — Elayles, ad)g(fedf, )] = 0 (5.25)

By (5.25), r(k, j) is uncorrelated with [z, and z.. So, post-multiplying both sides of (5.23) by
xh, Vi € [0,7 — 1]\ {c}, and taking expectation, we obtain (5.21), where i, j,k € [0,N]\ {c},
1< j<k.

Sufficiency: Let [zx] be a ZMG sequence with covariance function Cj, ;, satisfying (5.21),
Vi, 4,k € [0, N]\ {c}, i < j < k. Since [z}] is Gaussian, we have

[ C; Cie ] T 2]
Elzglzj,xd = | Crj Che | chj Cj’c ijc (5.26)
Define
o 1T s ]
r(kg) =or—=[ Crj Cre ]| o) A° - (5.27)
L c,J [ L c |

where based on (5.21), it is concluded that r(k, j) is uncorrelated with (and since [z] is zero-
mean, orthogonal to) [z;]3™" \ {c} (it is seen by post-multiplying both sides of (5.27) by 2,
Vi e [0,7 — 1] \ {c} and taking expectation). In addition, r(k, j) is orthogonal to x; and z.. It
can be verified based on (5.26) and the definition of the conditional expectation E[zy|z;,z.],
where E[(zy, — Elzg|xj, zc])g(z;,zc)] = 0 for every Borel measurable function g. Then, due to
the Gaussianity, r(k, j) is independent of [:Ul]% and x., and consequently r(k, j) is uncorrelated
with g([z:]}, z.) for every Borel measurable function g. Thus, by the a.s. uniqueness of the
conditional expectation in (5.24),

Blesliedhed = [ Cos Cre ]| & Ge |7 [ % (5.2

110y ~C 5] ,C Cc,j Cc Ze .
So, by (5.26) and (5.28), Vj,k € [0, N] \ {c}, j < k, we have E[kamz]é,xc] = Elxg|xj, x|
Then, by Lemma 2.1.7, [z] is CM,. O

The following characterization of the Gaussian C'M. sequence is based on the concept of
state in system theory (i.e., Markov property).

Corollary 5.1.4. A Gaussian [z is CM. iff [yx] \ {yc} ° is Markov, where yj, = [z}, 2.]',Vk €
[0, NT\ {c}.

Proof. It can be verified by Lemma 2.1.7 or Theorem 5.1.1. O

5.2 Characterization and Dynamic Model of Reciprocal Sequences

5.2.1 Characterization

In [58] a characterization was presented for the Gaussian reciprocal process with a special kind
of nonsingularity called the second-order nonsingularity. [zj] is second-order nonsingular if the

covariance of y = [z}, 2} for every n,m € [0, N]| is nonsingular. Inspired by [58], in Theorem

mr'n
5.2.2 below, a characterization of the Gaussian reciprocal sequence is presented. First, we need
a corollary of Theorem 5.1.3. By definition, [zy] is [k1, k2]-C' M, iff [xk]if is CM,. So, we have

the following corollary.

"For ¢ = N, [yx] \ {yc} 2 [yk]évfl, and for ¢ = 0, [yx] \ {yc} 2 [yk]{v
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Corollary 5.2.1. A Gaussian [xy] with covariance function Cy, 1, is [k1, ka)-C M., c € {k1, k2},
if

C: Ci, + C:.
Cri=| Crj Chec | [ chj (i ] [ J’l (5.29)

Vi, j, k € k1, ko] \ {c}, i < j < k.

Theorem 5.2.2. A Gaussian [x)] with covariance function Cy, 1, is reciprocal iff

_ . C; Cu|"[ Cia
Cri=|Crj Cri | [ c, G Cri (5.30)
(a) ¥Vi,5,k,1 € [0, N] withl <i<j<k,and (b)Vi,j,k € [0,N—1] withi <j<k<l=N (or
equivalently (a) Vi, j,k,l € [0, N] with i < j < k <, and (b) Vi,j,k € [I, N] with 0 =1<1i <
Jj<k).

Proof. A proof is based on Theorem 3.1.5 and Corollary 5.2.1. 0

First, the characterization presented in [58] only works for second-order nonsingular Gaussian
reciprocal sequences. The characterization of Theorem 5.2.2 works for all Gaussian reciprocal
sequences. Second, Theorem 3.1.5 implies the equality of two sets of sequences, i.e., ﬂ,]x _olk1, NJ-
CMp ﬂ]k,\;:O [0, ka]-CM, = ﬁ,’c\izo[kl,N]—C’Mp N CMjy,. Accordingly, and by Corollary 5.2.1,
for a Gaussian sequence (5.30) holds for (a) Vi, j,k,l € [0,N] with [ < i < j < k, and (b)
Vi, g, k,0 € [0, N] with i < j < k <[ iff (5.30) holds for (a) Vi,j,k,l € [0, N] with | < i < j <k,
and (b) Vi, j,k € [0, N—1] with i < j < k <1 = N. Although the two conditions are equivalent,
the latter is simpler (and more revealing) than the former. It seems [58] was not aware of the
simpler condition. We obtained the simpler condition based on studying reciprocal sequences
from the CM viewpoint, which is different from that of [58]. It shows how insightful the CM
viewpoint is for studying reciprocal sequences.

Another characterization of the Gaussian reciprocal sequence is based on the concept of state
in system theory (i.e. Markov property).

A

Corollary 5.2.3. i) A Gaussian [xy] is reciprocal iff [y, with yx = [z}, 2}, ', Vk € [k +
1, N], Vk1 € [0, N], and [y]d " with yy £ [z}, 2], Yk € [0, N — 1], are Markov. ii) A Gaussian
[zx] is reciprocal iff [yple?~ with yp £ | o) Vk € [0,ky — 1], Vky € [0,N], and [y]} with
yr = [z}, xp)',Vk € [1,N], are Markov.

Proof. A proof is based on Theorem 3.1.5, Corollary 5.1.4, and the fact that [zy] is [k1, k2]-C M.
iff [z1])2 is CM.. O

5.2.2 Dynamic Model

To our knowledge, the only dynamic model for Gaussian reciprocal sequences is the one presented
in [18], which is for the NG reciprocal sequence. The nonsingularity assumption is critical for
that model, because its well-posedness (i.e., the uniqueness of the sequence obeying the model) is
guaranteed by the nonsingularity of the whole sequence. There is not any model for the general
(singular /nonsingular) Gaussian reciprocal sequence in the literature, and it is not clear how to
obtain such a model. For example, it is not clear how the model of [18] can be extended to the
general (singular/nonsingular) case. The CM viewpoint is very fruitful for studying reciprocal
sequences. The following theorem presents two models for the general (singular/nonsingular)
Gaussian reciprocal sequence from the CM viewpoint. They are called reciprocal C'M, models.
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Theorem 5.2.4. A ZMG [zy] is reciprocal iff it obeys (5.1)~(5.2) and

_ . Py Py "] Py
Pei=1[ Prj Pry] [ P, P } P, (5.31)
(i) for c = N and ¥i,j,k,l € [0,N], l <i < j <k, and G given by (5.13), or equivalently (ii)
forc=0 and Vi, j,k,l € [0,N], i <j<k<I, and G given by (5.15), where P = (G)~'G(G")~!
and G = diag(Gy,...,Gn).

Proof. A reciprocal sequence is CM.. A ZMG sequence is C'M, iff it obeys (5.1)-(5.2). The
covariance matrix of a sequence modeled by a CM, model can be calculated in terms of the
parameters of the model and its boundary condition (the calculated covariance matrix is denoted
by P above). A Gaussian sequence is reciprocal iff its covariance function satisfies (5.30). Since
model (5.1)—(5.2) is for a C'M, sequence, P already satisfies condition (b) of Theorem 5.2.2
(note that condition (b) of Theorem 5.2.2 is a C'M, characterization for ¢ = N or ¢ = 0). So,
a Gaussian sequence is reciprocal iff it obeys (5.1)—(5.2) (for ¢ = N or ¢ = 0) and P satisfies
(5.31). 0

The results of this section support the idea of studying reciprocal sequences from the CM
viewpoint.

5.3 Characterizations and Dynamic Models of Other CM Sequences

It is useful for both application and theory to study sequences belonging to more than one CM
class. For example, an application of C' M, N[0, k2]-C M|, sequences in trajectory modeling with
a waypoint and a destination was discussed in Chapter 4. Also, by Theorem 3.1.5, a reciprocal
sequence belongs to several CM classes. This is particularly useful for studying reciprocal
sequences from the CM viewpoint (e.g., Theorem 5.2.2 and Theorem 5.2.4). In addition, a
dynamic model of CM, N [k1, N|-CMp sequences is useful for obtaining a full spectrum of
models ranging from a C'M}, model to a reciprocal C'M}, model.

Corollary 5.3.1. A Gaussian [zy] is CMg N [k1, N|-CMFp iff it obeys (5.1)—(5.2) (for c = N),
and

P P Trop..
P.i=[P.; P i JM] {%Z} 5.32
k, [ k,j kK1 ] |:Pk1,j Py, Py ( )

Vi, g,k € [k1 + 1,N], i < j <k, where
P=¢'a@) (5.33)
G = diag(Go,...,Gn), and G is given by (5.13).

Proof. A sequence is CMp, N [k1, N]-CMp iff it is CM, and [k1, N]-CMp. By Theorem 5.1.1, a
Gaussian sequence is C M7, iff it obeys (5.1)—(5.2) (for ¢ = N). Also, the covariance matrix of a
C' M|, sequence can be calculated as (5.33). On the other hand, by Corollary 5.2.1, a Gaussian
sequence is [k, N|-CMp iff its covariance function satisfies (5.29) (let k2 = N and ¢ = kp in
Corollary 5.2.1). Therefore, a Gaussian sequence is CMp, N [k1, N]-C M iff it obeys (5.1)—(5.2)
and (5.32) holds. O

Following the idea of Corollary 5.3.1, one can obtain models of other CM sequences belonging
to more than one CM class, e.g., CMp N [k, N|-CMp N [l1, N]-CMp. As a result, by Theorem
3.1.5, Corollary 5.3.1, and Theorem 5.2.4, one can see a full spectrum of models ranging from
a C' My, model (Theorem 5.1.1) to a reciprocal C' My, model (Theorem 5.2.4).
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Characterizations presented in Corollary 5.1.4 and Corollary 5.2.3 are based on the Markov
property. To complete those characterizations, we need a characterization of the Gaussian
Markov sequence based on covariance functions. A characterization was presented in [57] for
the scalar-valued Gaussian Markov process, but its generalization to the vector-valued case is
not trivial. The following corollary presents a characterization of the vector-valued general
(singular/nonsingular) Gaussian Markov sequence. To our knowledge, there is no such a char-
acterization in the literature.

Corollary 5.3.2. A Gaussian x| with covariance function Cy, 1, is Markov iff Cy; = CkJC’;“Cj,Z-,
Vi, j, k€ [0,N], i < j <k.

Proof. Our proof is parallel to that of Theorem 5.1.3. The main differences are as follows. For
the proof of necessity, instead of r(k,j) in (5.22), we need to define r(k,j) = xp — Elzg|z;).
Also, instead of Lemma 2.1.7, we should use Lemma 3.1.4. For the proof of sufficiency, instead
of r(k,7) in (5.27), we need to define r(k,j) = xp — Ck7j0f$j. O

Inspired by [29], a representation of the ZMNG C'M, sequence as a sum of a ZMNG Markov
sequence and an uncorrelated ZMNG vector was presented in Proposition 4.2.1 (Chapter 4). We
now extend it to the ZMG CM, sequence. Proposition 5.3.3 can be proved based on Theorem
5.1.1. We omit the proof.

Proposition 5.3.3. A ZMG [zy] is CM.,c € {0,N}, iff it can be represented as xi = yp +
Trxe, k € [0, N]\ {c}, where [yx] \ {yc} is a ZMG Markov sequence, x. is a ZMG vector uncor-
related with [yk] \ {yc}, and Ty are some matrices.

A corollary of Proposition 5.3.3 is as follows.

Corollary 5.3.4. An (N + 1)d x (N + 1)d matriz (with (N + 1) blocks in each row/column
and each block with dimension d x d) is the covariance matriz of a d-dimensional vector-valued
Gaussian CM, sequence iff C = B + I'DI”, where D is a d x d positive semi-definite matriz

. _ | B1 O | S . _ 10 0 I
cmd(z)forc-N,B—[ 0 O]’F_[I}’ (ii) for c =0, B = [O Bl},f’— [S]’
where By is an Nd X Nd covariance matriz of a d-dimensional vector-valued Gaussian Markov
sequence, S is an arbitrary Nd x d matriz, and I is the d X d identity matrix.

58



Chapter 6

Algebraically Equivalent Dynamic Models of Gaussian CM Sequences

In this chapter, we 1) study the relationships between dynamic models of different classes of CM
sequences including Markov, reciprocal, C M}, and C Mp, 2) define and distinguish the notions
of probabilistically equivalent and algebraically equivalent dynamic models, 3) present a unified
approach for determination of algebraically equivalent models, and 4) present a simple approach
for studying/determining Markov sequences sharing the same reciprocal/C M, model.

The term “boundary value” is used for random vectors in equations as “boundary condition”.
A boundary condition (value) for a forward (backward) Markov model means an initial (a final)
condition (value).

6.1 Preliminaries: Dynamic Models

Forward and backward CMp, CMp, reciprocal, and Markov models are reviewed Chapter 2,
Chapter 3, [18].
Let [zg] be a zero-mean NG sequence.
Markov Model
[x] is Markov iff
Ty = My 1751 +er k€ [1,N] (6.1)

where 2 = e}l and [e}!] (Cov(eM) = My) is a zero-mean white NG sequence. We have

Mz =M, M= [(eéw)', (e{w)', ce (e]\N/[)']' (6.2)

where M is the nonsingular matrix

1 0 0 . 0 0

My I 0 s 0 0

0 —Myy I 0 0
. . (6.3)

0 0 v —MN_LN_Q I 0

o0 0 0 ~Myn_1 I ]
From (6.2), the inverse of the covariance matrix of [xj] is

Ct=MM'M (6.4)

where M = Cov(eM) = diag(Mo, My, ..., My). C~!is (block) tri-diagonal (Remark 3.1.16).
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Backward Markov Model

[xk] is Markov iff
ok = MP i we + e k€ [0,N —1] (6.5)
where zy = eBM and [eBM] (Cov(ePM) = MP) is a zero-mean white NG sequence.
We have
MPBa =PV BM = [(efMY, (e (6.6)

1 = (MPY(MF) 7 M

where MP = Cov(ePM) = diag(MP,...,ME), C~1 is (block) tri-diagonal, and M? is the
nonsingular matrix

[T —Mg, 0 0 0
o I -ME o - 0
0 0 I -MmE - 0
. . . . (6.8)
0 0 0 I -M{ N
0 0 0 : 0 I
Reciprocal Model
[xf] is reciprocal iff
Rz — Ryap—1 — Rfwp =eff, ke[l,N—1] (6.9)
where [eff]V 7! is a zero-mean colored Gaussian sequence with E [ek (eBY]=R), ke [1,N —1],
Elefi(ell,1)) = —Rf, k € [1, N—2], Elef(elly] =0, [k—j| > 1, R = (Ry,,), k € [1,N—2] and

boundary condition (i) or (ii) below, with parameters of (6.9) and either boundary condition
leading to a nonsingular sequence.
(i) The first type:

RYzo — Ryxn — Riay = elf (6.10)

RYzNn — Ryzn—1 — Rijzo = ek (6.11)

where Bleg'(ef!)] = —Ry, Elef(eg)’] = —RE, Blef(eg)'] = R, Elefi(ef!)] =0, k € [2,N 1],
Elef(eff)] = 0, k € [I,N — 2], E[eN(eN)] = R}, Elef_1(ef)] = _RJTI 1 (Ry) = R,

(Ry)' = Ry _y, (By) = Ry
(ii) The second type: [z, zy]" ~ N(0, C{o,n}), which can be written as

xro = eé%, TN = RN70$0 -+ 611\%] (6.12)
or equivalently
.TN:(ZJI%, JJOZRQ,N.TN—F@OR (6.13)

where 60 and el ~ are uncorrelated zero-mean NG vectors! with covariances R8 and R%,, and
uncorrelated with [eff] ¥ 1.

Left and X (and their covariances) in (6.12) are not necessarily the same as those in (6.13) or in the first

boundary condition. Just for simplicity we use the same notation.

60



Consider (6.9) and boundary condition? (6.10)-(6.11) with appropriate parameters leading
to a nonsingular sequence. Then,

Re = el el =[(elY,..., (eR)) (6.14)
Cl=R"R'M=R (6.15)

where R = Cov(ef) = R and R is

[ RS —-Rf O 0 —Ry ]
Ry RY -—Rf 0 0
0 —-R, RY —RJ 0
. 2 S (6.16)
0 0 T —Ry_4 R?V—l _RJJ\rf—l
| -R§ 0 0 -+ =Ry RY

Since the sequence is nonsingular, so is (6.16) [18]. Then, C~! = R is (block) cyclic tri-diagonal
(3.23).

Model (6.9) and its boundary condition (either the first or the second type) are well-posed
(i.e., they admit a unique sequence) if their parameters lead to a nonsingular sequence [18]. Not
all choices of the parameters lead to a nonsingular covariance matrix.

A reciprocal model is symmetric. So, its forward and backward are the same.

Remark 6.1.1. Model (6.9) (with either boundary condition) is called a reciprocal model, to be
distinguished from our reciprocal C My and C Mg models.
CM,. Models

[z] is CM,, c € {0, N}, iff (2.17) along with (2.18) or (2.19).
For ¢ = 0, we have a C' Mg model. Then,
Gha=el', el"2e),.... ey (6.17)
C—l — (gF)/(GF)—lgF (618)
where G = Cov(ef") = diag(Gy,...,Gn) and GF is the nonsingular matrix (2.29). C~!is a
CMp matrix (2.37).
For ¢ = N, we have a C M}, model. Then,
Glo=eb, el 2e),.... ey (6.19)
ct=(@Gh(@Gh gt (6.20)
where G = Cov(el) = diag(Gy,...,Gn), G¥ is the nonsingular matrix (2.27) for (2.18) and

(2.28) for (2.19). C~! is a C M}, matrix (2.36).
Theorem 3.1.17 gives the reciprocal/Markov C'M, model.

Backward C'M,. Models
[zr] is CM,, c € {0, N}, iff it obeys (2.31) along with (2.32) or (2.33).
For ¢ = 0, we have a backward C'M} model. Then,
GBLy = eBL eBL —|( é%)’, N AU (6.21)

o1 — (gBL)/(GBL)flgBL (6.22)

2Boundary condition (ii) is discussed only in Section 6.4. In all other sections, we consider boundary condition

(i).
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where C~! is a C My matrix, GBL = Cov(ePL) = diag(G¥,...,GE), GPL is the nonsingular
matrix

r I 0 0 e 0 =GPy T
-G 0 1 -G e 0
S . (6.23)
—GN_10 0 -+ 0 1 _Gﬁ—l,N
0 0 0 0 I
for (2.33), and GB% for (2.32) is the nonsingular matrix
i I 0 0 0 0 i
—Ggo I -GP, ; 0 0
-G 0 I -G 0
2,0 . .2,3 (6.24)
fo—m 0 0 1 _G]%—l,N
| —GRo O 0 e 0 I i
For ¢ = N, we have a backward CMr model. Then,
GF w =Pl Bl =[(ef), .., (eR)T (6.25)
C—l — (gBF)/(GBF)—lgBF (626)
where C~!is a C My, matrix, GBF = Cov(ePF) = diag(Gy, ..., Gx), and GBF is the nonsingular

matrix (2.35).

Theorem 3.1.20 gives a backward reciprocal/Markov C'M, model.

Forward and backward C My, (CMp) models have similar structures. They differ only in the
time direction.

For a Markov model, [e2?]) is the dynamic noise and e} is the initial value. For a C M,
model, [ek]i\f ~1is the dynamic noise and eg and ey are the boundary values. For a C M model,
[ex]V is the dynamic noise and eg is the boundary value. For a reciprocal model, [eff]V ™! is the
dynamic noise and eOR and eﬁ are the boundary values. Likewise for backward models.

Let [zx] be a CM sequence modeled by any of the above models. Then,

Tr=v, v=/[p,..., 0] (6.27)

where the vector v includes the dynamic noise and the boundary values. The matrix 7' is
determined by parameters of the corresponding model. T is nonsingular for the forward and
backward C My, C Mg, and Markov models. Also, since [zy] is assumed nonsingular, T is also
nonsingular for the reciprocal model.

Definition 6.1.2. Two models Tyx = v and Toy = w are (probabilistically) equivalent if x and
y have the same distribution.

Definition 6.1.3. Two models Tix = v and Toy = w are algebraically equivalent if x = y.

6.2 Determination of Algebraically Equivalent Models: A Unified Approach

By Definitions 6.1.2 and 6.1.3, (algebraically) equivalence is mutual, i.e., if model 2 is (alge-
braically) equivalent to model 1, then so is model 1 to model 2.

To determine an equivalent model, we need to fix its parameters. Thus, we have the following
proposition.
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Proposition 6.2.1. Any two forward/backward C My, CMp, reciprocal, or Markov models

Tix=v (6.28)
Toy =w (6.29)
are equivalent iff
TyPy ' Ty = TP TY (6.30)
where v = [v, ..., V] and w = [wy, . .., w)]" are the vectors of the dynamic noise and boundary

values with covariances Cov(v) = Py and Cov(w) = Ps.

Proof. The inverse of the covariance matrix of the sequence obeying model (6.28) is C~! =
T{(P;)~ Ty because E[(Tyz)(Tiz)'] = E[vv']. Similarly, for the sequence obeying (6.29), we
have C~1 = T} (Py)~'Ty. Two models are equivalent iff their sequences have the same covariance
matrix; thus we have (6.30). O

Due to the special structures of 171, P, 1>, and P,, parameters of model 2 can be easily
obtained from parameters of model 1 using (6.30) (see Appendix B for more details). Then, P>
and T, are known. Note that parameters of model 2 so calculated are unique. This can be easily
verified based on (6.30) for all models (see Appendix B). This uniqueness also follows from the
definition of conditional expectation.

Clearly, algebraically equivalent models are equivalent. The next proposition gives a rela-
tionship of dynamic noise and boundary values for two equivalent models to be algebraically
equivalent.

Proposition 6.2.2. Two equivalent models (6.28) and (6.29) are algebraically equivalent if
To(Py) tw = T{(Py) "t (6.31)

Proof. Let Py, Ty, P;, and T7 be given (Proposition 6.2.1). Given model (6.28), we show how
(6.31) leads to an algebraically equivalent model (6.29). First, we show that w has the desired
covariance P5. By (6.31), we have

Ty(P2) "  Cov(w)(Pe) ' Ty = Tj(Py) ' Cov(v)(Py) ' T}
From Cov(v) = P; and (6.30) it follows that
Cov(w) = Py(Ty) ' T5(P) "' To(To) ' Py = P

Thus, w is the required vector.
Now we show that (6.31) implies that models (6.28) and (6.29) generate the same sample
path of the sequence. We have

_ 6.30 _ 6.29 1 (631 4, (628 _
(P Ty 2 TPy 1oy 2 TPyl 2V Ty ()0 2 TP T
— y==1
So, (6.29) and (6.28) are algebraically equivalent. O

By Propositions 6.2.1 and 6.2.2, given a model, one can construct an algebraically equivalent
model. For two algebraically equivalent models, how are the sample paths of their dynamic
noise and boundary values related? The next proposition answers this question.
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Proposition 6.2.3. For two algebraically equivalent forward /backward C My, C Mg, reciprocal,
or Markov models

Tz =v (6.32)
Toy = w (6.33)
the sample paths of v and w are related by (6.31), where v = [v(, ..., V] and w = [wy, ..., W]
are vectors of the dynamic noise and boundary values with covariances Cov(v) = P and

Cov(w) = P», and the nonsingular matrices Ty and Ty are determined by the model param-
eters.

Proof. Algebraic equivalence (i.e., z = y) of (6.32) and (6.33) yields
Ty tw =T, " (6.34)
It follows from the equivalence of (6.32) and (6.33) that
Cl=T{P['Ty = 4P, ' Ty (6.35)

Then, using (6.34) and (6.35), we have (T3P, 'T5)Ty 'w = (T|P; 'T1)T; 'v, which leads to
(6.31). 0

Remark 6.2.4. (6.31) is equivalent to (6.34).

Although (6.34) looks simpler, for the construction of algebraically equivalent models, (6.31)
is preferred for the following reasons. The matrices P; and P» in (6.31) for the forward /backward
CM;j,, CMp, and Markov models are block diagonal, and their inverses can be easily calculated.
Also, for the reciprocal model, no calculation is needed since P = T in (6.27) (see Subsection
6.1). However, calculation of the inverses of 77 and 7 in (6.34) is not straightforward in general.

6.3 Algebraically Equivalent Models: Examples

Following Propositions 6.2.1 and 6.2.2, algebraically equivalent forward /backward C My, C Mp,
reciprocal, or Markov models can be obtained. Two such examples are presented in this section,
and more in appendices. Appendix B shows how parameters of equivalent models can be
uniquely determined from each other (Proposition 6.2.1). Appendix C shows how the dynamic
noise and boundary values of algebraically equivalent models are related (Proposition 6.2.2).

6.3.1 Forward and Backward Markov Models

By (6.30), parameters of a backward Markov model (6.5) are obtained from those of a forward
one (6.1). For k =2,3,..., N,

(Mg?) ™' =My + Mj oM, My g (6.36)

Mgh =Mg Mj oMy (6.37)

(ME ) = w1+ Mllc,k—le;_le,k—l - (M£—2,k—1)/(M£—2)71MICB—2J¢—1 (6.38)

M =M2 My M (6.39)

(M) =My" — (MJ_y ) (M§_1) "' MRy v (6.40)

, the dynamic noise and boundary values of the two models are related by

6.31), the d i i d bound 1 f th del lated b

( oB) e M =My tep! — My oM ey (6.41)
(M)~ BM =(M;Z ) (M)~ el +Mk ex’ — My M et ke [L,N—1] (6.42)

( ME)™ BM =(M{_1 ) (ME_1) " "eRY) + Mytel (6.43)
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By these equations, given a backward model, one can obtain its algebraically equivalent
forward model.

For a forward Markov model with a nonsingular state transition matrix, [70] determined
the relationship of the dynamic noise and boundary values between algebraically equivalent
forward and backward models. But in the case of singular state transition matrices, forward and
backward models of [70] are not algebraically equivalent, but only (probabilistically) equivalent.
Our (6.36)—(6.40) and (6.41)—(6.43) give algebraically equivalent forward and backward models
whether the state transition matrix is singular or nonsingular. Based on (6.41)-(6.43), we
can verify the required condition for the two-filter smoother [62]-[64] for Markov models with
singular /nonsingular state transition matrices.

6.3.2 Reciprocal C M} and Reciprocal Models

By (6.30), parameters of a reciprocal model are obtained from those of a reciprocal C My, model.
For (2.17)-(2.18), parameters of the reciprocal model are

R) =Gyl + G oGy Gro + Gy oGy G (6.44)
R) =G '+ Gy 1Git1Grar o k € [1LN = 2] (6.45)
Ry =Gy y (6.46)
N-1
Ry =Gy + ) GunGy'Grn (6.47)
k=1
R} = Gy 4Gty k€ [0,N —2] (6.48)
R =Gy ,GNan (6.49)
Ry = =G} G 'Gin + Gy oGy (6.50)
and for (2.17) and (2.19) we have (6.45)—(6.46), (6.48)—(6.49), and
R) =Gyl + G oG Gy (6.51)
N-1
Ry =Gy + ) GiunGy'Gen + Gy Gy Gon (6.52)
k=1
Ry = Gy 'Gon — GGy G (6.53)

By (6.31), the dynamic noise and boundary values of the two models are related by: for

el =Ggleg — G oG ler — Gy oG'en (6.54)
e =Gi ey — Gl kGipiers1,k € LN — 2] (6.55)
ef_1 =Gy en (6.56)
N-1
en =— Y Gy nGyler+Gylen (6.57)
k=1
and for (2.17) and (2.19), (6.54) and (6.57) are replaced by
el =Ggleg — G'LOGl_lel (6.58)
N-1
en ==Y GinGylen+Gylen — GonGyleo (6.59)
k=1

By these equations, one can obtain an algebraically equivalent reciprocal C'M;, model from
a reciprocal model. This is important because a reciprocal C'My, model is easier to apply than
a reciprocal model (Chapter 3, Chapter 7).
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6.4 More About Algebraically Equivalent Models

6.4.1 Models Algebraically Equivalent to a Reciprocal Model

This section presents two approaches for determination of models algebraically equivalent to a
reciprocal model (6.9) along with (6.12) or (6.13), or the other way round. We consider only
boundary condition (6.13). The same approach works for boundary condition (6.12).

We first show how to determine parameters of a reciprocal model (6.9) and (6.13) equivalent
to other models. For example, from the parameters of a reciprocal C My model (2.17) and (2.19),
those of its equivalent reciprocal model (6.9) and (6.13) are obtained as follows. Regardless of
its boundary condition, model (6.9) is obtained based on conditional expectations [18], so its
parameters are as given in Subsection 6.3.2 for a NG reciprocal sequence (i.e., with a given
covariance matrix). (2.19) and (6.13) are the same since they are both obtained from the joint
density of xg and xy, which is the same for both reciprocal and reciprocal C My, models.

Similarly, from parameters of a reciprocal model (6.9) and (6.13), we can uniquely determine
parameters of its equivalent reciprocal C' M, model (2.17) and (2.19). Also, by (6.30), parameters
of other equivalent models can be determined.

Algebraically equivalent models are discussed next.

The First Approach

We show that the unified approach of Section 6.2 (i.e., (6.31)) works for models algebraically
equivalent to a reciprocal model (6.9) and (6.13).

First, we determine the structure of 7', P, and £ in (6.27) for model (6.9) and (6.13). We
have

Ryx =e€" (6.60)
where e” £ [(ef), ..., (e})] and
T 0 0 o 0 ~Ron ]
-R; RY -—-Rf .- 0 0
0 —-R, Ry —Rf 0
w= . . . (6.61)
0 0 —Ry_4 R[J)\f—l RE—I
i 0 0 O “. O I i

It is nonsingular because its submatrix of the block rows and columns 2 to N is nonsingular
since (6.16) is nonsingular. Its nonsingularity can be verified based on the determinant of a
partitioned matrix [92]. Also, the covariance of e” is

[ R} 0 0 0 0 ]
0 R —-Rf .- 0 0
0 -R, Ry -—-Rf -+ 0
R=1| . 2 7 2 (6.62)
0 0 Ry, R%_, ©
L 0 0 0 0 RY |

which is likewise nonsingular since its submatrix of block rows and columns 2 to N is same as
that of (6.16) because model (6.9) is independent of boundary condition [18].

With (6.61) and (6.62), models algebraically equivalent to (6.9) and (6.13) can be obtained
by (6.31).
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The Second Approach

In the first approach, (R,)~! is required in (6.31), which is not desirable since R, is not block
diagonal. In the following, we present a simple relationship in dynamic noise and boundary
values between a reciprocal model and an algebraically equivalent reciprocal C'M model.

It suffices to construct a reciprocal C'My, model algebraically equivalent to a reciprocal model.
Then, by Proposition 6.2.2 other algebraically equivalent models can be obtained.

We show that (6.63) below makes an equivalent reciprocal model algebraically equivalent to
a reciprocal C M, model (2.17) and (2.19):

e = TR\CMLG (663)
where Tr|cpy, is the nonsingular matrix
(I 0 0 0 0 07
0 Gi' —Gh,Gy? 0 0 0
0 0 Gyt ~Gh .Gy 0 0
0 0 0 Gyt 0 0 (6.64)
0 0 0 0 o G0
L0 0 0 0 e 0 I |
e" £ [(ef),...,(eR)] is the vector of dynamic noise and boundary values of the reciprocal
model, and e £ [€}), ..., €/y]" is of the reciprocal C My, model.
Let [ex] be white (since it is for a reciprocal C My, model). We show that [eff] has the
properties of reciprocal dynamic noise and boundary values. By (6.64), the covariance of [eff]) !
is cyclic tridiagonal. So, [ef] ™! can serve as dynamic noise of a reciprocal model (6.9). It is a

function of [ex]Y ™! with eff = eg and e§ = ex. Then, since [e}] is white, [eff]V ™! is uncorrelated
with el and el and consequently with z¢ and xx. Therefore, [eﬁ]{v ~1 can serve as reciprocal

dynamic noise, and eé% and eﬁ, as boundary values.
Now, we show that (6.63) leads to the same sample path of the sequence obeying the recip-
rocal C' M|, model and the reciprocal model. From (6.63), we have

er =Gy ler — Gk Grtiens1 kb € 1N — 2] (6.65)
Substituting ey and eg41 of the C My, model (2.17) into (6.65), after some manipulation, we get

er = (G' + G 11 Gi i Grsr)tr — Gy ' Grpm1@i—1 — Gy 4Gt 1+
(=G G + Gy 1Gr 1 Grg1 )TN (6.66)

Using (3.24), (6.66) becomes
er = (G ' + Gri1 4Gt 1 Grark)mk — Gy Grp17r1 — Gy kGt Thg (6.67)

(6.67) has the properties (of the structure and parameters) of (6.9) and thus can serve as a
reciprocal model for k € [1, N — 2]. In addition, for £k = N — 1, based on (6.63) we have

eR_1 =Gy en (6.68)
Substituting ey_1 of (2.17), we have

R -1 —1 -1
EN_1 = GNfla:N_l - GNilGN_LN_Q.fUN_Q — GNflGN—l,NxN (6.69)
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(6.69) can serve as a reciprocal model for k = N — 1. So, by (6.67), (6.69) and since (2.19) and
(6.13) are identical, (6.63) leads to the same sample path of the sequence obeying the two models
(and their boundary conditions). In other words, the two models are algebraically equivalent.
Next, from a reciprocal model (6.9) and (6.13), we construct its algebraically equivalent
reciprocal C M, model. Calculation of the parameters of (2.17) and (2.19) from those of (6.9)
and (6.13) was discussed above. So, T, is known. First, we show that e in (6.63) has a
(block) diagonal covariance matrix, i.e, [ex] is white (which is the case for a reciprocal C M,

model). According to (6.9) and (6.13), ef! and ef} are uncorrelated, and uncorrelated with
[ef]V 1. By (6.63), we have ey = eff and ey = ell. Also, [ex]) ' are linear combinations of
[ef]" 1. So, ep and ey are mutually uncorrelated and uncorrelated with [e,]Y ~*. Therefore, we

only need to show that [e]Y ! is white. The covariance of [(eft), ..., (e )] is (Rr)i2:n,2:N]5

i.e., matrix (6.62) without the first and the last block rows and columns. By (6.63), we have
(Br):nv2:n) = (Triomy, )N ,2:8) (Cov(e)) v 2:n) (Triom, o v o] (6.70)

Let C be the covariance matrix of the reciprocal sequence. Now calculate C~! based on the
reciprocal CMp model (2.17) and (2.19) (Appendix B). The tridiagonal matrix (C™1)p.n 2:n]
can be decomposed as

(C_l)[2:N72:N] = (TR\CML ) [2:N,2:N]G[2:N72:N] (TR|CML )/[Z:N,Q:N] (671)

where G|g.y 2.n] = diag(G1, . ..,Gn-1). Comparing (R, )2:n2:n] With (6.16), it can be seen that
(Rr):n2:N] = (C‘l)[z:NQ:N]. Comparing (6.71) and (6.70), we have

(COV(e))[Q:N,Q:N] = G2:N,2:N]

meaning that [e,]Y ™! is white. So, [ex] is white.

Next, we show that (6.63) leads to algebraic equivalence of the reciprocal model and the
reciprocal C M, model. (6.63) for k=N — 1 is

en_1 = Gylien (6.72)
Using eX_| from the reciprocal model (6.9), we obtain
Ry _yon-1— Ry_jon—2 — Ry_jon = Gylien

Expressing R?V_l, Ry, and RX/—1 of the reciprocal model in terms of parameters of the
reciprocal C' M, model (specifically (6.46), (6.48), (6.49)) yields

Gy on-1— (G GN_1n-2)zN—2 — (G- | GN-1.n)oN = Gy en—1
which leads to
ZN-1 —GN-1,N—22N—2 — GN_1,NTN = eN—_1 (6.73)

Clearly (6.73) is a C My, model (2.17) for k = N — 1 with an ey_1 that is related to eX_; by
(6.72). Then, By (6.63), for k € [1, N — 2], we have

el = G,:lek - G;H—LkG]:-fl-lekJrl (6.74)
Substituting e£ of the reciprocal model (6.9) into (6.74) yields

0 - -1 U -1
kak - Rk LThe—1 — R,jﬂ?}ﬂ_l = Gk €L — k+1,ka+1€k+1 (675)
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Substituting ex41 from the reciprocal C' M, model (2.17) into (6.75), we obtain

—1 / —1 —1 / —1
(Gk + Gk+1,ka+1sz+1,k)xk — Gk: Gk7k_1azk_1 — Gk+1,ka+1$k+l =

Gy ler — Gl p G (T — Grrpts — G ven) (6.76)
After manipulation of (6.76), we obtain
Gy lop—Gp Grp12i-1 — Gy 1 Gt Grpvan = Gy ey, (6.77)
Using (3.24) for the coefficient of xy in (6.77), (6.77) leads to
xp — Gpr—125—1 — GLNTN = € (6.78)

This is a CMy, model (2.17) for k € [I, N — 2] with an [e;]) 2 that is related to [eff]¥ 2 by
(6.63). Also, the two models have identical boundary conditions. So, (6.63) connects the two
models by having the same sample paths of the reciprocal sequence. In other words, using
(6.63), the reciprocal model and the reciprocal C My, model are algebraically equivalent.

6.4.2 Parameters of Equivalent Markov and Reciprocal Models

By (6.30), parameters of equivalent models can be uniquely determined (Appendix B). In some
cases given parameters of a model, one can calculate parameters of an equivalent model in
a different way. Due to the uniqueness, the apparently different results must be the same.
For example, in the following we consider an approach (different from (6.30)) for calculating
parameters of a reciprocal model equivalent to a Markov model. Then, we show that the results
are actually the same as those of Appendix B.

Given a Markov model (6.1) of [zx], by (6.30), parameters of an equivalent reciprocal model
(6.9) are (Appendices B.4 and B.3), for k € [1, N — 1],

Ry =M, ' + Ml/c+1,kMk_+11Mk+1,k (6.79)
R = Mj MY (6.80)
Ry = M My j (6.81)

Parameters of the reciprocal model (6.9) can be also obtained as follows. The transition density
of [zy] is

p(xr|rr—1) = N (zp; My p—125—1, My,) (6.82)
Given (6.82), by the Markov property, we have

p(@k|rp—1)p(Trs1|7r)
P(Tps1|Tr—1)
= N(z; R g—12k—1 + Ri p+12k+1, R

p(Tk|Th—1, Tp41) =

Then, we define r; as

rr =2k — Rk p—12p—1 — Rk k1241 (6.83)
where the covariance of r is R and
-1 / -1 —1 A —1
Rik—1= M1 — (M~ + My My M1 k)™ My oMy M1k Mie g1
_ —1 / —1 —1a —1
Rk,k+1 = (Mk + Mk+1,k;Mk+1Mk+1yk) Mk—&-LkMk—i-l

Ry, = (M " + My M My i) ™"
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Pre-multiplying both sides of (6.83) by R{ (which is nonsingular), we obtain
R)xy = R) Ry 1751 + R) Ri py1%ps1 + Ry (6.84)

By the uniqueness of parameters, we must have R Ry 1 = R, RORy ki1 = R,j, and Cov(R)r;) =
RY. Comparing the parameters of (6.84) with (6.79), (6.80), and (6.81), it is not clear that
R%Rk,k_l = R, , which, however, can be verified using

(M, '+ My M My )™ (M 4 My M My ) My g1 = Mig g

6.5 Markov Models and Reciprocal/CM; Models

An important question in the theory of reciprocal processes is about Markov processes governed
by the same reciprocal evolution law [16]-[17], [9]. It is desired to determine Markov evolution
models (i.e., without the initial condition) of Markov sequences, which obey a reciprocal C' M,
evolution model (and an arbitrary boundary condition). Also, given two Markov evolution
models, whether their sequences share the same C' M}, evolution model? Studying such issues
will gain a better understanding of the models and their sequences, and is useful for their
application. For example, in Chapter 7 we discuss C' M7, evolution models induced by Markov
evolution models (presented in Chapter 4) for trajectory modeling with destination information,
and show that inducing a C'Mj evolution model by a Markov evolution model is useful for
parameter design of a reciprocal C'My, evolution model. Also, in Chapter 4 we showed that a
reciprocal C' M, evolution model can be induced by any Markov evolution model whose sequences
obey the given reciprocal C'M}, evolution model (and some boundary condition). So, it is desired
to determine all such Markov evolution models and their relationships. In the following, a simple
approach is presented for studying and determining different Markov models whose sequences
share the same reciprocal/C M|, evolution model.

Relationships between different models (and their boundary conditions) can be studied based
on the entries of C~! calculated from the models and their boundary conditions. Some entries of
C~! depend on evolution model parameters only and others depend also on boundary condition
(Appendix B). Proofs of the following results are based on Appendix B.

The next proposition gives conditions for Markov models of Markov sequences to share the
same reciprocal model.

Proposition 6.5.1. Two Markov sequences modeled by Markov models (6.1) with parameters

M,gi,)fil, M,ii), k € [1,N], i = 1,2, share the same reciprocal evolution model (6.9) iff

1)y— 1 1) \— 1
MY ) M) M =
2)\— 2 2) \— 2
(M) + (M2 ) (M) M), ke [1LN 1] (6.85)
1 1) \— 2 2) \—
(M) L) ™ = A Y (M) ke 0,8 -1 (6.86)
Proof. Two sequences share the same reciprocal evolution model iff their C~! (3.23) have the
same entries Ajp, As, ... ;AN‘—laBO,B‘h ...,Bn_1. So, two Markov sequences having Markov
models with parameters M,S,)gfl, M,Ez), k € [1,N], i = 1,2, share the same reciprocal model iff
(6.85)—(6.86) hold. O
Sequences modeled by any Markov model (6.1) satisfying
RY =M+ My M Mg, k € [LLN — 1] (6.87)
R =Mj, ML k€0,N—1] (6.88)

share a given reciprocal evolution model with parameters RY, k € [1, N — 1], and R,‘:, k €
[0, N —1] (with some boundary condition) (see Proposition 6.5.1). Therefore, all Markov models
whose sequences share a reciprocal model are determined.
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Proposition 6.5.2. Two sequences share the same reciprocal evolution model (6.9) iff they
share the same reciprocal C My, evolution model (2.17) (c= N ).

Proof. Two sequences share the same reciprocal evolution model (6.9) (reciprocal C' M}, evolu-
tion model (2.17) (¢ = N)) iff their C~! (3.23) have the same entries A1, ..., Axy_1,Bo,..., Bn_1.
So, two sequences share the same reciprocal evolution model (6.9) iff they share the same re-
ciprocal C M, evolution model (2.17) (¢ = N). O

By Proposition 6.5.2 and (6.87)—(6.88) we can determine all Markov models whose sequences
share a reciprocal C' My, evolution model (2.17). All we need to do is to replace the model
parameters in (6.87)—(6.88) (i.e., R) and R;") with the corresponding (block) entries of the C~!
calculated from the parameters of (2.17) (see Subsection 6.3.2 or Appendix B).

The following proposition determines conditions for two Markov sequences sharing the same
reciprocal evolution model to share the same Markov evolution model.

Proposition 6.5.3. Two Markov sequences sharing the same reciprocal evolution model (6.9)
share the same Markov evolution model (6.1) iff for the parameters of (6.11) we have

(R = (RY)@ (6.89)

or equivalently MY = MJ(\?), where the superscripts (1) and (2) correspond to the first and the
second sequence.

Proof. Two sequences share the same reciprocal evolution model iff their C~! (3.23) have the
same entries Ay,...,An_1,Bo, ..., Bny_1. Two Markov sequences share the same Markov evo-
lution model iff their C~! ((3.23) with Dy = 0) have the same entries Ay, ..., Ax, By, ..., BN_1.
So, two Markov sequences sharing the same reciprocal evolution model share the same Markov
evolution model iff they have the same Ay, i.e., (6.89) holds (see (B.72)). O

More general relationships between different forward/backward CMp, C Mg, reciprocal,
Markov models can be studied based on the entries of C~! calculated from the models and
the boundary conditions. In general, we can obtain conditions for two sequences sharing the
same evolution model to share the same evolution model of different type.
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Chapter 7

Trajectory Modeling, Filtering, and Prediction Using CM Sequences

In this chapter, we discuss an application of CM sequences in modeling trajectories with desti-
nation information. To emphasize that the trajectory ends up at a specific destination, we call
it destination-directed trajectory (DDT).

7.1 DDT Modeling

To model the trajectory of a moving object without the notion of destination there are two main
components: the evolution (motion) law and the origin. On the other hand, the Markov sequence
is determined by two components: an evolution law and an initial density. Sample paths of a
Markov sequence can be used for modeling such trajectories. For example, a nearly constant
velocity /acceleration/turn (with white noise) model describes a Markov sequence. Markov
property is simple and effective and this is the reason for its widespread use in application
and theory.

In trajectory modeling problems there might be some information available about the desti-
nation. A case in point is in air traffic control (ATC), where destination of flight is available.
The main components of destination-directed trajectories are an origin, a destination, and mo-
tion in between. The Markov sequence is not flexible enough for DDT modeling because its
final density is determined by its initial density and evolution law. Therefore, a more general
class of stochastic sequences with an initial density, evolution law, and final density as main
components is desired.

In the following, some properties desirable for a DDT model and the corresponding inference
are discussed. Such a model should take the three main components of DDT into account.
It should be able to model any origin and destination. Also, the evolution law (as the most
important part of the model) should be able to describe trajectories corresponding to any origin
and destination. In other words, the model should be general enough to describe trajectories
in different scenarios according to available information. In addition, the evolution law should
be simple and easy to apply, yet has the potential to be generalized to more powerful ones if
necessary. Moreover, it is desired to model the relationship between the trajectories at the origin
and the destination. In some applications (e.g., ATC) an accurate prior density of the destination
state might be available. In some other applications, based on the available information about
the destination, an approximate prior density might be available. An automatic update of the
prior density (to the posterior, a more concentrated density) is desired as more measurements are
received. The impact of destination is the key to DDT modeling. However, the state estimate
over time (especially far from the destination) should not be sensitive to (the mismatch of)
the prior destination density. Also, it is useful to have guidelines for a suitable design of an
approximate prior destination density to decrease the mismatch impact on state estimate near
the destination.

CM7p, sequences provide a general framework for DDT modeling that enjoys the above de-
sirable properties. Some of these properties are about modeling and some others regarding
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filtering/prediction. Therefore, some of them are addressed in this section and others are dis-
cussed in Subsection 7.2.3, after presenting filtering of C'M|, sequences in Subsections 7.2.1 and
7.2.2.

Some desirable properties of C'M}, sequences for DDT modeling are as follows: 1) they
fit well the need to model the main DDT components, 2) they have a Markov-like evolution
law, which is simple and well understood, 3) they include reciprocal sequences as a special
case (Chapter 3), 4) the CMy, dynamic model ((7.6) below) has an appropriate structure for
describing DDT, 5) the C' My, model can systematically model the impact of destination on the
evolution of trajectories (see (7.6) below), 6) the C M, model has white dynamic noise which
is desirable for simplicity, 7) state estimation based on the C' M, model is straightforward, and
8) C'M, sequences (and their dynamic models) can be simply and systematically generalized,
if necessary. Later, we elaborate these and some other properties of C'Mp, sequences for DDT
modeling and prediction.

Here we only briefly compare the structure of our C'My, model and the reciprocal model of
[18] for DDT modeling. The model of [18] has a nearest-neighbor structure (i.e., the current
state depends on the previous state and the next state). As a result, for estimation of the current
state, prior information (density) of the next state is required. However, such information is not
available. Based on our C My model, for estimation of the current state, information about the
last state (destination) is required. For our problem (i.e., trajectory modeling with destination
information) such information is available. Also, dynamic noise of the reciprocal model of [18]
is colored. As a result, state estimation based on that model is not straightforward. However,
dynamic noise of our C'Mp, model is white and its state estimation is straightforward.

7.1.1 CMp Sequences for DDT Modeling

Let the trajectory be modeled as a sequence [xg]. In probability theory, one can interpret
the main elements of a DDT (i.e., an origin, a destination, and motion in between) as fol-
lows. The origin (destination) is modeled by a density function of xy (zx). The relationship
between the origin and the destination is modeled by their joint density, i.e., joint density
of zp and zx. Since the destination (i.e., density of xzy) is (assumed) known, the evolution
law can be modeled as a conditional density (over the space of sample paths) given the state
at destination xy. Different choices of this conditional density correspond to different evolu-
tion laws. The simplest choice is that conditioned on zx the density is equal to the prod-
uct of its marginals: p([zx]) an) = Hff;ol p(zi|lzn). However, this choice is often inade-
quate. Then, the next choice is a conditional density corresponding to the Markov sequence:
p([xr]Y " Han) = plaolen) TTo, p(zx|zr_1, 2y). This is the evolution law of the C' M, sequence
(Chapter 2). The main elements of a C' M}, sequence [xy] are: a joint density of ¢ and zy—in
other words, an initial density and a final density conditioned on the initial, or equivalently, the
other way round—in addition an evolution law, where the evolution law is conditionally Markov
(conditioned on xy). The above argument naturally leads to C M}, sequences for DDT mod-
eling. Following the same argument, we can consider more general and complicated evolution
laws, if necessary. For example, the conditional law (conditioned on xy) can be higher-order
Markov instead of first-order Markov. Therefore, by choosing conditional laws, all DDT can be
modeled.

The C' M}, sequence is studied in more detail below to demonstrate its use for DDT modeling.
In the following, sample path generation of the Markov sequence and the C'Mp sequence is
discussed.

There are many different ways for sample path generation of a stochastic sequence. Let p(+)
and p(:|-) denote any joint and conditional density function, respectively. The causal approach
for sample path generation is based on the following representation

p([zx)) = plan|fzi]y ") - - p(@al2r, mo)p(a1|wo)p(20) (7.1)
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meaning that first z( is generated, and then conditioned on the realization of x¢, 1 is generated,
and so on. For generation of xj, realizations of all the previous states are required. This
approach is causal because the realization of x; does not depend on the realizations of any
future state. Depending on the properties of a sequence, there might be simpler ways for sample
path generation. In the following, Markov sequence sample path generation is discussed. Then,
a simple approach for CMj, sample path generation is presented.

Let [x3] be a Markov sequence. Then, p(zy|[z:]5") = p(x|zr_1). Therefore, the causal
approach of (7.1) leads to a simple way for sample path generation, which can be seen in two
steps: first the initial state is generated from p(xp), then the subsequent states are generated
from the transition density p(zg|zr_1) step by step as follows:

N
p(ler]) = plal 20)p(z0) = ( [T plwilwi) )plao) (7.2)
=1

Corresponding to (7.2), we have model (6.1).

Unlike for the Markov sequence, the causal sample path generation (7.1) does not lead to a
simple way for the C M}, sequence sample path generation. Following (7.1), it can be seen that
the state of a ZMNG CM|, sequence [xy] generally obeys

k—1
T = Z Fk’ixi +dp, ke [1, N] (73)
1=0

where x is uncorrelated with [dy]¥, which is a zero-mean white NG sequence. But this model is
not simple for application. By definition, for a C M, sequence [z], we have p(zy| [xi]lg_l, TN) =
p(zk|rr—1,zN). A simple way for the C' My, sample path generation is as follows: first generate
the endpoint states from their joint density p(zg,zxy), and then generate other states based on
the transition density p(zg|zr—1,2n). For example, we can first generate xy from p(zy) and
then ¢ from p(zo|xy). So, we have

p([zx]) = p([e]) " zn)p(@N) (7.4)
= p([zr]y |0, 2n)p(zolzn )p(zN)
N—-1
= (II plaileis.zn) )plaolen)pan) (75)
=1

It should be noticed that given a joint density of a C My, sequence [zg], (7.1) and (7.5) give the
same set of paths.

Corresponding to (7.5), we have C M, model (2.17) and (2.19) (¢ = N).

For trajectory modeling we need non-zero-mean sequences. A non-zero-mean NG sequence
is C' My, iff its zero-mean part follows a C'Myp model (Chapter 2). Similarly, a non-zero-mean
NG sequence is Markov iff its zero-mean part follows a Markov model. The C'M}, model (and
its boundary condition) of the non-zero-mean Gaussian C' M|, sequences considered in the simu-
lations (for DDT modeling) is as follows. Let ug (un) and Cp (Cn) be the mean and covariance
of the origin (destination) state distribution. Also, let Cp x be the cross-covariance of xy and
zn. We have

= Gpp—12x—1 + Gy vy +eg, ke [l,N —1] (7.6)
TN = puN +en, xo=po+ Gon(zn — pN) + eo (7.7)

where Gon = ConCx', Go = Cov(eg) = Cy — ConCxn (Con)', and Gy = Cov(ey) = Ch.
Parameter design for (7.6) is discussed in Subsection 7.1.2.
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In (7.5) or (7.6), xn is generated before other states. In other words, the last state is gener-
ated first and realizations of other states depend on the realization of the last one. Therefore,
the model is not causal. Is this non-causal model applicable for DDT modeling, filtering, and
prediction in reality? The answer to this question is based on the filter derived for the C M,
sequence in Section 7.2. Therefore, the applicability of model (7.6) is discussed in Subsection
7.2.3. Here we only mention that the non-causal model (7.6) requires information about xy
(i.e., p(xn)), which is available. Therefore, this model is totally applicable.

7.1.2 CM} Model Parameter Design for DDT Modeling

To use the C'M}, model for DDT modeling, we need an approach for its parameter design. Next
we present such an approach.

We show how Theorem 4.1.3 can be used to design parameters of a C'My model for DDT
modeling. DDT can be modeled based on two key assumptions: (i) the moving object follows
a Markov model (7.8) below (e.g., a nearly constant velocity model) without the destination
information (destination density), and (ii) the joint origin and destination density is known
(which can be different from that of the Markov model in (i)). In reality, if the joint density
is not known, an approximate density can be used (the density mismatch impact is studied in
Section 7.4). Now, (by (1)) let [yx] be Markov modeled by

Yo = My p_1yr—1 +enl, ke[l,N], yo=¢e} (7.8)

where [eM] is a zero-mean white NG sequence with covariances Mg, k € [0, N]. Every Markov

sequence is CMp. So, [yx] can be modeled by a C' M, model as
Yk = Grh—1Yk—1 + Genyn + €, ke[l,N —1] (7.9)

where [e]] is a zero-mean white NG sequence with covariances Gy, k € [1, N — 1], G§, G¥;, and
boundary condition

yn =€y, Yo = Gy Nyun +eg (7.10)
We now obtain parameters of (7.9). Based on the Markov property of [yx], we have

P(Yk, Yr—1, YN)
P(Yr—1,YN)
_ p(yrlye-—0)p(yn|yr: yr—1)
p(yn|yk-1)
_ p(yrlye—1)p(yn|ye) (7.11)
p(yn|yk-1) '
= N(yr: G p—1Yk—1 + Genyn; Gr), k€ [1,N —1]

P(Yklyk—1,yn) =

and G -1, Gk N, and G}, are obtained as

Grr—1= Myg—1— G NMyjp M g1 (7.12)
Grn = GeMyCypi (7.13)
Gr= (M + MJ’VWC’&?]CMNW)* (7.14)

where My \y = 1,

My =MyN-1- Mpy1p, ke[l,N—1]
N-1
Cnpk = Z MN\n+1Mn+1M],V|n+1, kell,N—1]

n=~k

P(Yr|ye—1) = N (Y My g—1Y—1, My,)
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and My, ,—1, My, k € [1, N], are parameters of (7.8).
Now, we construct a different sequence [zj] modeled also by (7.9) as

zp = Gpp—1Tk—1 + Gy NN + e, k€ 1, N —1] (7.15)

where [ex] is a zero-mean white NG sequence with covariances G,k € [0, N], and boundary
condition

IN = epn, xozG()’Nl‘N—i-eo (7.16)

but with different parameters of the boundary condition (i.e., (Gn,Gon,Go) # (G?{V,G(‘%’N,
G})). Note that parameters of (7.9) and (7.15) are the same (Gj -1, G N, Gk, k € [1, N —1]),
but parameters of (7.10) (G§ v, G, GYy) and (7.16) (Go,n, Go, Gn) are different. So, [yx] and
[x] are two different sequences. By Theorem 2.2.6, [z] is a ZMNG C M|, sequence.

The sequences [yi] and [zj] have the same CMj model (i.e., (7.15) and (7.9) have the
same parameters Gy x—1,Gi N, Gi, k € [1, N — 1]) or equivalently the same transition density
(7.11) or the same evolution law. But since parameters of the boundary condition (7.16) (i.e.,
(Gn,Go,n,Go)) are arbitrary, [x] can have any joint endpoint density. The two assumptions
((i) and (ii)) above naturally leads to the C'M|, sequence [zj] whose C' My, model is the same
as that of [yx] while the former can model any origin and destination. Model (7.15) with
(7.12)—(7.14) is desired for DDT modeling based on (i) and (ii) above.

The C My, model (7.15) with parameters (7.12)—(7.14) is called the C M}, model induced by
the Markov model (7.8) (or simply the Markov-induced C'My, model) since parameters of the
former are obtained from parameters of the latter (Chapter 4). Such a C'M, model is used in
our simulations presented in Subsection 7.4.

7.2 DDT Filtering

Consider C M, model (7.6)—(7.7) and the measurement model
zi = Hpxp + v, k€ [1,N] (717)

where [vg]} is a zero-mean white Gaussian noise with Cov(vy) = Ry, and uncorrelated with [ey]
in (7.6)—(7.7).

The goal is to obtain the minimum mean square error (MMSE) estimate & = Elxy|2"]
and its mean square error (MSE) matrix given all measurements from the beginning to time &
denoted as zF = {21,22,..., 2}, where z° means no measurement.

We present two formulations of the filter. The first one is simpler, but the second one provides
a better intuitive understanding of the behavior of the DDT filter and its main components.

7.2.1 First Formulation

Let s = [z}, 2y]". Then, (7.6) can be written as
S = Gz,k—lsk—l + 62_1, ke [1, N — 1] (7.18)

where

s | Grg—1 Grn s | er+1 s sy | Gkg1 O
kk—1 — |: 0 I ) € = 0 ) k — COV(Bk) - 0 0

Also, (7.17) is written as

2k = Hgsk 4+, kE€ [I,N — 1] (7.19)
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where H}} = [Hy,0]. Given 59 = E[sg] and g = Cov(sp), based on (7.18) and (7.19), the MMSE
estimator and its MSE matrix are

Sk = Elskl2" = 8pper + Csp 5, C5 (21 — Hidpp—n) (7.20)
Sk = Bl(sk = 8) (55 — 88)'] = Zpp-1 — Cop5,. O (Copn)' (7.21)
where Sgir—1 = G} 18615 Zpje—1 = GF 1 Zk-1(Gh 1) +Giys Cspn = Bpp1 (HR)'s Oz =

HP¥gp—1(HE) + Ry. The estimate of x; and its MSE are
2 = [I,0]8 (7.22)

Given Sy_1 and Xy_1, we have

£N|N—1 == [O,I}gjv_l (724)
Pyiv—1 = [0,]Sx 1[0, )" (7.25)

where Zy_1 is the estimate of zx given all the measurements up to time N —1 and Pyjny_1
is the corresponding MSE matrix. Given zy, we have the update

&N = EnN_1 + CoyenCin (28 — HNEn|N_1) (7.26)
PN = PN|N—1 - C:EN,ZNCZ_NI (CxN,ZN)/ (727)

where CIN,ZN = PN|N—1(HN), and CZN = HNPN|N—1(HN), + R]V
The filter is as follows.

e Initialization

N Ho Co Con
— Z — ’
S0 |: :| 9 0 |: (C()’N), CN :|

e For k€ [I,N —1]:

Skik—1 = Ghp—15k—1

Yh—1 = Gi,quk—l(Gi,kq), + Gi-1
Cs,2 = Skt (Hy)'

C. = HiY k-1 (H})' + Ry,

Sk = Sgjg—1 + CS,zCz_l(zk - Hzék\k—l)
Sk = Sgp-1 — Cs:Co1(Cs2)

Ty = [1,0]3

Py = [I,0]5[L, 0]

e For k= N:
Enn-1=1[0,1]8n-1
Pnin—1 = [0, 1]XN-1[0, 1]
Cx,z = PN\N—I(HN)/
C. = HyPyin-1(HN)' + Ry

&N =dnno1 + Co2Cr ' (2n — HNEn|N_1)
Py = Pyjy—1 — Ce.CoH(Co )
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7.2.2 Second Formulation
The filter is derived based on propagation of posterior density p(xx|z*) over time. For k €
[1, N — 1] we can write

pa] ) = / p(axlzy, 2)p(an|2)dey (7.28)

For calculation of p(zy|z*) based on (7.28), the propagation of p(zx|zn, 2*) and p(xx|2F) (the
key terms of the filter) over time is required.

From the boundary condition of the C'M, model, a prior jointly Gaussian endpoint density
p(zo,xn) with the following mean and covariance is available:

[ Co Con ] [ o ]
(Con) Cn |’ UN

Recursive calculation of p(x|zy, 2F) can be done as follows. We have p(zg|zy) = N (z0; Ho| N
,Soin), where pgy = po + ConCy'(zn — pn) and Sy = Co — ConCy' (Con)'. For the
recursive calculation it is useful to define the following terms Ho|N = bo + Boxn, by = po —
007]\70;11/1]\7, By = 007]\/01?,1, By = 20|N~ Then,

p(zolzn) = N (w0; po|n» Zojn) = N (203 bo + Bown, Bo) (7.29)

Let the conditional density from time k — 1, and the C' My, transition density based on model
(7.6) be given as

plzr_1|zn, 2871 = N(zp_1;bk—1 + Br_12n, Br_1) (7.30)
p(zg|zk—1,2n8) = N(2k; Grp—12k—1 + Gp vz N, Gi) (7.31)

Then, for k € [1, N — 1],

plalan, 21 = / perlze1, an)p(@pilen, 25 )dep1
=N

(2k; Gr g—1bk—1 + Drrn, Sk) (7.32)
where S, = G + Gk,k—l%k—l(Gk,k—l)/ and Dy = G x—1Br—1 +Gr n. By (7.17), we have
p(zklzr) = N (zi; Hyzy, Ry) (7.33)

For k € [1, N — 1],

(zi|zg)p(z|z N, 2871)

p(Zk‘-ﬁN, Zk_l)

plag|zn, 2F) = P = N (zy; by + Bran, Bi)

where

by =G j—1bk—1 + B (Hy) Ry (21, — HG —1bk—1)
By =Gy —1Bx—1 + Grn — Br(Hy) R, ' Hy (G k—1Bi—1 + Gi )
B, =Sk — Sk(Hy)'(Ry, + HSp(Hy)') ' Hy. Sk

So, the propagation of p(xx|zx, 2F) is complete.
The second density p(xx|2*) can be recursively calculated as follows. For the purpose of

recursive calculation it is useful to write p(zy) = N (xn;ag, Ag), where ag = uy and Ag = Cy.
For k € [1, N — 1], we have

p(zilzn, 251 )p(an]2FT)
p(zr]2F—1)

p(xN|zk) = (7.34)
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where from k& — 1 we have
plen|z) = M(en; ap1, Ap1) (7.35)

Also,

perlon, 271 = [ planlonp(ondon, 4 do,
= N<Zk§ Hy (G p—1br—1 + Dran), Ry + Hksk(Hk),) (7.36)

where p(zr|zy, 2571) and p(zi|2r) are available by (7.32) and (7.33), respectively. Then, sub-

stituting (7.35) and (7.36) into (7.34), we get
plan|z") = N(zn; a, Ay) (7.37)
where

ar =ax_1 + Ar(Dy) (Hg) (Rg + HeSk(Hy)") " 2k — HiGrp—1br—1 — HiDyag_1)
Ay =Ap_1 — A1 (Dy) (Hy) (R + HpSk(Hi)' + HiDipAp—1(Dg) (Hp)') ™ Hi Dy A

Thus, the propagation of p(xy|2¥) for k € [1, N — 1] is complete.
Given the key terms p(z|zy, 2¥) and p(zy|2¥), the posterior density p(zy|2*) for k € [1, N —
1] can be calculated by (7.28), which results in

plp|2h) = /N(ﬂﬁk; be + Bran, Br)N (@n; ar, Ap)dzy
= N (x; Bray, + by, B + BpAr(B)')
Then, the MMSE estimate and its MSE matrix are

Ty = Bray + by (7.38)
P, = By, + BrAw(By)’ (7.39)

For k = N, the posterior density is

ny_ Plan|zn)plan|zN 1)
P ) = T )

where p(zy|2V 1) = M(xn;an_1, An_1) is available from time N — 1, and p(zy|zy) is given
by (7.33). Then,

IN =an—1+ PN(HN)/R]_VI(ZN — Hyan—1)
Py =An_1— Ay 1(HN) (Ry + HyAn_1(Hy) ) " HyAn 4
The filter is as follows.

e Initialization:

bo =po — ConCn iin

By =Co nCy*
By =Co — ConCy' (Con)
To =ap = uN
Py=Ap=Cn
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e For ke [1,N —1]:

Sk =Gg + G —1Bk—1(Grr—1)
By, =Sk — Sk(Hy)' (Ri + HpSk(Hi)') ™ Hi Sk
be =Grp—1be—1 + Br(Hy) Ry (21 — HpGrp—1bk—1)
By =Gy k-1Bk—1 + Grn — Bi(Hy) Ry, Hi (G p—1Bk—1 + G n)
Dy =Gg g—1Br—1 + Gi.n
Ap =Ap_1 — Ap—1(Dy) (Hy) (Ry, + HSi(Hy,)' + HyDgAp—1(Dy) (Hg)' ) Hy D Ag—1
ar =ap_1 + Ay(Dg) (Hg) (Ri + HypSp(Hy)) 7 (21, — HyGrop—1bk—1 — HyDgag_1)
P, =B, + BpAp(Bi)
Ty =Brap + by

e For k= N:

“1
Py =An_1 — AN—I(HN)/(RN + HNAN—I(HN)/> HNnANn_

Ty =an_1+ PN(HN)/R]_Vl (ZN - HNaNfl)

7.2.3 Discussion
The CM; Sequence For DDT Modeling

Consider a flight from an origin to a destination. Let the trajectories of the flight be modeled by
sample paths of a C'M|, sequence [x]. In other words, it is assumed that the flight follows the
CM, sequence [xg]. Although we don’t know which C'My, sample path the flight is following,
at every time a measurement of the state of the flight is available. The goal is to obtain an
estimate of the state (and then obtain a predicted state) by processing the measurements. (7.6)
is non-causal, but our filter (7.38)—(7.39) still works in a causal way because it uses only causal
(statistical) information. Therefore, there is no problem regarding the applicability of the C' M,
model due to its non-casuality. If the exact density is not available, an approximate one can be
used. The mismatch impact is studied in Subsection 7.4.

By (7.4), first, xy is generated from p(xy). Then, conditioned on the realization of zy,
other states are realized. Given x, one can intuitively interpret C' M sample path generation
as the realization of one of the sample paths going through the given x. This approach of path
generation helps to understand the behavior of the filter based on (7.28). In (7.28), p(xx|2*) is
a weighted sum of p(zx|zy, 2¥), where the weights are proportional to the posterior destination
density p(zy|2z¥). As measurements are received over time, the posterior destination density is
updated. In other words, the uncertainty about the state xy reduces. Also, for every value of
ry, the conditional density p(z|zy, 2*) is propagated over time. Thus, as p(zy|z¥) gets more
concentrated, higher weights are given to conditional densities p(zy |z, 2¥) with more likely z
(according to p(zn|z¥)). It means the conditional densities p(zx|zxn, 2¥) with more likely zy
play more important roles in determination of p(xk]zk). The above explanation, based on the
second formulation of the filter (Subsection 7.2.2), shows that the behavior of a DDT filter is
quite intuitive.

An essential part of the filter is the update of destination density p(zx|2*) (Subsection
7.2.2). As measurements are received over time, the posterior destination density becomes
more concentrated. The (assumed) known prior destination density p(xy) is not necessarily
accurate. If not known, an approximate (mismatched) prior destination density can be used.
Given the C' M}, model, the destination density is updated as measurements are received. It can
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be seen in the simulations (Section 7.4) that the impact of the destination density mismatch
on state estimates far from the destination is negligible. Also, by an appropriate design of the
approximate prior destination density, this mismatch impact can be reduced for estimates of
the states close to the destination (Section 7.4).

Reciprocal CM; Model vs. Reciprocal Model of [18] for Estimation

Recursive estimation of a reciprocal sequence based on the reciprocal C'Mj model and the
reciprocal model of [18] was discussed in Subsection 3.1.3. It was shown that the reciprocal
C'M;, model gives a much simpler recursive estimator. In addition, we emphasize that the
structure of the reciprocal C My, model fits DDT much better than the reciprocal model of [18].
Because the former can directly model/incorporate destination density (due to the term zy in
(2.17)), but the latter is difficult to incorporate such information (due to the nearest neighbor
structure of (6.9)).

Markov Model vs. Reciprocal CM; Model for Estimation

By Theorem 3.1.17, given a reciprocal C' M, model, there exist boundary conditions that lead
to Markov sequences. So, such a Markov sequence can be modeled by a Markov model (7.8) or a
reciprocal C' My, model (Chapter 3, Chapter 6). The C M, filter (Subsection 7.2.1 or Subsection
7.2.2) is MMSE optimal. For a Markov sequence, one can also derive the MMSE optimal filter
based on the Markov model. Therefore, for a Markov sequence both these filters calculate the
conditional mean E[x;|2¥] and are actually the same.

7.3 DDT Prediction

Given a C'M; model and measurements up to time k, the trajectory can be predicted. Let
[zx] be a C My, sequence modeled by (7.18). Assume that the output of the filter p(si|z*) =
N (sg; 8k, 2k) at time k is available (Subsection 7.2.1). The predicted density at time k +n €
k+1,N —1]is (s = [z}, zy])

P(spsnl2") = / DSkl 51)p(s51 7 s (7.40)

where the second term of the integrand is the output of the filter (7.20)—(7.21) at time k, and
the first term is determined by (7.18). For k +n € [k + 1, N — 1], the predicted state and its
MSE matrix are obtained as

Shtnlk = Kirne T Grpnp 26 (Grpnpe) (7.42)
where
z—&-n\k = Gern,kJrnfleJrnfl,kJran T Gerl,k? GZ|I<: =1,Vk (743)
k4+n—1
Khynlk = Z G2+n|i+1Gf(GZ+n\i+1)/ (7.44)
i=k

Then, the predicted xy., and its MSE matrix are

Pe e = 1,01k el 1,0) (7.46)
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Also,

e = (0,13, (7.47)
Py = [0, 71540, 1) (7.48)

The predictor is as follows:

e 5, and X are available by the filter.

e For k+nelk+1,N—1]

Sktnlk = Ghyn|iSk

Stk = Kinle + G 2k (Grpn)
Epine = [1, 018k 4nik

Pyt = [1, 0185 pie[ 1, 0]

e For k+n=N:

Enpke = [0, I]3

It is desirable to compare trajectory prediction formulations obtained with and without
incorporating destination information. To do so, we compare trajectory predictors obtained
based on a Markov model and on the Markov-induced C' M1, model (Theorem 4.1.3). In addition
to the above formulation, we present an alternative formulation for DDT prediction for the
Markov-induced C'M, model. This formulation is particularly useful for comparing trajectory
predictors with and without destination information. For simplicity, we assume a time-invariant
Markov model (7.8) (i.e., My 1 = F and M}, = Q) of [yz]. We have

PWrtnlye) = N Wktn: F"Yks Crtnlic)
PYUN[Ykn) = N (s FN =y Onppegn)

where for k+n € [k+1,N — 1], Chpnp = Sotmg FIQF'Y, Cnjprn = Sorg™ " FIQ(FY). By
the Markov property, for the transition density we have

PUYk4n Yk )P\YN |Yk4-n ) Yk
P(hsnlye yy) = LW l90PONYiin, 1)

p(yn|yk)
p(ynlyk)
= N Ykt Wran kU + Uktn kYN Whesn k) (7.50)
where

Wk+n,n =F" - Uk+n,nFN_k (751)
Uk+n,n :Wk+n\k(FN_(k+n)),C;]|lk+n (7'52)

Witnlk =Chinfk — Chpnp(FN~FY (Cnpgnt
FN—(/C-i-TL) Ck—&-n‘k (FN—(k+n) )/)—1FN—(k+n) Ck+n|k (753)
Ek:—&—n\k :[Wk‘-l—n,na Uk—i—n,n] (754)
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Let h(Yk+n, Yk, YN) = P(Yk+n|Yk, yn). For the transition density of the Markov-induced C' M7,
model of [z}], we have! (Appendix D)

P(Thtn|Ths TN) = W(Thtn, Ty TN) (7.55)

For trajectory prediction, we can write (s = [z}, 2y]")

P snl2*) = / Pl 5)p(5512 s (7.56)

Using (7.55) in (7.56), the trajectory predictor based on the Markov-induced C'M model is,
fork+nelk+1,N—1],

Lhinjk = Ekgn|kSk (7.57)
Prsnie = Wil + Ersnp Xk (Brgnii) (7.58)

with (7.51)—(7.54), and for k +n = N we have (7.47)—(7.48).
The predictor is as follows:

e 3; and X are available by the filter.
e For k+nelk+1,N—1]:

Thsnlk = Egn)udk
!
Proinlt = Wil + Ergn e Xk (Egnjk)

e For k+n=N:

Enpke = [0, I]3k

The trajectory predictor based on Markov model (7.8) of a Markov sequence [y] is obtained
by

P(Yrrn|2) = / P(Yretn|y )0 (k|27 dys

where the second term of the integrand is available from the filter and the first term is determined
by the Markov model. Then, for My ;1 = F and M} = @, the predicted y;, and its MSE
matrix are

Jksnik = F" Gk (7.59)
Ptk = Crpnjpe + F" Pe(F™) (7.60)

where 75, and Py are provided by the corresponding filter (the filter derived based on the Markov
model).

It is useful to compare the DDT predictor (7.57)—(7.58) with the trajectory predictor (7.59)—
(7.60).

!Note that with an abuse of notation, p(yxin|yx,yn) means transition density of [yx] and p(xkin|zr, 2n)
transition density of [zy].
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7.4 Simulations

Performance of the C'M}, sequence in DDT modeling was evaluated via simulations. Four exam-
ples were considered to study the following topics: trajectories in different scenarios, filtering,
destination density update, and trajectory prediction. Then, an example is presented to demon-
strate an application of a singular C'M[, sequence in trajectory modeling.

Consider a two-dimensional scenario, where the state of a moving object at time k is
zr = [X,X,Y,y], with position [x,y]’ and velocity [x,y]’. Mean and covariance of the origin
(destination) are denoted by po and Cy (uny and Cy). The cross-covariance between them is
denoted by Cp n. To compare performance of the C'M; modeling with that of the Markov
modeling for trajectories, we considered a Markov-induced C My, model (Theorem 4.1.3). For
the corresponding Markov model (7.8), for every k € [1, N], we have

My 1 = F = diag(F1, F1), = [ (1) ? } (7.61)
3 2
My = Q = diag(Q1,Q1), Q1=¢ [ ;zg TT/2 ] (7.62)

where T' = 15 second (sampling interval between k& — 1 and k), ¢ = 0.01, and N = 100.

In simulations we considered the Markov model y, = My p_1yp—1 + e{y, eé\/[ ~ N(0, My),
k € [1,N], yo = e}, with the above parameters, where e}/ ~ N (uo,Cp). Also, we considered
the Markov-induced C' M}, model

T = G r—1Tk—1 + Ge,NTN + € (7.63)
To = o + C(),NC;[I (xn — puN) + €eo (7.64)
TN = PN tEN (7.65)

where e, ~ N(0,Gg), k € [I,N — 1], ex ~ N(0,Cn), €9 ~ N(0,Cy — CO’NC]QIC(S’N), and
parameters of (7.63) are given by (7.12)—(7.14) as

Gri_1=F — Gy yFNF+1 (7.66)
GrN = Gk(FN"“)’C;”lk (7.67)
Gr = (Q '+ (PN ) Oy Mt (7.68)

=Q— QFN M (Cnpp + FNTFQFNFY)TIFNTRQ

where Cj, = SN PN=n=1Q(FN-"=1) The time duration is the same [0, N] in all scenarios.
Example 7.4.1. In this example, trajectories generated by the above Markov-induced C' M,
model were studied. Different scenarios were considered.

e Scenario 1: Let the means and the covariances of the origin and the destination densities
be given by (7.69)—(7.72). Fig. 7.1 shows some C'M|, trajectories from the origin to the
destination, generated by the Markov-induced C My model. To compare the two models
(the Markov model and the Markov-induced C' My, model), we plot the trajectories of
Fig. 7.1 (solid lines) and those of the Markov sequence (dash lines) in Fig.7.2. Both
sequences model the origin well. Also, near the origin their difference is small. However,
later their difference grows. This is due to the poor performance of the Markov model
in incorporating the destination information. Also, Figs. 7.3 and 7.4 show the z and y
components of the velocity for Markov (50 dash lines) and C' M, (50 solid lines) sequences.
For clarity, Fig. 7.5 also shows y-velocity for the C My, sequence separately. Variations
of velocity components are intuitive by comparing Markov and C' M, trajectories in Figs.
7.3 and 7.4. The z-position mean of the destination is 130000 while the z-position at
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Trajectories

3000

2500

2000

1500

1000 . - .
0 2 4 6 8 10 12 14
x (m) %104

Figure 7.1: C'M|, trajectories from an origin to a destination (Example 1, Scenario 1).

the end of Markov trajectories is around 110000. The z-velocity means at the origin
and the destination are the same. So, the z-velocity for the C'M sequence should be
greater than that of the Markov sequence on the way (Fig. 7.3) to satisfy the z-position
at the destination. Note that the x-velocity for the Markov sequence does not change
much overall. Also, note that both sequences have the same time duration [0, N]. The
y-velocity means of the origin and destination densities are the same. But the y-position
means of the origin (5000) is larger than that of the destination (2000). So, the y-velocity
of the C'Mj, sequence slightly decreases on the way (Fig. 7.4).

110 = [2000, 70, 5000, 0’ (7.69)
Co = Cn = diag(A4, A) (7.70)
sun = [130000, 70, 2000, 0) (7.71)
Co,n = diag(B, B) (7.72)

1000 40 800 20
A_[ 40 10]’ B_[20 7}

e Scenario 2: Let the means and the covariances be given by (7.69)—(7.72), except uy =
[80000, 70,2000, 0]. Fig. 7.6 shows some trajectories of the C' My and Markov sequences.
Similar to the scenario 1, variations of velocity components are intuitive by comparing
Markov and C'M7, trajectories in Figs. 7.7 and 7.8. The z-position mean of the destination
is 80000 while the x-position at the end of Markov trajectories is around 110000. The
z-velocity means at the origin and the destination are the same. So, the z-velocity for
the C'M|, sequence should be smaller than that of the Markov sequence on the way (Fig.
7.7) to satisfy the xz-position at the destination. Note that the xz-velocity for the Markov
sequence does not change much overall; also, the time duration for both sequences is the
same [0, N]. It is meaningful to compare the z-velocity in Figs. 7.3 and 7.7. The variations
of y-velocities are similar in Figs. 7.4 and 7.8.

e Scenario 3: Let the means and the covariances be given by (7.69)—(7.72), except up =
[2000, 70,5000, 10] and pux = [130000, 70,2000, —10]. Trajectories of the corresponding
C M7y, sequence are shown in Fig. 7.9. Fig. 7.10 shows trajectories of the Markov and the
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Trajectories
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Figure 7.2: C' M}, (solid lines) and Markov (dash lines) trajectories (Example 1, Scenario 1).

x component of velocity

Velocity (m/s)

Discrete-time
Figure 7.3: a-velocity for C My, and Markov trajectories (Example 1, Scenario 1).

y component of velocity
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Figure 7.4: y-velocity for C M and Markov trajectories (Example 1, Scenario 1).
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y component of velocity
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Figure 7.5: y-velocity for C M, trajectories (Example 1, Scenario 1).

4 Trajectories
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Figure 7.6: C' M, and Markov trajectories (Example 1, Scenario 2).
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Figure 7.7: z-velocity for C M and Markov trajectories (Example 1, Scenario 2).
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Figure 7.8: y-velocity for C My, and Markov trajectories (Example 1, Scenario 2).
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Figure 7.9: C'M|, trajectories from an origin to a destination (Example 1, Scenario 3).

CM7p, sequence. The variations of the z and y components of the velocity in Figs. 7.11
and 7.12 are intuitive based on the origin and destination means of position and velocity.

e Scenario 4: Let the means and the covariances be given by (7.69)—(7.72), except py =
[2000, 70,5000, 10] and pn = [130000, 70,2000, 10]. Trajectories of the C'M}, sequence are
shown in Fig 7.13.

e Scenario 5: Let the means and the covariances be given by (7.69)-(7.72), except o =
[2000, 70,5000, 10] and py = [130000, 70,2000, 0]. Trajectories of the C' M|, sequence are
shown in Fig 7.14.

Example 7.4.1 shows how the C'M}, sequence can model trajectories taking the origin and
the destination information into account.

In the ATC application, the origin and the destination of a flight are two airports. So,
the origin and the destination densities are often available. However, in other applications the
exact origin and destination densities are not necessarily available. Thus, in the following, some
mismatched cases are considered. The matched case (i.e., the true po, Co, pn, Cn, and Co n
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Figure 7.10: C' M}, and Markov trajectories (Example 1, Scenario 3).
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Figure 7.11: z-velocity for C My, and Markov trajectories (Example 1, Scenario 3).
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Figure 7.12: y-velocity for C' My, and Markov trajectories (Example 1, Scenario 3).
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Figure 7.13: C M, trajectories from an origin to a destination (Example 1, Scenario 4).
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Figure 7.14: C M, trajectories from an origin to a destination (Example 1, Scenario 5).
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are given by (7.69)—(7.72)) is considered as case (i). The mismatched cases are:
e Case (ii): (7.70), (7.72), and

110 = [2300, 60, 5300, 10]’ (7.73)
fn = [130300, 60, 2300, 10]' (7.74)

e Case (iii):

1o = [2300, 60, 5300, 10]’ (7.75)
Cp = Cy = diag(10000, 100, 10000, 100) (7.76)
1 = [130300, 60, 2300, 10]' (7.77)
Co.n = diag(7000, 60, 7000, 60) (7.78)
e Case (iv): (7.75), (7.77), and
Co = Cy = diag(100,1,100, 1) (7.79)
Co.n = diag(90,0.8,90,0.8) (7.80)
e Case (v): (7.69), (7.71), and
Co = Cy = diag(10000, 100, 10000, 100) (7.81)
Co,n = diag(7000, 60, 7000, 60) (7.82)

Example 7.4.2. Filtering performance is studied. The true trajectories were generated
by the Markov-induced C'M}, model (case (i)). Since the Markov sequence is a special C' My,
sequence, this approach for generation of true trajectories is totally fair for both C'Mp and
Markov models (see Subsection 7.2.3 about a Markov model vs. a reciprocal C'My, model for
estimation). The measurement model is given by (7.17), where

100 0
H’“‘[0010}

Ry, = diag(100, 100)

Figs. 7.15 and 7.16 show the logarithm of the average Euclidean error (AEE) [93] of the
position (AEEi| ) and the velocity (AEE} ;) estimates based on the C'My, model and the Markov
model using measurements up to time k. The AEE of the position and velocity estimates are

given by

M
1 B Al D) A
AEEp, =7 > \/(Xl(c) - Xl(c\)k)2 +(yy) - y1(€|)k)2
i—1

M
. 1 SORRYC LG) a6
AEEL, =77 > \/(Xl(c) - Xl(c\)k)Q + ) - yl(c|)k)2
=1

where [x](f),y,(f)]’ and [x,i“,y,@]' are the true position and velocity at time k& on the ith Monte
Carlo run, [i](ﬁl)k,k,(;l)k]’ and [i,(j‘)k,&,(jl)k]’ their estimates using measurements up to time k, and
M = 1000 is the number of Monte Carlo runs. The results of the CM;, model for all different
mismatched endpoints are shown (Figs. 7.15 and 7.16). However, for the Markov model only
the result of the matched case (i.e., case (i)) is presented. In case (ii), the mismatched means of

the origin and destination densities lead to some bias in the C'M;, model. This is the reason for
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Figure 7.15: AEE of position estimate (AEEZ| ;) (Example 2).

estimation performance degradation near the origin and especially near the destination in case
(ii). However, the mismatch impact is not significant far from the origin and the destination,
which is intuitive. By an appropriate (large enough) choice of the origin and the destination
covariances, the impact of mismatched means can be compensated as it is seen in case (iii).
An inappropriate (too small) choice of the origin and the destination covariances can make the
impact of mismatched means even worse (case (iv)). On the other hand, the impact of large
covariances of the origin and the destination is not that serious (case (v)). The differences in
estimation performance in case (i), case (iii), and case (v) are not significant. So, if the origin
or the destination mean mismatch is likely in a scenario, one should design the covariances
accordingly to compensate the model bias. Note that estimation performance based on the
Markov model can be much worse than that of Figs. 7.15 and 7.16 for other scenarios presented
in Figs. 7.9, 7.13, 7.14.

Example 7.4.3. Destination density update is an important part of the filter for the C'Mp,
sequence (Section 7.2.2). In other words, estimation of xy plays an important role in filtering
and prediction. Dynamic and measurement models are the same as the above. The AEE of the

(prediction) estimates of the position and velocity components of xy given measurement up to
time k are given by

M
1 D) G D) A
ABR =0 0[] =07+ 68 -
i=1

M
v 1 (@) 2 YORRIG
AEER, =M Z \/(ng) - XEV)|k)2 + (yj(v) - ygv)\k)Q
i=1

where [xg\lf), yg\z,)]’ and [)'(5\1,), y}@)]' are the true position and velocity at time N on the ith Monte
Carlo run, [i%)lk,f/%)‘ ) and [igff)' k,}?/g\l,) .)/ their estimates using measurements up to time &, and
M = 1000 is the number of Monte Carlo runs.

Figs. 7.17 and 7.18 show how the predicted xy in case (i) gets better as more measurements
are received especially near the destination. The mismatched means (model bias) in case (ii)
degrade the estimation performance. Appropriate choices of the covariances in case (iii) enhance
the performance while inappropriate choices of the covariances in case (iv) make the bias impact
worse. It demonstrates the importance of appropriate choices of the origin and destination
covariances in the presence of mismatched means.
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Figure 7.16: AEE of velocity estimate (AEE} ;) (Example 2).

Due to the mismatched endpoint densities, the predicted z can deteriorate over time. It
can be verified as follows. Based on a C'My, model (7.6) we can write xy = Axxo + Brzy + i,
k € [1,N — 1], where A and Bj are some matrices, and r is a linear function of the C'Mjp,
dynamic noise. Also, from (7.7) we have 2o = po+Go n(x N —pn)+e€o. For example, assume the
means of the origin (1) and the destination (uy) are mismatched. We have pg = pf™¢+ fip and
pun = pie + iy, where fip and fip are mismatch terms. Using the above formulas for zj and o,
we can write the measurement at time k (i.e., (7.17)) in terms of x as zx, = Lyzn +di +bg +wy,
where Lj, is a matrix, dj, is a linear function of pf ¢ and pi“¢, wy is a linear function of the
measurement noise and the C My, dynamic noise, and by, is a bias term due to mismatched means
(i.e., bx is a function of the mismatch terms figp and fiy). It can be seen that depending on the
bias at different times, the predicted xy can deteriorate over time occasionally (Fig. 7.18).

Example 7.4.4. Trajectory prediction is studied in this example. Dynamic and measure-
ment models are the same as in the above. C'Mp, trajectory prediction is possible based on
(7.45)—(7.46) or (7.57)—(7.58) for k+n € [k +1, N — 1], and (7.47)—(7.48) for k+n = N. It is
assumed that the measurements are available up to time k = 9, based on which the filter’s out-
put is available. Fig. 7.19 shows the logarithm of the AEE of the position prediction obtained
based on the C M}, model and the Markov model. The AEE of the position prediction is

M
1 (i NO! i NG
AEEp o = i E \/(inn - X§€+n\k)2 + (yl(cj-n - y/’(cJ)rnI/’f)2
i=1

where [xl(fin,y,(ﬁn]’ is the true position at k +n (k +n = 10,...,100) on the ith Monte Carlo

run, [ilgz}rn| k,y,(jin'k]’ is its prediction using measurements up to time k£ = 9, and M = 1000
is the number of Monte Carlo runs. Results of the CM; model in all different mismatched

endpoints are shown. However, for the Markov model only the result of case (i) is shown. The

AEE? Mark
ratio of ABES,; of the Markov model to AEE? of the C'M;, model % is 545.75,

AEEII?OO 9

which is huge. Performance of the Markov model in other cases is close to ‘case (i) or worse.
Fig. 7.19 shows that the origin and destination mismatched means degrade the prediction
performance in case (ii). Prediction performance in case (ii) and case (iii) are close. However,
an appropriate (large enough) covariance of the destination can compensate a large bias due to

a highly mismatched destination mean. An inappropriate (small) covariance of the destination
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Figure 7.19: Log of AEE of position prediction (log;o(AEEg,9)) (Example 4).

can make the bias impact (case (ii)) even worse (case (iv)). Prediction performance in case (v)
is better than in case (ii) especially near the destination.

Example 7.4.5. In the previous examples, we used a NG CM} sequence to model tra-
jectories between an origin and a destination. Now assume the destination (the position) is
completely known (i.e., position components of the state of the sequence at destination are
almost surely constant, which means the sequence is singular). The means and the covariances
of the origin and the destination are

110 = [2000, 5, 2000, 20]’ (7.83)

Co = diag(A4, A) (7.84)
100000 40

A= [ 0 10 } (7.85)

pun = [15000, 5,2000, —20] (7.86)

Cy = diag(0,1,0,1) (7.87)

CO’N = diag(O, 2, O, 2) (788)

The Markov model used in this example is the same as in the above examples with g
and Cy given by (7.83)—(7.84). The Markov-induced C'M|, model is the same as in the above
examples, where the boundary condition is 29 = o+ Co N (Cn) T (2N — pun) +eo, €0 ~ N(0,Co—
CQN(C'N)“LC(’),N), and xy = uy +en, ey = [0,,0, 8], a ~ N(0,1), 8 ~ N(0,1), where o and
B are independent. Also, o, Co, un, Cn, and Cp n are given by (7.83)—(7.88).

Fig. 7.20 shows trajectories generated by the C'My model. To demonstrate the behavior
of the C My, model induced by the Markov model, Fig. 7.21 shows trajectories generated by
the C' M, model (50 solid lines) and the Markov model (50 dash lines). Also, Figs. 7.22 and
7.23 show the x and y components of the velocity for trajectories of both models. It can be
seen how the velocity components for the C' M}, sequence variations to satisfy the origin and the
destination densities. This example demonstrates an application of a singular C M}, sequence
for DDT modeling.

[84] presented a CM sequence for modeling trajectories with waypoints and destination in-
formation.
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Figure 7.20: C'M], trajectories from an origin to a destination (Example 5).
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Figure 7.22: z-velocity for C M and Markov trajectories (Example 5).
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Figure 7.23: y-velocity for C My, and Markov trajectories (Example 5).
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Chapter 8

Conclusions and Future Work

We have developed a large class of stochastic sequences, called conditionally Markov (CM)
sequences, and have demonstrated its power in theory and application. There are a wide variety
of CM sequences useful for problem modeling. We have studied various Gaussian CM classes,
obtained their dynamic models and characterizations, studied the relationships between their
models, and pointed out their applications (Chapters 2-6). Chapters 2-6 have provided required
models and tools for application of CM sequences. We highlight some of the obtained results.

e Nonsingular Gaussian (NG) C'M, sequences have a simple Markov-like recursive dynamic
model in the state space with white dynamic noise ((2.17) along with (2.18) or (2.19)).
The two boundary conditions (2.18) and (2.19) are equivalent. One can be more suitable
than the other for a problem. (5.1) along with (5.2) or (5.3) is the extension of the above
CM, model to the general singular/nonsingular Gaussian sequences, where there is no
nonsingularity condition on the covariances of the dynamic noise and the boundary values
(i.e., [ex]). There is no condition on the parameters of the C'M, model ((5.1) along with
(5.2) or (5.3)) and the model is well-posed for any value of its parameters.

e Inverse of the covariance matrix of the NG C'M, sequence has a special structure (which
differs from that of the NG Markov sequence only in the first/last row and column)
that characterizes the sequence (Chapter 2). These characterizations clearly reveal the
relationship between Markov, reciprocal, and C'M. sequences, i.e., a Markov sequence
is a special reciprocal sequence, and a reciprocal sequence is a special C M, sequence.
These characterizations are also useful to obtain a reciprocal dynamic model from the
CM viewpoint (Chapter 3). A more general characterization is in terms of the covariance
function of the C' M, sequence that characterizes the general singular /nonsingular Gaussian
C'M. sequence (Chapter 5).

e We initiated the CM viewpoint to study reciprocal processes. CM processes provide an
insightful and fruitful viewpoint for studying reciprocal processes. For example, a NG
sequence is reciprocal if and only if (iff) it is both C M}, and CMF, i.e., the NG reciprocal
sequence is equivalent to the intersection of the NG C' My, sequence and the NG CMp
sequence. This relationship simplifies studying the NG reciprocal sequence by studying
the NG CMj, sequence and the NG CMp sequence. For example, this idea leads to
a reciprocal C My, /C Mg dynamic model with white dynamic noise being easy to apply
(Chapter 3). A full spectrum of characterizations and dynamic models from a NG CM class
to the NG reciprocal class provides more insight into these classes (Chapter 3, Chapter
4).

e The evolution of a Markov sequence can be modeled by a C'M;, model. Correspondingly,
a Markov model can induce a C My, model that is actually a reciprocal C'My, model. Also,
every reciprocal C M7 model can be induced by a Markov model. This is particularly
useful for parameter design of a reciprocal C'My, model based on those of a Markov model
since one usually has an intuitive understanding of the Markov model (Chapter 4).
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e By definition, a C'M,. sequence is obtained based on combining the Markov property and
conditioning. Every Gaussian C'M, sequence can be decomposed to a Gauss-Markov
sequence and an independent Gaussian vector as the conditioning state (i.e., sum of a
Gauss-Markov sequence and an independent Gaussian vector). Also, a sum of a Gauss-
Markov sequence and an independent Gaussian vector gives a C'M, sequence, where the
independent vector is the conditioning state. This is particularly useful for design of a
C' M, sequence/model in application based on a Gauss-Markov sequence/model and an
independent Gaussian vector (Chapter 4). Also, it makes the key fact about the C'M,
sequence clear (i.e., the Markov property and the conditioning state).

e Singular CM (including reciprocal) sequences are desired for modeling some problems. For
example, a singular C'M7, sequence is desired for destination-directed trajectory modeling,
where some components of the state at the destination are known (e.g., the destination
position is (almost surely) constant). Our C'M,. dynamic model works for both singular
and nonsingular Gaussian sequences (Chapter 2, Chapter 5). The well-posedness of the
reciprocal model presented in [18] is guaranteed by the nonsingularity of its sequence.
This is why it has not been possible to generalize the model of [18] to the general singu-
lar /nonsingular case even after decades. However, from the CM viewpoint we have ob-
tained a reciprocal C'M, model for the general singular/nonsingular Gaussian case. This
demonstrates the significance of studying reciprocal sequences from the CM viewpoint.

e A CM (including Markov and reciprocal) sequence can be described by different models.
For example, a reciprocal sequence can be modeled by a reciprocal model of [18], a (for-
ward/backward) C' My, model, or a (forward/backward) CMp model. These models are
equivalent, but one can be more suitable than the other for a given problem. We defined
two notions of equivalency for models: algebraic and probabilistic. Then, we presented
a unified approach based on which given a model of a NG C'M, sequence, other (alge-
braically) equivalent models can be obtained. As a special case, given a forward Markov
model, the presented approach gives an (algebraically) equivalent backward Markov model
regardless of the singularity /nonsingularity of the Markov transition matrix. This makes
it possible to check the required condition for two-filter smoothing for a Markov model
with a singular transition matrix, which has not been possible before.

By definition, a process is Markov iff given the state at any time, the states before and
after that are independent. A process is reciprocal iff given the states at any two times, the
states between two times are independent of the states outside. The reciprocal process is a
generalization of the Markov process. However, according to the definition and the properties
of the reciprocal process, it can be seen that it is a complicated generalization of the Markov
process. The CM process is a simpler and more flexible generalization of the Markov process
based on conditioning. It has several classes and includes the reciprocal process as a special
case. The CM process is a more powerful generalization of the Markov process for problem
modeling.

In Chapters 2-6, we have provided required tools for application of CM sequences and have
pointed out such applications. Then, as an example, we have elaborated an application of one
CM class (i.e., CMy) to destination-directed trajectory modeling in Chapter 7. In the following,
we discuss some directions and ideas for future research in application of CM sequences.

As it can be seen from the results of Chapter 7, the impact of destination is significant on the
behavior of trajectories when they are close to the destination, which is intuitive. Depending on
different factors (e.g., sampling interval) the impact of destination can be small on the behavior
of trajectories when they are far from it. Destination impact on the local (small scale) behavior
of trajectories when they are far from the destination can be tiny, but on the global (large scale)
behavior can be significant. Accordingly, we can consider different modeling scales. One for the
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local scale and the other for the global scale (this is somewhat similar to the idea of “meta-level
tracking” [42]). In the former we can use the existing dynamic models/filters (without the
destination notion) and in the latter we can use a C' M}, dynamic model and the corresponding
filter, where the two scales are connected. A good design of the two scales is based on the
impact of the destination. The impact is negligible in one and significant in the other. Also,
the two scales can change over time and can be even merged when trajectories are close to the
destination.

Reciprocal C' My, models can be induced by a Markov model (Theorem 4.1.3). Their pa-
rameters can be designed based on those of the Markov model (Chapter 4). However, not all
CMp, models can be induced by a Markov model. Therefore, Theorem 4.1.3 can not be used
for parameter design of all C' My, models. The Markov-based representation of C M}, sequences
(Proposition 4.2.1 and Proposition 5.3.3) makes key components of the Gaussian C' M|, sequence
clear: a Gauss-Markov sequence and an independent Gaussian vector. The result of that propo-
sition is necessary and sufficient for a Gaussian sequence to be CMp. It means that every
Gaussian C'M|, sequence can be constructed based on (4.38). Also, the superimposition of ev-
ery Gauss-Markov sequence and an independent Gaussian vector (based on (4.38)) gives a C M,
sequence. On the other hand, in Chapter 7 we showed that C'M| sequences naturally model
destination-directed trajectories. So, Proposition 4.2.1 is particularly useful for constructing
a C'My, model for destination-directed trajectories. Superimposition of every Gauss-Markov
sequence and an independent Gaussian vector models some trajectories from an origin to a des-
tination. But it is desired to choose a Gauss-Markov sequence (called the underlying Markov
sequence of a C'M|, sequence (Definition 4.2.7)), an independent Gaussian vector, and appropri-
ate coefficients (of the independent Gaussian vector in (4.38)) that lead to desired trajectories
from the origin to the destination.

In Chapter 7, we showed that destination-directed trajectories can be naturally modeled by
C M7y, sequences (Section 7.1.1). Modeling the evolution law by a Markov conditional density
(conditioned on the last state), the resultant sequence is a C' M|, sequence that naturally models
destination-directed trajectories. Instead of a Markov conditional density, we can consider more
general and complicated conditional densities, for example, a higher-order Markov conditional
density, to model the evolution law. Then, the resultant sequence is a higher-order C'M,
sequence, i.e., a CMp, sequence with a higher-order Markov property. Application of such C My,
sequences in destination-directed trajectory modeling can be further studied.

CM sequences belonging to more than one CM class are useful in application. For example,
reciprocal sequences, which have been used in various applications (Chapter 3-4), belong to
several CM classes. Another example of CM sequences belonging to more than one CM class
is CMp, N [0, ka]-C M, sequences. An application of such sequences in trajectory modeling
with a waypoint and a destination was pointed out in Chapter 4, where a dynamic model of
C MN[0, ko]-C My, sequences was also obtained. Details of an application of C'MpN|0, ko]-C M7,
sequences in trajectory modeling with a waypoint and a destination can be further studied.

In Chapter 7, we modeled the destination-directed trajectory of a single target by a C'Mp,
sequence. We can also study a multi-target scenario, where information about destinations of
targets is available. A C'M}, dynamic model can be used for trajectory modeling of each target.
By incorporating destination information, a C'Mj, model can improve data association. Also, a
CMp, model can be used in the PHD filter framework for multi-target tracking with destination
information. In addition, trajectory prediction based on a C'My model can be used for the
purpose of conflict detection in air traffic control. So, there are several directions for application
of CM models in multi-target problems.

The idea of using C M|, sequences for trajectory modeling with destination information can
be generalized to other problems using CM sequences. Note the critical role of a destination in
destination-directed trajectory modeling. The trajectory of a flight depends on its destination.
It is the destination that makes destination-directed trajectory modeling more complicated than
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trajectory modeling without a destination. By conditioning on the state at the destination,
the remaining problem is a simple one of no ambiguity about the destination. Then, the
conditional sequence is modeled as a Markov sequence, which is simple (Chapter 7). Thus,
by conditioning, a complicated problem is reduced to a simple one. This idea can be used to
handle many problems in which there are some “hubs” (“critical parts”) affecting the problem
as the source of complexity of the problem. In order to use conditioning effectively, we first
should understand the problem well to distinguish such “hubs” in the problem (e.g., destination
in the above problem). Then, by conditioning on the “hubs” the complicated problem is reduced
to a simpler one easy to handle.
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Appendix

A Proof of Lemma 2.3.4

We first prove the following lemma about a factorization of a tridiagonal matrix. Such a fac-
torization was used in [56] without proof.

Lemma A.1. A positive definite block' tridiagonal matriz T can be factorized as T = U'DU,
where U is upper block bidiagonal with unit diagonal?, and D is block diagonal.

Proof. Let T be an (N + 1)d x (N + 1)d positive definite block tridiagonal matrix. 7' can be
triangularly factorized as [88],

[ Tl I o][Tn o I 17T
T_[Tl/Q T2}_{T{2T11 I][O AT1}[O 1 (A1)

where A =T — T{QTflTlg. T1 is Nd x Nd, and Ty is d x d. Since Tj is also a nonsingular
block tridiagonal matrix we can factorize it (similar to (A.1)) as T4 = U{Dp,U;, where Uy
is upper triangular with unit diagonal and Dp, is block diagonal whose first block [Dr,]; is

(N —1)d x (N — 1)d and the second block [Dr,]s is d x d. Using the factorization of T} and
(A.1), T can be factorized as follows

I 0)[UDrU, 0 I Ty |
TLT T 0 Ar, | |0 T -

U, 01[ Dy, © Uy U Ty 'Tg
TL,T,'Ul T 0 Ag 0 I

w’ w

Then, using Ty = Uj D7, Uy, we have T},T; U, = T{QUleil, where U; ! is upper triangular.
Then, from the forms of T, Ul_l, and Dil, it can be seen that T1’2T1_1U{ is a d x dN block
row matrix of the form [Ogxgn—1) *dxa]—the first N — 1 blocks being zero and the last block
(denoted by *) not necessarily zero. Therefore, the structure of the last block column of W is the
same as that of an upper block bidiagonal matrix. Then, we can continue the same procedure
for the matrix [Dp,]1 and so on, to obtain T'= U’DU with U being upper block bidiagonal with
unit diagonal and D block diagonal. O

In the following, we prove Lemma 2.3.4 using Lemma A.1. We prove (i) (in Lemma 2.3.4)
and skip (ii) (they are similar).

First, triangular factorization of a C My, matrix is obtained. Let A(n.1)ax(n+1)a be a C M
matrix. Since it is positive definite, it can be factorized as A = V/DV, where V is upper
triangular with unit diagonal and D is block diagonal:

A A ] I 0][4 o I A7'Ap (A2)
= 1 .
Ay Ay AL ATV Tl 0 A |0 o
n this appendix, we consider block matrices (block tridiagonal or C'M, matrices) with d x d blocks.
2An (N +1)d x (N +1)d upper block bidiagonal matrix with unit diagonal is: identity matrices I;xq as block

diagonal elements, the first upper minor d x d block diagonal elements not necessarily zero, and all other elements
Z€ro.
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where A, = Ay — Ajy AT A1, Ay is Nd x Nd, and Ag is d x d. Since A is C My, A is positive
definite block tridiagonal. So, A; can be factorized as Ay = V{Dy4, Vi, where V; is upper block
bidiagonal with unit diagonal and D4, is block diagonal. Then by (A.2), A can be factorized
as

I 0[] V\DayVi 0O I A7'Ap ]
P R S | FRi &
Vi 0][] Da, 0 Vi iAT'An ]

R | RV I el
It can be seen that A'12A1_1V1’ is a d x dN block row matrix with not necessarily zero blocks?.
In addition, Vi is upper block bidiagonal with unit diagonal. Therefore, V' in the factorization
A = V'DV has form (2.38). Also, D is block diagonal. The uniqueness of this factorization is
discussed below.

Next, factorizations of a C'M}, matrix in the forms of (2.39) and (2.40) are discussed.

Consider a ZMNG sequence with covariance matrix C' governed by backward model (2.31)—
(2.32). By (2.34), we have C~! = (GB)(GP)~1GB, where GP = diag(GF,GP,..., GX), GP
(k € [0, N]) are nonsingular, and G? is given by (2.35). It can be seen that matrices (2.38)
and (2.35) have the same form. Thus, from G® = U and (G®)~! = Dy, we can construct
a backward model (2.31)—(2.32) for a ZMNG CMj, sequence with C~! = A. Therefore, for
every C'M, matrix A, there exists a unique ZMNG CM|, sequence [z}] with its C~! equal to A
(the uniqueness of such a sequence is obvious because the covariance matrix C' determines the
Gaussian sequence). On the other hand, by Lemma 2.2.1, given a ZMNG C M}, sequence, one
can construct its model (2.17) along with (2.18) or (2.19). Also, the inverse of the covariance
matrix of the sequence can be calculated by (2.30), where G is given by (2.27) for (2.18), and
by (2.28) for (2.19). It can be seen that (2.27) is actually in the form of (2.39), and (2.28) is in
the form of (2.40). In addition, given a C'M}, matrix C~!, parameters of the forward/backward
model of a ZMNG C M|, sequence with the covariance matrix C' are unique (see Remark 2.3.6).
Therefore, a C'M}, matrix can be uniquely factorized in the forms of (2.38), (2.39), and (2.40).

Also, given a C M, matrix A, parameters of forward/backward models of a sequence with
C~! = A can be easily obtained (Lemma B.1 in Appendix B). Then, (2.35), (2.27), and (2.28)
give V, and G (GP) gives D for factorization of the C'M, matrix. So, not only their structure,
but also the values of the matrices V' and D in the factorizations of Lemma 2.3.4 are also
determined.

B (Probabilistically) Equivalent Models

Parameters of equivalent models can be calculated based on (6.30). Since there are several
different models, in order to save space, it suffices to show i) how the entries of the inverse
of the covariance matrix of a sequence (C~!) can be written in terms of the parameters of
the model and the boundary condition of the sequence, ii) how parameters of a model and its
boundary condition can be calculated from the entries of C~!. Then, based on (i) and (ii),
given parameters of a model and its boundary condition, parameters of any equivalent model
and its boundary condition can be uniquely determined.

*Note that in (A.1), T, has the form [0gxqn—1) *dxal, and so T{3Ty 'U{ has the same form, but in (A.2),
Al is a general d x dN block matrix and so Aj, A7 U] is also a general d x dN matrix.
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B.1 CM;j Sequences
Forward CM Model (c = N)

For (2.17):
Ay =Gt + Gy 1 Gy Grario k € [LN = 2] (B.1)
Ay =Gy, (B.2)
By = =Gy 14Git1 k € [0,N — 2] (B.3)
By_1=-Gy Gnoin (B.4)
Dy = —G;'Gin + Gry1 4Grt1 Grran, k € [LLN — 2] (B.5)

for boundary condition (2.18):

Ag =Gyt + GG G+ Gy oG G (B.6)
N-1
Ay =Gy + ) GG Grn (B.7)
k=1
Dy = G (G Gy — Gy oGy (B.8)
and for (2.19):
Ay =Gyl + GG G (B.9)
N—-1
Ay =Gy + ) GG Gy + Gy vGy ' Gox (B.10)
k=1
Dy = —Gy'Gon + G oGy G (B.11)

Backward CMpr Model (c = N)
For (2.31)-(2.32):

Ag =(GH)1 B.12

App1 =GP (GE) ' GRys + (GEL) k€ [0,N — 2] (B.13)
N-2

Ay = (GEN)/(GkB)ileBiN + 4<G1%71,N),(Gﬁ71>71Gﬁ71,N +(GM) (B.14)
k=0

By == (GF) " Gippr b € [0, N —2] (B.15)

Bn-1 :(GJ%—Q,N—I)/(Gﬁ—Z)_lGﬁ—ZN - Q(Gﬁ—l)_lGﬁ—LN ( )

Dy =— (GF) "Gy (B.17)

Dy =(G{ 1) (GEa) "' Gl — (GF) TGy k€ [1LN — 2] (B.18)

Lemma B.1. Parameters of C My, model (2.17) along with (2.18) or (2.19) and backward CMp
model (2.31)(2.32) of a ZMNG CM]|, sequence with the inverse of its covariance matriz equal

to any given C My, matriz (2.36) can be uniquely determined as follows.
(i) CMy, model (2.17) (c=N):

Gy, = AN (B.19)
k=N—1,...2:

{ Grp—1 = —GpBy_, (B.20)
Gty = A1 — G 1 (Gr) ' Grpa
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Gro = —G1B)
Gn-1,v = —GN_1Bn_1

k=N-1,...,2:
Gr-1,N = Gk—lG;€7k_1G];1Gk,N — Gp-1Dp 1

Parameters of the boundary condition are: for (2.18)

N-—1

Gy '=An =) GinGy'Grn
k=1

GN70 = GNGILNGl_lGL() — GND6

Gyl = Ag — G ,GT'Gro — Gy oGy Gro
and for (2.19):

Gyl =40 — GG 'Gro

Gon =GoG oGy Gy — GoDy
N-1

Gy =Ay — Y G Gy 'Grn — Go NGy Gon
k=1

(11) Backward C Mg model (2.31)-(2.32) (c= N):

(GF) ™' =4
k=01,...,N—2:
{ G£k+l = _GEBk
(GRr) ™t = Apir = (G (G TGPy
Gon = -G Do
k=1,2,..., N—2:
{ GEN = GkB(GkB—l,k)/(GkB—ﬂileB—l,N — G Dy,

QG%—LN = Gﬁ—l(Gﬁ—2,N—1)/(Gﬁ—2)_IGJ%—Q,N — GR_1Bn-1
N—2

(GR) ' =Ax - Z(GEN),(G?)_IGfN - 4(G1€7—1,N)/(Gﬁ—1)_1Gﬁ—1,N
=0

B.2 (CMpr Sequences
CMpr Model (c =0)
For (2.17)—(2.18):

N
Ag =G+ Gho(Gr) ' Gro + 4G (G G
k=2
A =Gl 1 (Grp1) ' Grp + G k€ [1,N — 1]
Ay =G
By =G4 G5 Ga1 — 2G| (Gy!
By = = G x(Gryr) "k € [1LN — 1]
Dy =Gly10Gpi1Grethe — GroGy ok € [2,N — 1]
Dy =— Gy oGy
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Backward C' M, Model (¢ =0)
For backward C' My, model (2.31):
Ay =(GP)™!
A =G k) (GE) Gy s+ (GE) Lk € [2,N 1]
By =~ (G1p) (GT) ™"
By =—(GP) 'GPryr, k€ [L,N —1]
Ej, :(GkB—Lo),(GE—l)_lGE—Lk - (Gﬁo)/(Gf)_la kel2,N—1]

for boundary condition (2.32):

Ay =(GF)™" + Z G GkO + (Gﬁ,o)/(G%)_lGﬁ,o

Ay =(G§_, ) (GNfl) 1GﬁA,N + (G
=(GF_1 0) (G]%—l)_lG]%—l,N - (Gﬁ,o)/(Gﬁ)_l

and for (2.33):

2

-1
Ao =(GF) 1+ZG e
=1

Ay =(GF_, ) GB ) GR N T GR) '+ (GEN)/(GOB)_IG(?N

=(GN_, o) (GR_1)~ GﬁA,N - (G{jg)flGég,N

Lemma B.2. Parameters of C Mg model (2.17)(2.18) and backward C M|, model (2.31) along
with (2.32) or (2.33) of a ZMNG CMp sequence with the inverse of its covariance matriz equal

to any given CMp matriz (2.37) can be uniquely determined as follows.

(i) CMF model (2.17)—(2.18):
GN' = AN
k=N,N—-1,...,2:
{ Gir—1 = —GipBj_,
Gty = A1 — G 1 (Gr) ' Grpa
Gno=—-GNEYy

{ k=N—-1,N—-2...2:
Gio = GrGiy11Grp1 Grit0 — Gil,

2G1 = G1GY G5 ' Gag — G1B,)

N
Gyl =Ag =) GGy Gro — 4G (G G
k=2

(11) Backward C My, model (2.31) (c=0):

(GD) ' = A
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k=1,2,...,N—2:

Gglﬁ-l T _GkBBk 5

(Glo1) ™ = A1 — (Gk,k-f—l)/(G )~ Gk 1
GB —1,N — 7Gﬁ—1BN*1
Gro=—GT'By
{ k=2,....N—1:

GI?,O = GkB(Gkal,k),(Gkal)_1Gkal,0 —-GPE],

Parameters of the boundary condition are: for (2.32)
(GR) ' =An — (Gﬁfl,N)/(G]%f )T'GR N

N-1

(GF) ' =40— ) (GR)(GE) "Gy —

k=1

Gﬁ _GB(GN lN) (fo—l)

and for (2.33):

N-1

(G =40- DGR (GP)'GR,

k=1

Gon = GG (FN_10) (GR -
(GR)™! = An = (GR-1n) (GR-

B.3 Reciprocal Sequences

For reciprocal model (6.9) along with (6.10)—(6.11):

RY = Ay, k €[0,N]

Rf =

(R,;H)' = —By,ke[0,N —

Ry = (Ry) = —Dq

te

GN 1,0 —

ﬁ,o)/(Gﬁ)_lGﬁ,o

GNEN

1)_1Gﬁ—1,N ~GPEyN

1)7101%71,N - (G(?N)/(GoB)flGoBiN

1]

Model (6.9) along with (6.12) or (6.13) was discussed in Section 6.4.

B.4 Markov Sequences
Markov Model (6.1)

Ag =Myt + M{ (M7 Mg
A =M+ My M Mg g, k € [LLN — 1]

Ay =M

By =— Mk+1 kMk

Backward Markov Model (6.5

Ao =(Mg)™!

B
=My
=(My

Bk:_<Mk)

—1

)

+10

113

kel[0,N—

1

)~
)7+ (MI?—I,k)/(Mch—l)ileB—l,bk €1, N —1]
)~

b (MJJ\BIA,N)/(MEA)AMEA,N
1Ml§,k+17k €10,N —1]

(B.62)

(B.63)
(B.64)

(B.65)

(B.66)
(B.67)

(B.68)

(B.72)
(B.73)
(B.74)



Lemma B.3. Parameters of Markov model (6.1) and backward Markov model (6.5) of a ZMNG
Markov sequence with the inverse of its covariance matriz equal to any given symmetric positive

definite (block) tri-diagonal matriz can be uniquely determined as follows:
(i) Markov model (6.1):

Myt = Ay
My nN-—1=—-MnBy_,
k=N—-2N—-3,....0:

— /
Mk+1 = Apt1 — Mk+2,k+1Mk+2Mk+2 k+1
M1 = —My1By,

Myt = Ay — M{ oMy " My

(11) Backward Markov model (6.5):

(MP)™ = Ay
Mg = —M§ By
k=2,3,...,N:

(]\%B—ﬂ_l = Ag—l — (M o)) (ME )TIME oy
Mk—l,k =—M,” By

(MF)™ = Ay — (M]j\?—l,N),(Mﬁ—l)_lM]j\_D;—l,N

C Algebraically Equivalent Models

Following (6.31), relationships of dynamic noise and boundary values between some algebraically

equivalent models are presented.

C.1 Reciprocal Model and Markov Model
e =Mg ey’ — My 0M1 er!
e =My ek = Mj 1 My e, k€ [LN = 1]
e% :MN

These equations are the same as those obtained in [18] by a different approach.

C.2 (CMj; Model and Markov Model

(i) CMp, model (2.17)—(2.18) (¢ = N):
Galeo - Gi}oG;lel - G{]V,OGﬁleN - MO 60 Ml OM
Gyler — G;c+1,k;G1;i1ek+l =M, en — My kMk+1ek+1v kell,N -2

1 -
N_leNfl—MN 1€N 1~ MNN lM
N-—1
—1 —1 —1
— E G;s,NGk ek—i—GN eN:MN 6%
k=1

(ii) C M}, model (2.17) and (2.19) (¢ = N): we have (C.5)-(C.6), and
Gyleo — G oGyler = My ey — M oM[!

N-1

! —1 -1 / —1 -1_M

- Z Gk,NGk; €L +GN EN — GO,NGO €y — MN EN
k=1
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C.3 CMyp Model and Reciprocal Model

N

eff =Gjleo — 26 oGy ler = Y G oGy len (C.10)
k=2
eff =G1'ey — G4 1G5 'er (C.11)
e =Gy ler — k+1,ka+1ek+17k €2,N-1] (C.12)
eR =Glen (C.13)
C.4 (CMj; Model and Backward CMpr Model
(i) CMy, model (2.17)—(2.18): we have
(GE) el = Gyleo — GGy ler — GQV,OG;V%N (C.14)
—(GE- 1) (GR ) e+ (GR) el =Gyler — G;c+1,kG/;i1€k+1a kel[l,N-2] (C.15)
(GN on—1) (GR_2)'eN_a + (GR_1) 'eRor = Galien (C.16)
N—
Z G N lep + Q(fo—l,N)/(fo—l)_leff—l — (GR) e =
k=0
N-1
G NGy ler + Gylen (C.17)
k=1

(ii) C M}, model (2.17) and (2.19): we have (C.15)—(C.16), and

(G§) el = Gyleo — Gh oGy e (C.18)
N-2
(GR) el = 2(GR_1n) (GR-1) TeRoy = Y (GEN)(GE) el
k=0
N-1
== G nGylern+Gylen — Gy nGoleg (C.19)
k=1

D Transition Density of a Markov-Induced C'M; Model

We show that the transition density ponr, (Tgin|zr, 2n) (K +n € [k + 1, N —1]) of a CM|,
sequence [zy]| described by a Markov-induced C'M}, model (Definition 4.1.4) is the same as the
transition density pas(Yk+n|yk, yn) of the Markov sequence [yx] given by (7.49). Note that by
Definition 4.1.4 (and (4.10)) we only know that ponr, (Tm+1|Tm, n) and par(Ym+1|ym, yn) are
the same (for every m € [0, N — 2]).
First, note that by recursive use of the Markov-induced C' M model we obtain
Thtn = L nTr + Lk n NTN + €k+nlk (D.1)

where Ly, and Ly, N are some matrices, and ey, (With Ly, = Cov(ejpx)) is a linear com-
bination of [ek]zi? Then, by (D.1) we have poar, (Tk4n|2k, N) = N (Tktn; LiknTk + Lk n NTN,
Ly.). However, it is not obvious whether this transition is the same as pas(Yr-n|yx, yn) given
by (7.49). To show that they are actually the same, define functions h and g based on transi-
tion densities of the Markov sequence [yx] as follows: h(Yg+n, Yk, YN) = P (Yksn|Ur, yn), k+n €
[k+1, N—1] and ¢(yj,vi) = pm(yjlyi), i, € [0,N],7 < j. By the definition of a Markov-induced
C My, model (see (4.10)), for the transition density of [zy], for every m € [0, N — 2], we have
g(xm+1,xm)g(xN,a:m+1) (D2)
Q(CUN, xm)

Py (Tm+1|Tm, TN) = h(Zmt1, Tm, TN) =
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Then, since [zy] is CMp, for k+n € [k + 2, N — 1], we have
oMy, (Thtn| Tk, TN) = / peMy (@ktn|Than—1, TN)POM, (Thtn—1]Th4n—2, TN)-

g(xk-HM xk)g(xN7 xk—l—n)
g(xn, zp)

e poMy (Th1 |k, TN ) AT pgn—1 - - - dXpy) = = W @psn, Tiy TN)

which is obtained by substituting all the terms of the integrand based on (D.2) and using (D.3)
below.

9(33k+n, -Tk) —/g($k+n, xk+n71)9(9€k+n71, xk+n72) T
“9(Tht1, xk)d$k+n—1d$a:k+n_z codrpg (D.3)

Thus, the two transitions pons, (Tk4n|Tk, ©n) and par(Yes+n|ye, yn) (given by (7.49)) are the
same.
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